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PREFACE  TO  THE  FIRST  EDITION 

Great  difficulty  has  always  been  experienced  in  recommending  a  text-book 
to  the  second  and  third  year  students  of  electrical  engineering  at  the  Central 
Technical  College.  There  appeared  to  be  nothing  to  bridge  the  gap  between 
the  elementary  text-books  and  the  specialised  works  on  various  branches  of 
electrical  engineering.  I  have  no  doubt  that  the  sa:me  difficulty  has  been 
experienced  by  all  who  have  lectured  to  the  more  advanced  students  in  our 
Universities  and  Technical  Colleges. 

It  was  while  contemplating  the  preparation  of  a  suitable  text-book  that 
my  attention  was  drawn  to  Dr  Thomalen's  work,  written  with  the  same 
object  and  covering  much  the  same  ground  as  I  had  contemplated.  The 
present  work  is  a  translation  of  the  second  edition  of  this  "  Kurze  Lehrbuch 
der  Elektrotechnik,"  but  includes  additional  matter  which  it  is  intended 
to  introduce  into  the  third  German  edition  now  in  preparation.  Generally 
speaking,  it  is  a  close  translation  of  the  original,  but  I  have  not  hesitated  to 
use  other  methods  where  they  appeared  preferable.  This  applies  especially 
to  Section  loi,  which  differs  entirely  from  the  corresponding  Section  in 
the  German  edition.  A  Section  has  been  added  to  Chapter  XX,  dealing 
with  the  Cascade  Converter. 

The  book  is  concerned  almost  exclusively  with  principles  and  does  not 
enter  into  details  of  the  practical  construction  of  apparatus  and  machines. 
It  is  not  intended  to  take  the  place  of  the  standard  works  on  the  design 
of  dynamo  machinery,  both  direct  and  alternating,  but  rather  to  lay  a 
thorough  foundation  which  shall  make  the  study  of  such  works  more 
profitable. 

In  the  preface  to  the  first  German  edition,  Dr  Thomalen  expresses  his 
desire  to  lead  the  student  to  enter  mentally  into  the  various  phenomena  and 
to  give  him  a  physical  conception  of  the  underlying  principles.  This 
" elektrotechnisches  Denken"  will  enable  the  student  to  predetermine  with 
confidence,  either  graphically  or  mathematically,  the  behaviour  of  various 
electrical  machines  and  apparatus. 

The  higher  mathematics  employed  never  goes  beyond  the  simplest 
elements. 

G.  W.  0.  HOWE, 

Central  Technical  College, 

South  Kensington. 

June,  ICJ07. 


PREFACE  TO  THE  FIFTH  EDITION 

In  preparing  this  new  edition  a  number  of  minor  alterations  have  been 
made  and  several  subjects  introduced  which  were  not  dealt  with  in  the 
earlier  editions.  Among  these  may  be  mentioned  the  differential  booster 
and  the  automatic  voltage  regulation  of  alternators.  The  sections  dealing 
with  single-phase  commutator  motors  have  been  extended  and  rewritten. 
Descriptions  of  machines  of  obsolete  types  have  been  omitted. 

The  symbols  adopted  throughout  the  book  have  been  modified  so  as 
to  bring  them  into  agreement  with  the  recommendations  of  the  International 
Electrotechnical  Commission.  For  the  same  reason  the  alternate  current 
vector  diagrams  have  been  redrawn  so  that  the  direction  of  rotation  is 
anti-clockwise.  Capital  letters  are  used  to  signify  continuous  currents  and 
voltages  and  also  the  root-mean-square  values  of  alternating  currents  and 
voltages.  Small  letters  signify  instantaneous  values  except  in  the  case  of 
magnetic  flux  and  its  density,  the  root-mean-square  values  of  which  are 
rarely  used,  and  for  the  instantaneous  values  of  which  capital  letters  can 
therefore  be  employed.  Maximum  or  crest  values  of  alternating  quantities 
are  represented  either  by  a  circumflex  being  placed  over  the  symbol  or  by 
the  latter  being  printed  in  heavy  (Clarendon)  type. 

G.  W.  O.  HOWE. 

South  Kensington. 
June,  1920. 
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CHAPTER  I 

I.  The  electric  current. — 2.  Electromotive  force. — 3.  Ohm's  law. — 4.  Resistance, 
dependent  on  material,  cross-section,  length,  and  temperature. — 5.  KirchhofiE's 
rules. — 6.  Resistances  in  parallel. — 7.  Series  and  parallel  arrangement  of  cells. — 
8.  Wheatstone's  bridge. — 9.  Potentiometer  method  of  measuring  electromotive 
force. — 10.  Joule's  law,  electrical  energy  and  electrical  power. — 11.  Potential 
difference. — 12.    Energy  lost  in  heating  conductor. 

I.    The  Electric  Current. 

The  heating  of  a  glow  lamp  filament,  the  power  exerted  by  an  electric  motor, 
the  magnetisation  of  the  iron  in  an  electromagnet,  the  decomposition  of 
liquids,  and  many  other  phenomena,  are  said  to  be  due  to  the  effect  of  the 
electric  current.  The  question  arises :  Why  do  we  ascribe  these  phenomena 
to  a  current,  i.e.  a  continuous  movement  of  electricity? 

The  electricity  with  which  we  are  here  concerned  is  essentially  the  same 
as  static  or  frictional  electricity.  If  a  glass  rod  is  rubbed  with  silk  it  becomes 
electrified  and  attracts  small  light  bodies.  In  the  same  way  a  rod  of  resin, 
when  rubbed  with  a  woollen  cloth,  becomes  electrified,  but  in  the  opposite 
sense  to  the  glass  rod.  This  difference  of  sense  or  sign  is  based  on  the  fact 
that  the  electrical  charges  of  the  glass  and  resin  mutually  neutralise  each 
other.  Because  of  this,  the  electricity  of  the  glass  is  called  positive,  and  that 
of  the  resin  negative.  The  equalising  exchanges  between  positive  and  nega- 
tive electricity  follow  in  exactly  the  same  way  as  those  between  heat  and 
cold,  high  pressure  and  low  pressure.  As  water  flows  from  the  higher  to  the 
lower  level,  or  heat  from  the  hot  to  the  cold  body,  so  electricity  is  said  to 
flow  from  the  higher  positive  to  the  lower  negative  level.  It  is  now  known 
that  what  really  occurs  is  a  movement  of  negative  electricity  in  the  opposite 
direction.  This  equalising  flow  of  electricity  is  what  we  call  the  electric 
current.  There  is  no  essential  difference  between  the  flow  of  electricity 
between  the  terminals  of  a  cell,  or  of  a  dynamo,  and  that  between  two  metal 
balls  charged  with  electricity  of  opposite  sign. 

Although  the  same  in  principle,  there  is  a  great  difference  as  regards 
quantity  between  the  frictional  electricity  with  which  we  are  familiar  and 
the  current  of  electricity  from  a  cell  or  dynamo.  The  quantity  of  electricity 
stored  in  a  Leyden  jar,  which  flows  through  the  spark  on  discharge,  is  very 
small  compared  with  the  quantity  flowing  in  a  short  time  through  a  Daniell 
cell,  and  quite  neghgible  compared  with  the  quantity  flowing  in  a  day 
through  the  supply  mains  of  a  town.  The  pressure  of  the  frictional  electricity 
is,  on  the  other  hand,  very  much  higher  than  that  of  the  ordinary  dynamo. 
This  can  be  seen  from  the  ease  with  which  frictional  electricity  sparks  across 
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large  air-gaps.  Moreover,  in  the  case  of  frictional  electricity,  the  equalising 
flow  is,  as  a  rule,  a  sudden  momentary  rush  known  as  the  discharge,  and 
•can  hardly  be  called  a  current. 

The  strength  of  the  current  is  defined  as  the  quantity  of  electricity  that 
flows  through  the  cross-section  of  the  conductor  in  one  second.  It  is  im- 
material whether  it  is  a  movement  of  positive  electricity  in  one  direction 
■or  of  negative  in  the  other,  or  a  combination  of  both.  When  one  speaks  of 
the  direction  of  the  current  it  is  always  assumed  to  be  a  movement  of 
positive  electricity.  To  measure  the  current  we  make  use  of  its  electrolytic 
or  of  its  magnetic  effect.  We  say  that  one  current  is  twice  as  strong  as 
another  when  it  deposits  twice  as  much  silver  from  a  silver  solution  in  the 
same  time,  or  when  it  exerts  double  the  force  on  a  magnetic  needle  under 
exactly  the  same  conditions. 

Now,  the  absolute  determination  of  a  current  from  its  magnetic  effect 
is  a  very  laborious  procedure,  whereas  the  electrolytic  method  is  simple, 
involving  merely  the  accurate  weighing  of  a  silver  deposit.  For  this  reason 
the  legal  definition  of  the  unit  of  current  is  based  on  its  electrolytic  effect*. 
According  to  this  definition,  that  current  has  unit  strength  which  deposits 
i-ii8  milligrammes  of  silver  per  second  from  a  silver  solution.  This 
current  is  called  an  Ampere. 

For  practical  purposes  the  strength  of  a  current  is  more  conveniently 
measured  by  means  of  its  magnetic  effect,  a  current-carrying  coil  acting  on 
a  magnet  or  piece  of  iron  with  resulting  attraction  or  change  of  direction. 
Such  instruments  are  called  Ammeters.  If  intended  for  the  measurement 
of  very  small  currents  they  are  called  Galvanometers. 

The  quantity  of  electricity  that  passes  through  the  cross-section  of 
a  conductor  per  second,  when  the  current  strength  is  one  ampere,  is 
called  a  Coulomb.  If  we  assume,  for  example,  that  the  current  passing 
through  a  glow  lamp  is  0-5  ampere,  then  0-5  coulomb  of  electricity  passes 
per  second  through  any  cross-section  of  the  conductor.  The  quantity  of 
electricity  passing  in  an  hour  is  0-5.3600  or  1800  coulombs.   In  general,  if 

Q  =  the  quantity  of  electricity  in  coulombs, 
I  =  the  current  in  amperes, 
and  t  =  the  time  in  seconds, 

then  Q  =  7. ;  coulombs    (i). 

We  see  therefore  that  an  ampere-hour  is  equal  to  3600  coulombs. 

2.    Electromotive  Force. 

We  have  already  mentioned  the  idea  of  electricity  flowing  from  a  higher 
to  a  lower  level,  the  word  "level"  being  used  in  a  special  sense.  This 
difference  of  electrical  level  can  be  produced  by  machines  in  which  windings 
are  continually  passed  before  the  poles  of  magnets,  or  by  galvanic  cells 
consisting  of  two  chemically  different  plates  in  a  liquid.   The  Bichromate 

*  This  is  not  strictly  true  for  England,  as  the  ampere  is  legally  defined  as  the  current 
which  gives  a  certain  reading  on  an  ampere  balance  at  the  Board  of  Trade.  This  balance 
was,  however,  standardised  by  deposition  of  silver  and  not  from  its  dimensions.  It  has 
recently  been  removed  to  the  National  Physical  Laboratory. 
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cell,  for  example,  consists  of  zinc  and  carbon  plates  dipping  into  a  mixture 

of  chromic  acid  (CrOg)  and  sulphuric  acid  (H2SO4).  If  the  cell  be  examined 

with  the  aid  of  an  electrometer,  the  upper  end 

of  the  carbon  is  found  to  be  positively  charged, 

while  the  upper  end  of  the  zinc  is  charged 

negatively.    Hence,  a  difference  of  electrical 

level  exists  between  the  upper  ends  of  the 

carbon  and  zinc  or  between  the  terminals  of 

the  cell,  and  if  these  terminals  be  joined  by 

means    of    a   metallic    or    liquid   conductor, 

electricity  will  flow  from  the  higher  to   the 

lower  level,  that  is,  an  electric  current  will 

flow  through  the  conductor.    Positive  elec-        

tricity  will  flow  from  the  carbon  C  through  pj     ^ 

the  external  conductor  to  the  zinc  Zn  (Fig.  i) . 

It  is  found,  however,  that  a  steady  flow  of  electricity  continues  through 
the  external  conductor  so  long  as  it  connects  the  terminals.  Hence,  we 
must  assume  that  the  electricity,  which  flows  externally  from  the  carbon 
to  the  zinc,  passes  back  in  the  cell  from  the  zinc  to  the  carbon,  being  lifted, 
as  it  were,  from  the  lower  to  the  higher  level.  In  a  similar  manner  the  water 
which  flows  from  the  mountains  to  the  sea  is  raised  again  to  the  higher  level 
by  evaporation  due  to  the  heat  of  the  sun.  We  see,  therefore,  that  there  is 
something  in  the  cell  which  causes  a  movement  of  electricity  and  is  able  to 
maintain  a  steady  flow  or  current  round  the  circuit,  through  the  internal 
resistance  of  the  cell  itself,  and  through  the  resistance  of  the  external  con- 
ductor. The  cause  of  this  movement  of  electricity  is  called  the  electro- 
motive force  of  the  cell.  It  is  analogous  to  a  pump  which  raises  the 
water  from  a  lower  to  a  higher  level.  The  electromotive  force  of  the  cell 
is  equal  to  the  difference  of  level  or  pressure  measured  between  its  terminals 
when  on  open  circuit,  i.e.  with  the  external  circuit  broken. 

The  question  arises:  How  can  we  determine  the  magnitude  of  this 
difference  of  pressure,  or  compare  it  with  any  other  pressure?  We  could 
use  a  gold-leaf  electroscope,  and  determine  the  pressure  from  the  deflection 
of  the  gold  leaves.  As  a  rule,  however,  we  determine  the  pressure  from  the 
strength  of  the  current  it  produces.  If,  for  example,  two  vessels  communi- 
cate with  each  other  by  means  of  a  pipe  having  a  known  constant  resistance, 
the  quantity  of  water  flowing  through  it  per  second  is  proportional  to  the 
difference  of  pressure  or  of  level  in  the  two  vessels.  In  the  same  way  we 
connect  one  and  the  same  conductor,  viz.  the  coils  of  a  galvanometer,  suc- 
cessively between  the  terminals  of  the  various  cells  which  are  to  be  com- 
pared, or  between  the  two  points  between  which  the  pressure  difference  is 
to  be  measured.  The  strength  of  the  current  in  the  galvanometer  is  then  a 
measure  of  the  magnitude  of  the  electrical  pressure  difference,  i.e.  of  the 
electromotive  force  of  the  cell. 

In  this  way  we  find  that  the  electromotive  force  of  a  given  type  of  cell 
is  an  essentially  constant  magnitude,  quite  independent  of  the  size  of  the 
cell.  In  this  respect  a  cell  resembles  a  high-level  reservoir.  The  difference 
of  level  and  thereby  also  the  pressure  is  fixed,  once  for  all,  by  the  difference 
in  altitude  between  the  reservoir  and  the  point  at  which  the  water  power 
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is  used;  it  is  quite  immaterial  whether  the  reservoir  is  large  or  small,  so 
long  as  it  is  kept  full.  The  current  or  flow  of  water  is  entirely  in  the  hands 
of  the  consumers,  depending  only  on  the  number  of  cocks  opened.  Hence, 
we  see  that  it  is  very  misleading  to  speak  about  the  current  streiigth  of  a 
cell;  it  suggests  the  idea  of  a  certain  fixed  current  in  the  cell,  which  must 
always  flow  when  the  cell  is  in  use.  This  idea  is  entirely  wrong,  for  the  cell 
has  only  one  essentially  characteristic  property  and  that  is  its  electromotive 
force,  which  is  present  whether  the  cell  is  in  use  or  standing  idle.  The 
strength  of  the  current  is,  however,  entirely  in  our  hands,  depending,  as  it 
does,  on  the  convenience  of  the  path  open  to  it,  that  is,  on  the  magnitude 
of  the  external  resistance  connected  between  its  terminals. 

We  are  now  at  liberty  to  choose  any  pressure  as  the  unit  with  which  to 
compare  all  others.  The  unit  used  in  practice  is  roughly  half  as  large 
as  the  electromotive  force  of  the  above-mentioned  Bichromate  cell, 
and  is  called  a  Volt. 

The  following  table  gives  particulars  of  the  cells  commonly  employed : 


Type  of  CeU 

Composition  of  CeU 

Electromotive 
force  in  volts 

Bichromate 

Zinc  and  carbon  in  sulphuric  and  chro- 

2 

mic  acid 

Daniell 

Zinc  in  dilute  sulphuric  acid,  copper  in 
solution  of  copper  sulphate 

1-07 

Bunsen 

Zinc  in  dilute  sulphuric  acid,  carbon  in 
strong  nitric  acid 

1-8  to  1-9 

Leclanche 

Zinc  and  carbon  in  solution  of  sal-am- 
moniac, the  carbon  being  surrounded 
with  manganese  dioxide 

1-4 

Clark  Standard 

Zinc  in  zinc  sulphate  solution,  mercury 
in  solution  of  mercurous  sulphate 

1-433  (15°  C.) 

Weston  Standard 

Cadmium  amalgam  in  solution  of  cad- 
mium sulphate,  mercury  in  mercurous 
sulphate 

I-0I9  (15°  C.) 

The  zinc,  or  the  cadmium,  which  is  chemically  very  similar  to  zinc, 
forms  the  negative  pole  in  all  these  cells,  and  the  current  flows  from  the 
positive  pole  to  the  zinc  through  the  external  circuit. 

3.    Ohm's  Law. 

We  have  already  seen  that  if  the  same  external  conductor  be  connected 
successively  across  cells  having  different  electromotive  forces,  the  strength 
of  the  current,  in  each  case,  is  proportional  to  the  electromotive  force.  We 
go  now  a  step  further  and  connect  the  terminals  of  the  same  cell  successively 
by  means  of  wires  of  different  materials,  lengths,  and  cross-sections.  We 
observe  that  the  current  differs  in  each  case,  and  conclude  therefore  that 
the  various  wires  offer  different  resistances  to  the  current.   If  the  current 
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is  small,  we  conclude  that  the  wire  has  a  large  resistance,  whereas,  if  the 
current  is  large,  the  resistance  of  the  wire  must  be  small.  Hence,  the  strength 
of  the  current  is  inversely  proportional  to  the  resistance  of  the  path.  Simi- 
larly, the  quantity  of  water,  forced  per  second  through  a  narrow  pipe  by 
means  of  a  given  pressure,  is  smaller,  the  longer  the  pipe,  the  greater  the 
friction  against  the  walls  of  .the  pipe,  and  the  smaller  the  bore.  In  other 
words,  the  quantity  of  water  per  second  is  inversely  proportional  to  the 
total  resistance  of  the  pipe.  We  come  thus  to  the  conclusion  that  the 
current  is  proportional  to  the  electromotive  force  and  inversely  pro- 
portional to  the  electrical  resistance.    Hence,  if 

E  =  the  electromotive  force  in  volts, 
I  =  the  current  in  amperes, 
and  R  =  the  resistance  of  the  whole  circuit, 

E 
then  7  =  -^ (2). 

This  fundamental  law  of  electrical  technology  is  known  as  Ohm's  law. 
At  first  sight,  it  might  appear  necessary  to  introduce  a  coefficient  after  the 
sign  of  equality;  this,  however,  is  unnecessary,  or  rather  it  becomes  unity 
if  the  resistance  be  expressed  in  terms  of  a  suitable  unit.  Inversely,  the 
unit  of  electrical  resistance  is  determined  by  Ohm's  law  as  expressed  in  (2), 
and  cannot  now  be  arbitrarily  chosen.  If  we  put  J  =  i  and  E  =  i,  then 
from  (2)  we  have  i?  =  i.  Hence,  the  unit  of  resistance  is  that  resistance 
through  which  a  pressure  of  i  volt  produces  a  current  of  i  ampere. 
This  unit  of  resistance  is  called  the  Ohm.  It  is  found  experimentally 
that  a  column  of  mercury  106-3  cm  long  and  i  sq.  mm  in  cross-section 
has  a  resistance  of  1  ohm. 

To  take  an  example,  let  the  electromotive  force  of  a  dynamo  be  115  volts, 

its  resistance  0-05  ohm,  and  the  external  resistance  fi  ohms;  then 

E  =  115  volts, 

R  =  0-05  +  i-i  =  1-15  ohms, 

T     E      115 

1=  —=  — —  =  100  amperes. 

R     1-15 

The  legal  definition  of  the  electrical  units  follows,  however,  a  different 
procedure  from  that  which  we  have  followed.  We  have  defined  the  units  of 
pressure  and  current,  and  have  derived  the  unit  of  resistance  from  them. 
Legally,  however,  the  ampere  is  defined  as  that  current  which  deposits 
i-ii8  mg  of  silver  per  second,  and  the  ohm  as  the  resistance  at  0°  C.  of  a 
column  of  mercury  having  a  length  of  106-3  cm  and  a  mass  of  14-4521 
grammes.  From  these  two  legally  defined  units,  it  follows  that  a  volt  is 
that  pressure  which  produces  a  current  of  i  ampere  in  a  resistance 
of  I  ohm* 

Equation  (2)  can  be  written  thus, 

R  =  j (3)- 

*  Considerable  confusion  and  difference  of  opinion  exists  at  the  present  time  on  the 
subject  of  legal  definition  of  electrical  quantities.  It  is  now  being  considered  by  an 
international  committee. 
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This  equation  expresses  mathematically  the  fact  which  we  have  already 
mentioned,  viz.  that  if,  in  an  experiment,  we  find  the  current  to  be  small, 
in  spite  of  a  large  electromotive  force,  we  can  conclude  that  the  resistance 
is  large.  Hence,  we  see  that  resistance  can  only  be  accurately  defined  as  the 
ratio  of  electromotive  force  to  strength  of  current.  One  must  be  very  care- 
ful, however,  not  to  regard  resistance  as  a  back  pressure.  The  back  pressure 
is  only  obtained  when  we  multiply  the  resistance  by  the  current  flowmg 
through  it.  Thus,  equation  (2)  can  be  written  thus, 

E  =  I.R  (4)- 

The  left-hand  side  of  this  equation  is  the  pressure  or  electromotive  force 
of  the  source  of  supply,  while  the  right-hand  side  is  the  pressure  necessary 
to  send  the  current  I  through  the  resistance  R.  They  are  both  equal  to 
one  another. 

Ohm's  law,  however,  is  not  only  appHcable  to  the  circuit  as  a  whole, 

but  to  each  individual  part  of  the  circuit . 
Suppose,  for  example,  that  the  current 
I  flows  successively  through  the  re- 
sistances i?i,  2?2  and  R^  (Fig.  2).  If  the 
differences  of  potential  between  the 
terminals  of  the  resistances  Ri,  R2  and 
Rg  be  denoted  by  Fj,  Fg  and  F3  respec- 
tively, it  is  found  by  experiment  that 


V^=I.R^. 


I.R, 


.Fig-  2 


V,  =  I 


R^ 


Ri- 


R2  = 


^3  = 


I 

Z? 
I 

I 


We  see,  therefore,  that  although  we  may  make  the  current  as  large  as 
we  like,  by  using,  say,  a  greater  number  of  cells,  the  ratio  of  the  terminal 
pressure  F^  to  the  current  I  has  always  a  constant  value.  This  is  on  the 
assumption  that  neither  dimensions,  nature  nor  temperature  of  the  material 
undergoes  any  change.  This  constant  ratio  we  call  the  resistance  i?j.  It  is 
really  nothing  more  than  a  coefficient  by  which  the  proportionality  of  the 
drop  of  pressure  in  a  conductor  to  the  current  can  be  expressed  as  in  the 
equation  Fj  =  I.R^. 

If,  for  example,  a  resistance  of  i  ohm  is  placed  in  circuit  with  two  arc 
lamps  connected  in  series,  and  the  current  is  15  amperes,  then  the  drop  of 
pressure  in  the  resistance  is  i .  15  =  15  volts.  If  the  supply  pressure  is 
no  volts,  there  remains  only  no  —  15  =  95  volts  for  the  two  lamps. 

In  general,  if  F  denote  the  potential  difference  between  the  terminals 


of  a  resistance  R,  then 


V  =  I.R. 


•(5). 


This  equation  enables  us  to  understand  the  difference  between  ammeters 
or  current  strength  meters  and  voltmeters  or  potential  difference  meters. 
Generally  speaking,  both  classes  of  instruments  depend  on  the  magnetic 


3.  Ohm's  Law 


— :i<^ — - 

*'   5'    '■'  ^^  "''    **    5*   ^' 

Fig- 3 


effect  of  the  current.  They  differ,  however,  in  details  of  construction  and 
in  the  method  of  connection.  Ammeters  are  put  in  series  with  the  main 
current  and  have  as  a  rule  few  turns 
of  thick  wire.  The  heat  developed, 
and  the  pressure  drop  in  the  instru- 
ment, are  consequently  very  small, 
even  with  heavy  currents.  If,  on  the 
other  hand,  an  instrument  is  to  be 
used  as  a  voltmeter,  it  is  wound 
with  many  turns  of  fine  wire  and 
connected,  in  series,  if  necessary, 
with  a  high  constant  resistance, 
across  the  points  between  which  the 
potential  difference  is  to  be  measured, 
e.g.  the  dynamo  terminals  in  Fig.  3. 

The  voltmeter  is  thus  connected  in  parallel  with  the  resistance  across 
which  the  terminal  pressure  is  being  measured. 

The  current  that  flows  through  the  voltmeter  is  a  loss  to  the  supply. 
The  large  resistance  of  the  instrument  is  for  the  object  of  keeping  this 
current  as  small  as  possible.  This  is  also  necessary  in  order  that  the  supply 
pressure  and  current  may  not  be  affected  by  the  connection  of  the  volt- 
meter. To  obtain  a  powerful  magnetic  effect  it  is  necessary  to  employ  a 
large  number  of  turns  in  its  coils,  and  we  are  compelled,  from  considerations 
of  economy  and  space,  to  use  fine  wire.  The  instrument  acts  really  as  an 
ammeter  in  that  its  deflection  is  caused  by  the  current  flowing  through  it. 
If,  however,  this  current  be  multiplied  by  the  resistance  of  the  voltmeter, 
we  obtain  the  potential  difference  between  its  terminals,  and  the  scale  can 
therefore  be  marked  in  volts.  That  ammeters  and  voltmeters  are  the  same 
in  principle  can  best  be  seen  from  the  fact  that  there  are  many  instruments 
which  can  be  used  for  both  purposes.  If,  for  example,  the  sensibility  of  an 
ammeter  be  such  that  a  deflection  of  one  degree  is  produced  by  a  thousandth 
of  an  ampere,  and  external  resistance  be  added  bringing  the  total  resistance 
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up  to  1000  ohfns,  then  a  deflection  of  one  degree  will  correspond  to  a  poten- 
tial difference  of  -^-^ .  1000  =  i  volt. 

From  the  above  it  is  evident  that,  to  compare  two  or  more  ammeters, 
we  must  connect  them  in  series  (Fig.  4) .  If,  on  the  other  hand,  we  wish  to 
compare  several  voltmeters,  we  must  connect  them  in  parallel,  each  with 


8  Electrical  Engineering 

its  ternjinals  connected  to  the  ends  of  the  resistance  R,  the_  pressure  across 
which  is  to  be  measured.  Such  an  arrangement  is  shown  in  Fig.  5,  in  which 
the  lamps  enable  us  to  regulate  the  pressure  across  the  resistance  R  by 
dropping  a  larger  or  smaller  fraction  of  the  terminal  pressure  of  the  dynamo. 

Above  all,  when  comparing  two  voltmeters,  one  must  be  careful  not  to 
connect  them  in  series  as,  owing  to  their  unequal  resistances,  the  total 
pressure  is  distributed  unequally  between  them. 

Having  thus  explained  the  principles  underlying  the  measurement  of 
current  and  pressure,  mention  must  be  made  of  their  combined  use  to 
determine  resistance.  This  indirect  method  of  resistance  measurement  by 
observing  the  pressure  and  current  is  specially  suitable  for  very  small  or 
very  large  resistances.  If,  for  example,  a  current  of  lo.  amperes  be  passed 
through  the  armature  of  a  stationary  electric  motor  and  the  potential 
difference  between  the  brushes  be  measured  and  found  to  be  2  volts,  then 
the  armature  resistance  R^  is  given  by  the  equation 

i?„  =  -p  =  —  =0-2  ohm. 
"      /      10 

The  advantage  of  this  method  is  that  the  resistance  is  measured  ex- 
clusive of  the  resistance  pf  any  connecting  leads.  We  have  assumed  that 
the  resistance  to  be  measured  does  not  include  an  electromotive  force;  if 
it  does,  the  calculation  of  the  resistance  is  not  so  simple. 

4.    The  Relations  between  the  Resistance  of  a  Conductor  and 
its  Material,  Cross-section,  Length,  and  Temperature, 

The  importance  of  Ohm's  law  Ues  largely  in  the  fact  that  the  resistance 
of  a  conductor,  that  is,  the  constant  ratio  of  the  potential  difference  between 
its  ends  to  the  current  flowing  through  it,  stands  in  a  simple  relation  to  its 
cross-section  and  its  length;  it  depends  largely  on  the  material  and  to  a  far 
lesser  degree  on  the  temperature.  Thus,  if 

I  =  length  of  conductor  in  metres, 
A  =  cross-section  in  sq.  mm, 
p  =  a  coefficient  depending  on  the  material, 
it  is  found  experimentally  that  7 

^  =  Pa    (6)- 

Hence,  the  resistance  of  a  wire  is  proportional  to  its  length  and  inversely 
proportional  to  its  cross-section.  The  coefficient  p  is  very  different  for 
different  materials.  Its  meaning  can  be  seen  by  putting  I  =  r  and  A  =  z 
in  equation  (6).  R  is  then  equal  to  p,  so  that  the  coefficient  p  is  the 
resistance  of  a  wire  of  the  given  material  i  metre  long  and  i  sq.  mm 
cross-section.  This  is  called  the  specific  resistance  of  the  material*. 
To  determine  its  value  for  a  given  wire,  the  values  of  I,  A  and  R  are  found 
from  experiment  and  p  calculated  from  them.  In  this  way  we  find  the 
following  values : 

*  It  is  customary  in  England  to  define  the  specific  resistance  as  the  resistance  of  a 
•wire  I  cm  long  and  i  sq.  cm  cross-section.  In  this  case  the  values  of  p  given  in  the  table 
must  be  multiplied  by  io~^. 
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Copper  at  15°  C p  =  0-017, 

Mercury      ^  =  0-94  =  ^^:^ 


r 


German  Silver        ...         ...         ...   p  =  0-2 — 0-4, 

Carbon         ...         ...    p  =  100 — 1000, 

Sulphuric  Acid  (25 — 30  %)  ...   p  =  14,000. 

Resistances  for  the  purpose  of  weakening  the  current  or  for  causing  a 
drop  in  the  pressure  are  made,  therefore,  of  German  silver,  whereas  the 
windings  of  machines  and  the  leads  are  made  of  the  best  conducting 
material,  viz.  copper,  to  avoid  all  unnecessary  pressure  losses.  Even  then 
the  pressure  losses  are  not  inconsiderable.  Consider,  for  example,  the  supply 
of  60  amperes  to  a  point  20  metres  distant,  through  wires  with  a  cross- 
section  of  50  sq.  mm.   The  total  length  of  wire,  go  and  return,  is 

Z  =  2 .  20  =  40  metres, 

and  we  have  R=  p-r  = ^-^  =  o'Oi36  ohm. 

The  pressure  drop  V  in  the  leads  is  then  found  as  follows : 
V  =  I.R  =  60.0-0136  =  0-8  volt. 

The  specific  resistance  is,  however,  not  constant,  but  increases  in  all 
metals  with  increasing  temperature,  the  increase  of  resistance  being  directly 
proportional  to  the  rise  of  temperature.  The  temperature  coefficient  of 
a  material  is  defined  as  the  increase  in  resistance  for  a  temperature 
rise  of  i  degree  Centigrade,  the  increase  being  expressed  in  terms  of 
the  resistance  at  0°  C.  Thus,  when  we  say  that  experiment  gives  a 
mean  temperature  coefficient  for  copper  of  0-00427,  we  mean  that  for  every 
degree  rise  of  temperature  the  resistance  increases  by  0-00427,  that  is 
0-427  per  cent,  of  its  value  at  0°  C.   If,  then, 

i?i  be  the  resistance  at  the  initial  temperature  T^, 
i?2  the  resistance  at  the  final  temperature  Tg, 
Rg  the  resistance  at  0°  C, 
and  a  the  temperature  coefficient, 

it  follows  that  R^  =  Ro{i  +a.Ti), 

R^  =  Roii+a.T^), 
and  i?2  -  i?i  =  i?o  (^2  -T{)a; 

R,-R,_a{T,-T^) 


therefore 


i?i  I  +  aTi 

^2  —  ^1  /^    ,    t\         ^2—^1, 


and  r2  -  r,  ^  ^  {I  +  r,)  =  ^^  (234-5  +  r,) 

for  copper.    In  practice,  when  considering  the  heating  of  dynamos  and 
motors,  Ti  is  usually  about  15°  C.  This  leads  to  the  approximate  equation 

^^^^ioo  =  o-4(r2-ri)  (7), 

which  corresponds  to  an  increase  of  0-4  per  cent,  in  the  resistance  for  each 
degree  Centigrade.   This  is  strictly  accurate  when  T^  =  15-5°  C. 
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Under  working  conditions  the  temperature  of  electrical  machines  rises 
about  50°  C,  which  corresponds  to  an  increase  in  resistance  of  0-4 .  50  =  20 
per  cent.  The  specific  resistance  of  warm  copper  is,  for  this  reason,  usually 
taken  as  0-02  instead  of  0'0i7. 

With  the  help  of  the  temperature  coefficient  0-004,  we  are  able  to  deter- 
mine the  temperature  rise  of  parts  of  a  machine  which  are  quite  inaccessible 
to  a  thermometer.  Suppose,  for  example,  that  the  resistance  of  the  field 
winding  at  15°  C.  is  50  ohms,  that  the  field  current  after  running  for  several 
hours  is  2  amperes,'  and  that  the  pressure  across  the  terminals  of  the  field 
winding  is  114  volts.  The  resistance  of  the  field  winding  under  working 
conditions  is  therefore  iji  =  57  ohms,  and  we  have     , 

i?i  =  50,  i?2  =  57.  Ti  =  15,  and  a  =  0-004. 
From  equation  (7)  we  have 

57^.  100  =  0-4  (T,- 15), 

whence  T^  =  50°  C. 

The  temperature  rise  is  therefore  35°  C. 

As  the  temperature  coefficient  of  all  single  metals,  with  the  exception 
of  mercury,  is  relatively  large,  they  cannot  be  used  for  standard  resistances. 
For  such  purposes  we  use  an  alloy,  such  as  German  silver,  an  alloy  of  copper, 
nickel  and  zinc,  which,  in  addition  to  the  advantage  of  a  high  specific  re- 
sistance, possesses  a  very  small  temperature  coefficient,  viz.  0-0002  to  0-0004. 
The  resistance  of  manganin,  an  alloy  of  copper  (84  per  cent.),  manganese 
(12  per  cent.),  and  nickel  (4  per  cent.),  is  practically  independent  of  the 
temperature. 

In  contrast  to  the  metals,  the  resistance  of  carbon  and  of  liquid  con- 
ductors decreases  with  rising  temperature,  that  is,  their  temperature  co- 
efficient is  negative.  The  temperature  changes  to  which  a  glow-lamp 
filament  is  subjected  are  so  great  that  its  resistance  must  necessarily  be 
determined  while  burning,  i.e.  by  the  ammeter  and  voltmeter  method." 

Calculations  are  sometimes  simpUfied  by  the  use  of  the  conductance, 
that  is,  the  reciprocal  of  the  resistance  of  a  conductor.  The  specific  con- 
ductance or  the  conductivity  of  copper,  for  example,  is  - —  =  59  or  roughly 

60.  It  was  formerly  the  custom  to  define  the  conductivity  of  liquids  in 
another  way,  viz.  by  comparison  with  mercury;  modern  electro-chemical 
works,  however,  follow  the  above  method  and  use  the  reciprocal  of  the  ohm. 
The  reciprocal  of  the  ohm  is  sometimes  called  a  "mho." 

5.    Kirchhoff's  Rules, 

(«)    Kirchhoff's  First  Rule. 

The  sum  of  the  currents  flowing  to  any  point  is  equal  to  the  sum  of 
the  currents  flowing  away  from  that  point.  Calling  the  currents  flowing 
to  the  point  positive  and '  those  flowing  away  negative,  we  have  for 
any  point  in  a  wire  or  network, 

S/=o     (8). 
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This  rule  is  of  fundamental  importance.  The  idea  of  many  beginners 
that  the  electricity  is  gradually  used  up  as  it  flows  through  the  circuit  from 
the  positive  to  the  negative  terminal  is  entirely  wrong.  The  whole  quantity 
of  electricity  that  leaves  the  positive  terminal  flows  through  the  circuit  to 
the  negative  terminal  and  passes  through  the  battery  or  dynamo  to  the 
positive  terminal  whence  it  started.  Hence,  there  is  no  continual  generation 
of  electricity  but  simply  a  setting  in  motion  around  the  whole  circuit  of  a 
quantity  of  electricity,  the  rate  of  flow,  that  is  the  current,  being  the  same 
at  every  point  in  the  circuit.  Similarly,  water  suppUed  from  a  reservoir 
to  a  house  is  not  used  up  in  the  sense  of  ceasing  to  exist ;  the  whole  quantity 
flows  from  the  higher  level  to  the  lower  level,  to  be  raised  again,  if  by  no 
other  means,  by  evaporation,  to  the  higher  level.  When  we  speak  in  practice 
of  a  loss  of  current,  we  simply  mean  that  a  part  of  the  current,  by  taking  a 
bypath,  has  prevented  its  useful  employment,  and  represents  therefore  a 
monetary  loss.  It  is,  therefore,  not  the  current,  or  a  quantity  of  electricity, 
which  is  used  up,  but  pressure. 

By  means  of  Kirchhoff's  first  rule,  we  are  enabled,  from  a  knowledge  of 
two  or  more  currents  at  a  point  in  a  network,  to  calculate  the  other 
current.  For  example,  let  the  terminal 
pressure  F  of  a  shunt  dynamo  be  220 
volts,  the  current  "7  in  the  external 
circuit  (Fig.  6)  100  amperes,  and  the 
resistance  R^  of  the  shunt  field  winding 
50. ohms.  We  wish  to  find  the  armature 
current  I^.   By  Ohm's  law, 

^         V       220 

^m  =  w-  =  -^TT  =  4'4  amperes. 

By  Kirchhoff's  first  rule, 

Ia  =  I  +  Im=  100  +  4-4  =  104-4  amperes. 


rfT^ 

{ 

V\AA/ 

■^m, 

I    ! 

44. 

<— 

Fig.  6 


(&)     Kirchhoff's  Second  Rule. 

In  every  closed  circuit,  the  sum  of  the  products  of  current  and 
resistance  taken  round  the  whole  circuit  is  equal  to  the  sum  of  the 
electromotive  forces  in  the  same  circuit.     Hence,  for  any  closed  circuit 

S  [IR]  =  S£ (9)- 

In  applying  this  rule  to  any  circuit,  or  closed  mesh  forming  part  of  a 
network,  we  can  carry  out  the  summation  in  either  direction,  all  currents 
or  electromotive  forces  in  the  opposite  direction  being  given  the  negative 
sign.  If  the  direction  of  any  current  or  electromotive  force  is  unknown  it 
must  be  assumed.  If  the  calculation  then  gives  a  negative  result  for  this 
quantity  it  means  that  its  direction  is  opposite  to  that  which  had  been 
temporarily  assumed. 

As  an  example,  suppose  a  dynamo  giving  an  e.m.f.  (electromotive  force) 
oiE  =  116  volts  to  be  connected  up  in  opposition  to  a  battery  of  50  accumu- 
lators, each  having  an  e.m.f.  of  2  volts,  in  order  to  charge  it  (Fig.  7).  Let 
the  dynamo  resistance  R^  be  o-i  ohm,  the  battery  resistance  R^,  o-i8  ohm, 
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and  the  resistance  of  the  leads  Ri  o-i2  ohm.   We  are  required  to  find  the 

current  I  and  the  terminal  pressure 
across  both  dynamo  and  battery. 
The  back  e.m.f.  of  the  battery 


-h 


0. 


^fc 


Ri 


Fig- 7 


+ 


Ej,  =  50.2  =  100  volts. 

If  now  we  go  round  the  circuit  in  a 
clockwise  direction,  as  indicated  by  the 
arrow,  and  carry  out  the  summations 
of  equation  (9),  we  get 

IR^  +  IR,+IRi  =  E-E^, 
E-E, 


or 


Ra+Rt+  Ri 
116  — 100 


=  40  amperes. 


O-I  +  0'l8  +  0'12 

The  various  ohmic  pressure  losses,  or  drops,  are  then  as  follows : 

I.Ra  =  40.0-1    =      4     volts, 

I.Ri  =  40.0-18  =      7-2     „ 

I.Ri  =  40.0-12  =      4-8     „ 

adding  the  back  e.m.f.  =  100        „ 

Total  =  116  volts. 

We  see  that  the  e.m.f.  of  116  volts  is  exactly  used  up  in  overcoming  the 
back  E.M.F.  of  the  battery  and  in  supplying  the  pressure  losses,  or  drops,  in 
the  various  resistances. 

In  finding  the  terminal  pressure  of  the  dynamo,  which  is  also  the  pressure 
across  the  external  circuit,  we  have  to  remember  that  a  part  of  the  electro- 
motive force  of  the  dynamo  is  used  up  in  the  dynamo  itself  in  driving  the 
current  through  its  internal  resistance.  The  greater  part,  however,  remains 
available  for  the  external  circuit.  Similarly,  in  a  water  supply  the  full 
pressure  corresponding  to  the  difference  of  level  is  only  obtained  when  all 
cocks  are  closed.  Directly  water  is  drawn,  a  pressure  loss  occurs  due  to 
friction  between  the  water  and  the  inner  surface  of  the  pipes,  and  the  pres- 
sure available  for  the  consumer  drops  below  that  corresponding  to  the 
difference  of  level.  To  find  the  terminal  pressure  V  we  must  therefore 
subtract  the  internal  drop  from  the  electromotive  force,  thus, 

V  =  E  —  IRa  =  116  —  4  =  112  volts. 

For  the  battery,  which  is  being  charged,  the  relations  are,  however, 
quite  different.  The  terminal  pressure  V^  across  the  battery  has  a  double 
duty,  viz.  to  overcome  the  back  e.m.f.  E^  and  to  drive  the  current  through 
the  ohmic  resistance  of  the  battery.  Hence 


Vi  =  Ef,  +  IRi  =  100  +  7-2  =  i07'2  volts. 


6.  Resistances  in  Parallel 
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6.    Resistances  in  Parallel. 

It  is  self-evident  that  the  resistance  of  several  conductors  connected  in 
series  is  equal  to  the  sum  of  their  individual  resistances.   If,  on  the  other 

^AAAA/ 

yww 
y\A/\A/ 

Fig.  9 

hand,  two  resistances  R^  and  R2  are  connected  in  parallel,  as  shown  in 
Fig.  8,  the  combined  resistance  is  evidently  less  than  that  of  either,  for  the 
current  has  a  more  convenient  path  than  would  be  offered  by  either  resist- 
ance alone.  The  conductance  of  the  loop  is,  as  can  be  shown  experimentally, 
equal  to  the  sum  of  the  conductances  of  the  parallel  branches,  that  is, 

R      R^      i?2 


From  this  we  have 


R  = 


R,R, 


.(10). 


'R1  +  R2 

In  making  very  low  resistances,  for  example,  it  is  almost  impossible  to 
cut  the  wire  to  the  exact  length  required.  It  is  therefore  cut  so  as  to  have  a 
resistance  R^,  sHghtly  higher  than  that  required,  which  is  then  brought  down 
to  the  correct  value  by  connecting  another  resistance  Rg  in  parallel  with  it. 
Suppose  that  R^  has  been  made  o-ioa  ohm.  The  question  is :  What  resistance 
must  be  put  in  parallel  with  Rj  so  that  the  total  resistance  R  may  be  exactly 
O'l  ohm?   From  equation  (10)  it  follows  that 

0-102  .i?o 

0-1= -^, 

0-102  -I-  2?2 

.'.  i?2  =  5'i  ohms. 
Suppose  now  that  an  error  of  2  per  cent,  is  made  in  the  adjustment  of  this 
5'i  ohms,  so  that  Rg  is  really  only  5  ohms.  The  total  resistance  will  then  be 
R1R2     _  0-102.5 


R  = 


=  0-09996  ohm. 


i?l  +  i?2      0-102  +  5 

an  error  of  only  0-04  per  cent. 

If  more  than  two  resistances  be  connected  in  parallel,  we  find  in  the 
same  way  that 


I 
R' 


Ri     i?2     ^3 


If  the  individual  resistances  are  equal,  the  calculation  is  much  simpler. 
Suppose,  for  example,  that  the  armature  of  a  4-pole  machine  is  parallel 
wound,  so  that  there  are  four  equal  parallel  paths  through  it  (Fig.  9) .  If  the 
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total  length  of  wire  on  the  armature  is  200  metres  and  its  cross-section 
10  sq.  mm,  the  resistance  of  each  branch,  taking  the  specific  resistance  of 
warm  copper  as  0-02,  is  equal  to 

I  200/4 

p.  ^=0-02-        '^' 


10 


ohm. 


The  combined  resistance  of  the  four  equal  parallel  branches  is  only  a  quarter 
of  this,  so  that  0-02.200 

ig„=     .0  _-     =  0-025  ohm. 


^2 


10 


To  find  the  ratio  of  the  currents  in  the  two  branches  in  Fig.  8  we  observe 
that  both  resistances  R^  and  R^,  have  the  same  terminal  pressure  V.  If  /^ 
be  the  current  in  the  resistance  R^,  and  I^  that  in  the  resistance  R^,  then 

^^  h^^e  V  =  hR^  =  /,i?2, 

wherefore  r^=D^  (12). 

Hence,  when  a  current  divides  between  two  or  more  parallel  paths,  the 
currents  in  the  various  branches  are  inversely  proportional  to  their  resist- 
ances. It  is  on  this  principle  that  large 
currents  are  measured  by  means  of  sensi- 
tive galvanometers  carrying  only  very 
small  currents.  The  galvanometer  is  put 
in  parallel  with  a  known  low  resistance, 
and  is  said  to  be  shunted.  The  main  current 
I  will  divide,  a  small  portion  Ig  flowing 
through  the  galvanometer  of  resistance 
Rg,  while  the  remainder  I^  flows  through 
the  shunt  Rs.   We  have  then  (Fig.  10), 


Fig. 


R. 


or 


R. 


Ig   +   Is  Rs+   Rg 


but  Ig  +  Ig  =  I,  the  main  current;  therefore 

J-  J.        RS    +    Rg 

^  =  -'»— p —    (13)- 

To  simplify  calculation  the  resistance  of  the  shunt  is  usually  made  equal 
to  h  -h  °^  vh  of  the  resistance  of  the  galvanometer.  If,  for  "example,  the 
galvanometer  has  a  resistance  of  100  ohms,  and  is  shunted  with  ^  ohm 
we  have  100  ,-,r,r, 

Z  =  7„III_+i22  =  ioooJ,. 

Hence  the  main  current  is  1000  times  the  galvanometer  current. 

7.    Series  and  Parallel  Arrangement  of  Cells. 

When  cells  are  connected  in  series,  the  positive  terminal  of  one  cell  is 
connected  to  the  negative  of  the  next,  and  so  on  (Fig.  11).  The  same  current 
flows  through  all  the  cells  one  after  another,  and  all  the  electromotive  forces 
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act  in  one  direction.  Hence,  not  only  must  the  electromotive  forces  of  all 
the  cells  be  added  together,  but  also  their  internal  resistances.  The  series 
arrangement  is  used,  therefore,  where  a  large  current  is  required  in  spite 
of  a  high  external  resistance.  The  increased  battery  resistance  due  to  the 
series  arrangement  is  then  negligible,  whereas  the  great  electromotive  force 
thus  obtained  is  important.   To  connect  cells  in  parallel,  all  their  positive 


H^^^^^^^^ 


-AAAAAAAy 

Fig.  II 


Fig.  12 


terminals  are  joined  together,  on  the  one  hand,  and  all  their  negatives  on 
the  other.  By  this  means  the  battery  resistance  is  made  very  small,  but  the 
pressure  across  the  external  circuit  is  only  that  due  to  a  single  cell.  We  can 
no  more  add  parallel  connected  electromotive  forces  than  parallel  connected 
hyciraulic  pressures.  If,  for  example,  two  pipes  come  down  from  two  equally 
high  reservoirs,  the  pressure  obtained  is  no  greater  than  if  a  single  reservoir 
were  used,  if  the  resistance  of  the  pipes  be  neglected.  Cells  are  therefore 
connected  in  parallel  to  obtain  a  large  current  in  an  external  circuit  of  low 
resistance,  that  is,  when  a  large  current  can  be  obtained  without  a  high 
pressure.  The  parallel  arrangement  has  here  the  advantage  of  keeping  the 
battery  resistance,  which  is  now  considerable  compared  with  the  low  external 
resistance,  as  small  as  possible,  thus  enabling  a  larger  current  to  be  obtained. 
A  combination  of  these  two  methods  leads  to  the  mixed  arrangement 
shown  in  Fig.  13,  in  which  several  cells  are  connected  In  series,  and  then 
a  number  of  such  rows  connected  in 
parallel.  The  question  arises:  How 
should  a  given  number  of  cells  be 
arranged  so  as  to  give  the  maximum 
current?    Let  -=t=- 


JTT 


T    T   T 


Fig-  13 


R  be  the  external  resistance, 

Ri  the  battery  resistance, 

Ri  the  internal  resistance  of  one  cell, 

X  the  number  of  cells  in  series, 

E  the  E.M.F.  of  each  cell, 

z  the  total  number  of  cells. 

The  number  of  parallel  paths  is  - ,  and  the  resistance  of  each  branch  RiX. 
The  battery  resistance  is  therefore 

R,x     RiX^ 


"      z/x 
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Since  the  e.m.f.  of  the  battery  is  equal  to  that  of  a  single  branch,  that  is 
E.x,  we  have,  by  Ohm's  law,  for  the  current  /  through  the  whole  battery, 

Z  X         z 

For  a  maximum  value  of  this  expression  the  denominator  must  be  a 
minimum.  The  denominator  is  a  function  of  the  variable  x,  which  fact  can 
be  expressed  thus :  R     7f  y 


z 


Differentiating  with  regard  to  x,  we  have 

fix) 


z 


The  function  /  {x)  will  have  a  minimum  value  when  /'  {x)  =  o,  that  is  when 

z 
The  left-hand  side  of  this  equation  represents  the  external  resistance,  while 
the  right-hand  side  is  equal  to  the  internal  resistance  of  the  whole  battery. 
Hence,  to  obtain  the  maximum  current  through  a  given  external  resistance 
with  a  given  number  of  cells,  these  should  be  so  arranged  that  the  internal 
battery  resistance  is,  if  possible,  equal  to  the  external  resistance*. 

8.    Wheatstone's  Bridge. 

The  measurement  of  resistance  with  the  Wheatstone  bridge  is  an  import- 
ant and  instructive  apphcation  of  Kirchhoff' s  rules. 

The  cell  E  (Fig.  14),  whose  e.m.f.  need  neither  be  known  nor  constant, 
is  connected  across  the  ends  of  a  bare  straight  wire  AB.  Under  the  wire  is 

a  scale  by  means  of  which  the 
exact  position  of  the  sliding  con- 
tact C  can  be  read.  Connected 
in  parallel  with  this  wire  is  a 
branch  consisting  of  the  un- 
known resistance  x,  the  value  of 
which  is  to  be  determined,  and 
a  known  resistance  R.  The  re- 
sistance of  the  connecting  wires 
is  assumed  to  be  negligible. 
A  galvanometer  is  connected 
between  the  sliding  contact  C  and 
the  connecting  point  between  x 
and  R.  The  sliding  contact  is 
moved  until  no  current  flows 
through  the  galvanometer.  The 
current  J^  then  flows  uniformly  through  the  resistances  a  and  h,  and  the 
current  I^  through  the  resistances  x  and  R.    We  now  apply  Kirchhoff's 

*  For  further  information  on  this  subject,  see  The  Grouping  of  Electric  Cells,  by 
W.  F.  Dunton.   Spon.    1906. 
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second  rule  to  the  left-hand  lower  mesh,  going  round  it  in  a  clockwise 
direction  as  indicated  by  the  dotted  arrow.  This  circuit  contains  no  e.m.f. 
and  the  current  in  the  galvanometer  is  zero ;  therefore 

I^a  +  0  —  I^x  =  0. 
Similarly  in  the  right-hand  mesh 

I-fi  -  I^R  + 0  =  0. 

Ct        X 

Hence  it  follows  that  a^p    (^4)- 

The  ratio  a:  b  in  this  equation  refers  to  the  resistances  of  the  two  portions 
of  the  slide  wire ;  these  are,  however,  proportional  to  their  lengths,  so  that 
the  ratio  a :  b  can  be  read  off  directly  on  the  scale. 

It  is  instructive  to  deduce  this  result,  without  using  Kirchhoff's  rules, 
from  the  analogy  of  a  water  main  which  divides  into  two  parallel  vertical 
mains.  If  a  horizontal  pipe  joins  the  two  mains  at  any  level,  no  water  will 
flow  through  this  connecting  pipe,  because  there  is  no  difference  of  level  or 
pressure  between  its  ends.  This  is  exactly  analogous  to  the  Wheatstone 
bridge.  When  no  current  flows  through  the  galvanometer  there  is  no  differ- 
ence of  pressure  between  the  points  C  and  D,  and  the  pressure  drop  from 
^  to  C  is  equal  to  that  from  AtoD.  Writing  this  in  the  form  of  an  equation, 


we  have 
and 


1 1,  a 
h.b  =  I, 


R. 


Equation  (14)  follows  directly  from  this. 

This  form  of  Wheatstone's  bridge  is  known  as  the  slide-wire  bridge  or 
metre- wire  bridge,  the  wire  AB  generally  being  a  metre  long. 

The  lengths  of  wire  a  and  b  can  be  replaced  by  accurately  known  resist- 
ances, and  it  is  then  more  con- 
venient to  obtain  a  balance  by 
altering  the  value  of  R.  The  well- 
known  Post  Of&ce  box  is  of  this 
type. 

The  method  outlined  above  is 
suitable  for  resistances  of  medium 
size. 

In  the  case  of  very  small  re- 
sistances, the  connecting  wires  would 
introduce  considerable  error.  To 
avoid  this,  the  cell  could  be  connected 
directly  to  the  ends  of  the  resistances 
X  and  R,  while  a  and  b  could  be 
represented  by  accurate  resistances 

of  such  values  that  the  end  connections  would  be  quite  negligible.  In 
the  ordinary  form  of  bridge,  however,  it  is  impossible  to  eliminate  the  effect 
of  the  connection  between  x  and  R.  If,  in  Fig.  14,  the  galvanometer  be 
connected  to  the  end  of  x,  R  will  be  increased  by  the  resistance  of  the 
connection  between  x  and  R,  whereas,  if  the  galvanometer  be  connected  to 
R,  X  will  appear  too  large. 

In  Thomson's  {Kelvin's)  double  bridge  this  difficulty  is  surmounted  by 


Fig.  15 
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connecting  the  galvanometer  through  resistances  iJ^  and  R^  to  both  x  and  R 
(Fig.  15).  The  former  direct  connection  between  x  and  R,  shown  at  the 
bottom  of  Fig.  15,  still  remains.  We  see  that  there  are  now  two  leads  con- 
nected to  each  end  of  both  x  and  R.  The  resistances  i?i  and  R^  are  so  chosen 
that  their  ratio  R-^ :  R^  is  equal  to  the  ratio  a:h.  If,  for  example,  a :  &  =  i :  10 
then  i?i :  R^  must  be  made  1:10.  The  point  D  will  then  have  the  same  poten- 
tial as  the  point  F  which  divides  the  direct  connection  between  x  and  R  m 
the  ratio  c:  d  =  z-.-lo.  We  can  therefore  imagine  the  galvanometer  directly 
connected  to  F  instead  of  to  D.  and  when,  by  altering  the  value  of  R,  the 
current  in  the  galvanometer  has  been  reduced  to  zero,  we  have 

a  _x-\-  c 

I'RTd- 


In  our  case,  where  a :  J  =  i :  10, 


x  +  c 


10 


R  +  d 

and  as  c :  rf  is  also  in  the  ratio  i :  10,  it  follows  that  « :  i?  =  i :  10.  In  this 
way  the  resistance  of  the  connecting  leads  is  eUminated  and  it  is  therefore 
possible  to  measure  very,  low  resistances,  such  as  the  armature  resistance 
of  a  large  dynamo,  with  great  accuracy*. 

9.    Measurement  of  Electromotive  Force  by  the 
Potentiometer  Method. 

A  cell  of  constant  but  unknown  e.m.f.  is  connected  across  the  ends  of  a 
calibrated  wire  AB  (Fig.  16).  The  p.d.  (potential  difference)  between  A  and 

B  must  be  greater  than  the  e.m.f.  x 
which  has  to  be  measured,  and  also 
greater  than  the  e.m.f.  Eq  of  the 
standard  cell.  A  Bunsen  cell,  for 
example,  could  be  used  for  E,  and  a 
Daniell  cell  for  Eq.  A  galvanometer, 
the  standard  cell  and  a  high  re- 
sistance are  connected  in  series 
between  the  end  A  of  the  cahbrated 
wire,  and  the  sliding  contact,  the 
cells  E  and  E^  having  similar  poles 
connected  to  A .  The  sUding  contact 
is  moved  along  the  wire  until  a  point 
C  is  found  where  no  current  flows 
through  the  galvanometer,  the  final 
adjustment  being  made  with  the  high 
resistance  short-circuited.  The  cell  to  be  tested  is  now  put  in  the  place  of 
the  standard  cell  so  that  the  electromotive  forces  E  and  x  oppose  each 
other  as  before.  The  sliding  contact  is  again  adjusted  until  no  current 
flows  through  the  galvanometer,  its  new  position  being  C. 

*  For  further  information  on  the  subject  of  measurement  of  resistance,  see  Price's 
Measurement  of  Resistance,  Kempe's  Handbook  of  Electrical  Testing,  or  Chapter  xxvi.  in 
Watson's  Practical  Physics. 
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In  6rder  to  find  the  relation  between  the  electromotive  forces  E^  and  ;*: 
from  the  measured  lengths  AC  and  AC,  we  observe  that  the  terminal 
pressure  of  the  Bunsen  cell  E  is  used  up  along  the  whole  length  of  the  wire 
AB.  Across  half  the  wire,  for  example,  there  is  half  the  pressure,  for,  with 
the  same  current,  pressure  differences  are  proportional  to  resistances.  The 
ratio  of  the  p.d.  between  A  and  C  to  the  p.d.  between  A  and  C  will  therefore 
be  equal  to  the  ratio  of  the  lengths  of  wire,  that  is  ^C :  ^C  We  have  seen, 
however,  that  the  p.d.  between  A  and  C  exactly  balances  the  e.m.f.  ^o.  while 
the  P.D.  between  A  and  C  exactly  balances  the  e.m.f.  x.  If  now  we  replace 
potential  differences  by  corresponding  lengths  of  wire,  we  have 

1^.4" ('* 

This  method,  which  brings  home  very  clearly  to  the  beginner  the  fall  of 
potential  along  a  resistance,  is  one  of  the  most  convenient  methods  of  cali- 
brating instruments,  and  it  may  be  said  that  almost  all  instruments  are  now 
calibrated  in  this  way.  The  calibrated  shde  wire  is  replaced,  either  entirely 
or  for  the  most  part,  by  accurate  resistance  coils,  an  accumulator  takes  the 
place  of  E,  and  a  Weston  or  Clark  cell  is  used  as  the  standard. 

In  a  similar  way  it  can  be  shown  that  the  pressure  y  across  the  points 

A  and  B  is  such  that  ,,  d 

AB  _  y 

AC~To- 

It  must  be  carefully  noticed,  however,  that  y  is  not  the  e.m.f.  of  the 
upper  cell  but  only  the  p.d.  between  its  terminals.  The  cell  E  differs  from 
the  cells  x  and  E^  in  that  it  is  carrying  a  current,  and  its  terminal  pressure 
is  therefore  less  than  its  e.m.f.  by  an  amount  equal  to  its  internal  pressure 
drop. 

10.    Joule's  Law,  Electrical  Energy  and  Electrical  Power. 

A  conductor  through  which  an  electric  current  is  flowing  becomes 
heated.  The  amount  of  heat  so  developed  was  measured  by  the  English 
physicist  Joule,  who  determined  the  relation  between  the  heat  and  the 
current,  pressure  and  time.  The  quantity  of  heat  taken  as  the  unit  in 
Electrical  Engineering  is  the  gramme-calorie,  which  is  the  amount  of  heat 
required  to  raise  the  temperature  of  i  gramme  of  water  from  o°  to  i°  C,  or, 
what  is  practically  the  same  thing,  the  heat  required  to  raise  i  gramme  of 
water  through  i°  C.  If  ^^  represents  the  quantity  of  heat  in  gramme-calories, 
V  the  pressure  across  the  terminals  of  the  conductor  in  volts,  /  the  current 
in  amperes,  and  t  the  time  in  seconds,  then  it  is  found  experimentally  that 

Q^  =  o-24.V.I.t     (16). 

The  experiment  can  easily  be  repeated  by  immersing  a  platinum  spiral 
in  a  measured  quantity  of  water,  the  spiral  being  soldered  to  two  thick 
copper  leading-in  wires  of  negligible  resistance  (Fig.  17).  The  inner  glass 
vessel,  which  contains  the  water,  rests  on  cork  knife-edges  and  is  separated 
by  an  air  space  from  the  external  vessel  to  avoid  as  far  as  possible  any  loss 
of  heat.  A  current  is  passed  through  the  spiral  and  readings  are  taken  of  the 
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Fig.  17 


pressure  across  the  terminals,  the  current  and  the  resulting  temperature 
rise  Tg  -  T^  in  a  certain  time.  The  amount  of  heat  is  determined  by  multi- 
plying the  weight  of  water  w  in  grammes  by 
the  temperature  rise  T^  —  T^.  It  is  found  that 
this  quantity  of  heat  is  proportional  to  the 
product  V.I .t. 

Q^  =  w(T,-T,)  =  k.V.I.t. 

With  a  little  care  the  value  0-24  will  be 
obtained  for  k.  It  is  a  good  plan  to  start  the 
experiment  with  the  water  a  few  degrees  below 
the  temperature  of  the  room  and  to  continue  it 
until  the  water  is  an  equal  number  of  degrees 
above  the  room  temperature.  The  amount  of 
heat  radiated  out  in  the  second  half  of  the 
experiment  will  be  equal  to  the  heat  received 
from  the  surroundings  during  the  first  half, 
thus  correcting  any  radiation  error.  It  must 
be  remembered  moreover  that  the  value  of  w 
is  made  up  of  the  actual  weight  of  the  water 
and  the  water  equivalent  of  the  inner  glass 
vessel.  The  latter  is  found  by  multiplying  the  weight  of  the  empty  glass 
vessel  in  grammes  by  the  specific  heat  of  glass,  i.e.  0-19. 

Joule's  experiment  is  as  fundamentally  important  in  Electrical  Engi- 
neering as  his  determination  of  the  mechanical  equivalent  of  heat,  according 
to  which  a  kilogramme-calorie  is  equivalent  to  427  metre-kilogrammes  or 
I  British  Thermal  Unit  (Fahrenheit)  to  778  foot-lbs.  According  to  Joule's 
law  the  product  V.I.tis  proportional  to  a  quantity  of  heat.  Now,  as  heat 
is  nothing  more  than  a  special  form  of  energy,  the  product  V.I.t  must 
represent  an  amount  of  energy,  and  it  is  therefore  a  measure  of  the  elec- 
trical energy  or  work. 

The  unit  of  electrical  energy  is  the  work  done  in  one  second  when 
a  current  of  i  ampere  flows  under  a  pressure  of  i  volt.  This  amount  of 
energy  is  called  a  joule  or  a  watt-second.  The  electrical  work  W  is  given 
therefore  by  the  equation       w  =  V.I.t  ]oviles (17). 

We  have  now  to  find  the  relation  between  the  electrical  work  in  joules 
and  the  mechanical  work  in  metre-kilogrammes  or  in  foot-pounds.  Putting 
V,  I  and  t  to  equal  i  in  equations  (16)  and  (17)  we  find  that  the  electrical 
energy  is  one  joule  while  the  heat  QJ^  is  0-24.  Hence  i  joule  is  equivalent  to 
0-24  gramme-calorie.  According  to  the  mechanical  equivalent  of  heat  a 
gramme-calorie  is  equivalent  to  0-427  metre-kg  and  therefore 

I  joule  =  0-24  gr-cal  =  0'24. 0-427  met-kg  =  0-102  met-kg, 

or  I  met-kg  =  9-81  joules   (18). 

Similarly,  we  could  show  that 

I  foot-pound  =  1-356  joules. 

It  is  no  mere  coincidence  that  we  get  the  figure  9-81,  the  acceleration 
due  to  gravity;  it  follows  necessarily  from  the  units  employed. 
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Let  us  consider,  as  an  example,  a  dynamo  giving  a  current  of  50  amperes 
at  a  pressure  of  220  volts  for  10  hours,  i.e.  for  36,000  seconds;  the  electrical 
work  done  or  energy  given  out  is 

W  =  220.50.36,000  =  396.10*  joules, 

which  corresponds  to  40-5.10*  metre-kg  or  292.10*  foot-lb.  Again,  if  a 
Daniell  cell  gives  a  current  of  0-55  ampere  for  i  hour  at  a  terminal  pressure 
of  I  volt,  the  energy  given  out  is 

W  =  1.0-55.3600  =  1980  joules. 

This  is  the  same  amount  of  work  as  is  required  to  raise  ^  =  200  kg  one 
metre.  9'«i 

From  the  unit  of  work  we  can  obtain  the  unit  of  electrical  power,  i.e.  the 
rate  at  which  work  is  done.  If  the  product  V.I.t  represents  the  electrical 
work,  the  product  V.I  must  be  the  electrical  power.  Hence,  the  unit  of 
electrical  power  is  given  by  one  ampere  under  a  pressure  of  i  volt. 
This  unit  of  electrical  power  is  called  a  watt.  If  the  electrical  power 
in  watts  be  represented  by  P,  we  have 

P=  F. /watts     (19). 

From  equation  (18)  we  obtain  the  relation  between  the  watt  and  a  metre- 
kg  per  second.  One  metre-kg  per  second  is  equal  to  9-81  joules  per  second, 
that  is,  to  9-81  watts.   Hence 

I  H.p.  =  75  met-kg  per  second  =  75.9-81  watts  =  736  watts. 

This  is  the  continental  or  metric  horse-power,  which  is  about  1-4  per  cent, 
smaller  than  the  British  horse-power. 

I  British  h.p.  =  550  ft-lb  per  second  =  550.1-356  =  746  watts. 

The  power  taken  by  a  10  h.p.  motor,  having  an  overall  efficiency  of  0-85, 

will  thus  be  -rn    '7afi 

P  =       •  J-^    =  8700  watts. 
0-85  ^ 

At  a  pressure  of  220  volts,  the  current  taken  will  be 

r         8700 

/  =  — —  s=  40  amperes. 
220  ^ 

The  above  units  of  energy  and  power  are  often,  in  practice,  found 

inconveniently  small.    Larger  units  are  therefore  used,  as  follows: 

I  hectowatt  =  100  watts  (rarely  used) . 

I  kilowatt  =  1000  watts. 

I  watt-hour  =  3600  watt-seconds  or  joules. 

I  kilowatt-hour    =3-6.10*  ,,  ,, 

The  kilowatt-hour  is  also  known  as  a  Board  of  Trade  Unit. 

II.    Potential  Difference. 

In  the  preceding  section  we  based  our  consideration  of  electrical  energy 
on  the  experimental  evidence  of  Joule,  as  it  appeared  advisable  to  do  this 
before  giving  a  theoretical  proof.  We  have  repeatedly  made  use  of  the 
analogy  between  the  electric  current  and  a  current  of  water.  The  analogy 
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is  also  very  close  with  regard  to  electrical  work.  The  work  done  by  a  water- 
fall in  a  given  time  is  obtained  in  metre-kilogrammes  by  multiplying  the 
weight  of  water  which  has  fallen  in  the  given  time  by  the  height  of  the  fall 
in  metres.  We  proceed  in  a  similar  manner  to  calculate  the  electrical  work 
by  forming  the  product  V .1  .t.  For  V  is  the  pressure  or  difference  of  level, 
while  7.;  is  the  quantity  of  electricity  which  has  passed  during  the  time  t 
from  the  higher  to  the  lower  level  or  potential.  From  this  we  obtain  a  more 
accurate  definition  of  that  which  we  have,  up  to  the  present,  represented 
by  V  and  designated  difference  of  pressure  or  difference  of  level.  Thus,  if 
in  the  equation  W  =  V  T  t 

we  make  the  product  I A  =  z,  that  is,  we  make  the  quantity  one  coulomb, 
we  have  W  =  V.  In  other  words,  the  difference  of  pressure  F  in  volts  is 
the  work,  measured  in  joules,  which  is  done  when  one  coulomb  flows 
from  the  higher  to  the  lower  electrical  level.  While  this  coulomb  of 
electricity  was  at  the  higher  level  it  possessed  potential  energy  or  capacity 
for  doing  work,  just  as  a  raised  weight  possesses  potential  energy,  which 
is  greater  the  greater  the  difference  of  level.  We  speak  therefore  of  an 
electrical  difference  of  potential,  and  define  it  as  the  work  done  when  a 
unit  of  positive  electricity  flows  from  the  higher  to  the  lower  electrical 
level. 

Inversely  we  could  define  potential  difference  as  the  work  in  joules  which 
we  must  do  to  raise  one  coulomb  of  electricity  from  the  lower  to  the  higher 
potential.  Referring  to  Section  2,  we  see  that  this  raising  of  the  electricity 
from  the  lower  to  the  higher  electrical  level  or  potential  is  the  special  function 
of  the  electromotive  force.  Electromotive  force  and  potential  difference 
or  pressure  are  thus,  in  a  sense,  identical  and  are  measured  in  the  same 
units. 

The  above  definition  of  potential  difference  is  identical  with  the  well- 
known  definition  met  with  in  frictional  or  static  electricity.  Fig  i8  repre- 
sents a  positively  charged  insulated  metal  sphere.    Imagine  a  small  freely 

moving  body  with  unit  charge 
■^  ,^       of    positive    electricity    to    be 

placed  on  the  surface  of  the 
sphere.  Since  like  charges  repel, 
this  small  body  will  be  repelled 
to  an  infinite  distance  by  the 
large  sphere.  By  this  means 
work  will  be  done  equal  to  the 
summation  over  the  whole  dis- 
Fig.  1 8  tance  of  the  product  of  force 

and  distance,  or  this  amount  of 
kinetic  energy  will  be  imparted  to  the  body.  Then  the  potential  at  the 
surface  of  the  sphere  is  the  work  done  by  the  electric  forces  in  repelling  the 
unit  of  positive  electricity  to  an  infinite  distance. 

When  the  small  body  is  at  ^,  it  possesses  with  respect  to  the  point  B 
a  capacity  for  doing  work,  i.e.  it  possesses  potential  energy  analogous  to 
that  of  a  raised  weight.  The  potential  at  the  point  A  is,  therefore,  higher 
than  that  at  B,  and  there  is  a  difference  of  potential,  or  of  electrical  level. 
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between  the  two  points.   This  difference  of  potential  is  equal  to  the  work 
done  on  a  unit  positive  charge  in  repelUng  it  from  A  to  B. 

In  principle  it  is  immaterial  whether  the  unit  of  electricity  which  is 
driven  from  ^  to  B  is  a  charge  on  a  small  body,  moving  with  this  body,  or 
a  quantity  of  electricity  moving  along  a  stationary  conductor  as  in  an 
electric  current.  One  point  to  which  attention  must  be  specially  drawn  is 
this,  that  if,  in  the  case  represented  in  Fig.  i8,  the  coulomb  be  taken  as  the 
unit  charge  on  the  small  body  and  the  work  be  measured  in  joules,  then  the 
potential  difference  will  be  obtained  directly  in  volts. 

12.    Energy  lost  in  heating  conductor. 

Substituting  for  V  its  value  I.R,  the  formula  for  the  electrical  power 

can  be  written  as  follows :       „      ^^  ^      ^„  „  ,    . 

P  =  V.I  =  P.R  (20). 

The  power  expended  in  the  useful  resistance,  such  as  lamps,  for  example, 
is  proportional  to  the  square  of  the  current  and  to  the  resistance  of  that 
portion  of  the  circuit,  while  the  same  holds  true  for  the  leads.  This  fact  has 
had  considerable  influence  on  the  development  of  electrical  engineering. 
To  make  this  clear  let  us  consider  the  case  in  which  10,000  h.p.  has  to  be 
transmitted  over  a  distance  of  30  kilometres  (about  19  miles).  We  can 
transmit  this  power  by  means  of  a  large  current  at  a  low  pressure  or  by 
means  of  a  small  current  at  a  high  pressure.  In  either  case,  to  transmit 
10,000  H.p.  or  7,460,000  watts,  we  have 

J  _P  _  7,460,000 

V        V     ■ 

If,  now,  we  try  successively  pressures  of  100,  1000  and  10,000  volts, 
we  obtain  as  the  corresponding  currents  74,600,  7460  and  746  amperes. 

Allowing  10  per  cent.,  i.e.  746,000  watts  for  the  loss  in  the  leads  or 
cables,  the  resistance  of  which  is  Ri,  we  have 

P.Ri  =  746,000, 

_  746,000 
or  ^i  =  — p —  • 

The  total  length  of  cable  is  2.30  km  =  60,000  metres,  and  using  equation 
(6)  on  page  8,  the  cross-section  can  be  found  as  follows : 

0-017  .  60,000  .    r^ 

A  = ir — ■ =  137  ■  10  *  .  P. 

746,000 

Hence,  the  cross-section  of  the  copper  is  directly  proportional  to  the 
square  of  the  current,  or  inversely  proportional  to  the  square  of  the  pressure 
employed.  The  above  equations  give  the  following  values: 

V  I  A  =  i37.io-«.72 

100  74,600  760. 10* sq.  mm. 

1,000  7,460  760. 10^ 

10,000  746  760 
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It  is  evident  that  the' last  case  is  the  only  one  of  the  three  which  is  at 
all  practicable. 

We  shall  now  endeavour  to  make  the  effect  of  a  higher  pressure  on  the 
loss  in  the  mains,  or  on  the  cross-section  of  the  conductor,  clearer  by  a  con- 
sideration of  the  3-wire  system.  Imagine  a  glow  lamp  to  be  constructed  so 
as  to  burn  normally  with  a  current  of  0-5  ampere  and  to  have  a  resistance, 
when  so  burning,  of  220  ohms.  To  maintain  a  current  of  0-5  ampere  the 
pressure  across  the  lamp  terminals  must  be  0-5.220  =  no  volts.  We  shall 
assume  that  200  such  lamps  have  to  be  supplied  at  a  distance  of  2  kilo- 
metres, with  an  allowable  loss  in  the  mains  of  10  per  cent,  of  the  power 
transmitted,  and  we  shall  calculate  the  necessary  cross-section  of  cable, 
using  pressures  of  no  and  220  volts  respectively. 

1st  case.  Pressure  no  volts.  All  lamps  in  parallel  (Fig.  19). 

The  total  current  taken  by  200  lamps  at  0-5  ampere  each  is 

I  =  0-5.200  =  100  amperes. 

The  total  power  transmitted  is 

J_ .        P=  F./=  iio.ioo 

11,000  watts. 

With  10  per  cent,  loss  iioo  watts 
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Fig.  19 


will  be  dissipated  as  heat  in  the 
mains.  If  Ri  be  the  resistance  of 
the  mains,  then 


P.Ri=  100^.  Ri=  IIOO 


and 


Rt 


IIOO 

100^ 


=  o'li  ohm. 


The  total  length ; is  2  . 2000  =  4000 metres.   From  the  equation  R  =  p.-j 

we  have  ,  ^ 

,  _p  -l  _  0*017  -  4000 

^~R  5^^^ 


■  620  sq.  mm. 


2nd  case.  Pressure  220  volts. 
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Fig.  20 


To  obtain  this  pressure  we  connect  two  no  volt  dynamos  in  series 
(Fig.  20).  If,  now,  we  connect  the  lamps  2  in  series,  the  pressure  across  each 
lamp  is  no  volts.   We  have,  then,  for  200  lamps  100  parallel  paths  each 
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taking  0-5  ampere,  the  total  current  being  I  =  100 . 0-5  =  50  anaperes.  The 
power  transmitted  is  therefore 

P  =  V.I  =  220.50  =  11,000  watts. 
This  is  the  same  power  as  in  the  first  case.  The  loss  in  the  mains  shall, 
of  course,  remain  the  same  as  before,  viz.  iioo  watts.  We  have  therefore 

P.Ri=  5o^.Ri=  iioo 

,  „      Iioo 

and  Ri  =  -^  =  0-44, 

•      ,  ,  .        p  .1       0'0I7  .  4000 

wherefore  A=^  = '—-^ —  =  155  sq.  mm. 

Ki  0-44 

Thus  by  doubling  the  pressure  on  the  mains,  the  cross-section  of  the 
conductor  has  been  reduced  to  a  quarter  of  its  previous  value.  To  enable 
each  lamp  in  the  second  case  to  be  switched  on  and  off  independently  of 
the  others,  a  balancing  wire  or  neutral  wire  connects  the  middle  point  of 
the  dynamos  to  the  middle  point  of  every  two  lamps.  The  conductor  is 
usually  made  of  half  the  cross-section  of  each  of  the  outer  conductors. 
There  is  a  great  saving  in  copper  in  spite  of  the  three  wires.  It  is  evident, 
moreover,  that,  with  the  same  weight  of  copper  in  the  mains,  doubling  the 
working  pressure  enables  nearly  four  times  the  power  to  be  transmitted 
with  the  same  percentage  loss  in  the  mains. 

The  above  example  has  been  worked  out  in  detail  because  of  the  difficulty 
experienced  by  the  average  beginner  in  forming  clear  and  tangible  ideas  on 
this  question  of  power  transmission  at  high  or  low  pressures.  It  is  evident 
that  in  both  the  above  cases  the  same  number  of  lamps  were  supplied,  each 
lamp  having  the  same  current  and  burning,  therefore,  with  the  same  bril- 
liancy.  The  result  obtained  is  therefore  exactly  the  same  in  both  cases. 
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13.    Electrolysis. 

Conductors  of  the  first  class  are  those  through  which  the  electric  current 
passes  without  producing  any  chemical  change.  The  metals  and  carbon 
belong  to  this  class.  Second  class  conductors,  on  the  other  hand,  undergo 
chemical  changes  or  decomposition  when  a  current  passes  through  them. 
This  decomposition  is  called  electrolysis  and  such  conductors  are  known  as 
electrolytes.  To  this  class  belong  the  bases,  acids  and  salts,  either  in  solution 
or  in  the  molten  state. 

The  vessel  or  apparatus,  in  which  electrolysis  is  carried  on,  is  called  an 
electrolytic  cell,  and  the  iinmersed  conductors,  by  means  of  which  the  current 
is  led  in  and  out  of  the  liquid,  are  called  the  electrodes.  The  positive  electrode, 
by  which  the  current  enters  the  liquid,  is  called  the  anode,  while  the.negative 
electrode,  by  which  the  current  leaves  the  cell,  is  called  the  cathode. 

The  constituents  into  which  the  liquid  is  split  up  appear  at  the  electrodes, 
one  constituent  wandering  with  the  current  to  the  cathode,  while  the  other 
makes  its  way  against  the  current  to  the  anode.  These  constituents  are 
therefore  called  ions,  i.e.  wanderers.  According  to  modern  views  the  mole- 
cules of  an  electrolyte  are  already  spht  up  into  ions  before  the  application 
of  any  p.d.  It  has  been  observed  that  the  pressure  with  which  water  forces 
its  way  through  a  porous  wall  into  a  solution  on  the  other  side,  is  propor- 
tional to  the  number  of  molecules  in  solution.  Very  weak  solutions,  con- 
taining equal  numbers  of  molecules  dissolved  in  equal  volumes,  have  the 
same  "osmotic "  pressure.  Their  boiling  points  are  equally  raised  and  their 
freezing  points  equally  lowered.  When  we  come  to  examine  electrolytes, 
however,  we  find  striking  exceptions.  Hydrochloric  acid  has  an  osmotic 
pressure  twice,  and  sulphuric  acid  three  times,  as  great  as  what  one  would 
expect.  Arrhenius  explains  this  by  the  assumption  that  the  molecules  are 
subdivided  into  ions  which  act  as  molecules  in  producing  osmotic  pressure 
and  influencing  the  boiling  and  freezing  points.  The  molecule  of  HCl  will 
be  split  up  into  the  ions  H  and  CI,  while  a  molecule  of  H2SO4  gives  three 
ions,  H,  H,  and  SO;,. 

The  conductivity  of  the  electrolyte  is  due  to  the  electric  charges  carried 
by  the  ions.  Those  charged  positively  are  called  cations,  and  are,  of  course, 
attracted  towards  the  negative  electrode,  to  which  they  give  their  charges ; 
their  motion  is  in  the  direction  of  the  current  through  the  liquid.  The 
negatively  charged  ions  are  called  anions,  and  move  towards  the  positive 
electrode,  to  which  they  give  their  negative  charges.    It  is  perhaps  difficult 
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for  the  beginner  to  reconcile  these  views  with  the  general  idea  that  an  electric 
current  consists  only  in  a  movement  of  positive  electricity.  It  is  probable, 
however,  that  the  latter  is  correct  when  applied  to  first  class  conductors, 
except  that  it  is  the  negative  electricity  which  moves  and  not  the  positive. 

To  obtain  a  better  understanding  of  electrolysis  we  will  now  turn  our 
attention  to  the  difference  between  metals  and  non-metals.  Metals,  such 
as  potassium,  magnesium,  iron  and  gold,  have  a  characteristic  lustre ;  they 
are  good  conductors  of  heat  and  electricity,  and  their  compounds  with 
hydrogen  and  oxygen  are  bases,  e.g.  caustic  soda  (NaOH),  caustic  potash 
(KOH),  slaked  lime  (Ca(0H)2).  The  basic  character  of  the  metallic  oxides 
is  shown  by  the  facts  that  they  turn  red  litmus  blue,  act  as  caustics,  have 
an  alkaline  taste  and  neutralise  acids.  The  basic  nature  of  many  metallic 
oxides  is  not  very  pronounced,  being  only  shown  by  their  ability  to  neutra- 
lise acids. 

In  addition  to  the  above  characteristics,  all  metals  show  a  remarkable 
peculiarity  when  present  in  a  solution  through  which  an  electric  current  is 
flowing,  in  that  their  ions  always  move  with  the  current,  towards  the  cath- 
ode. The  metals  are  therefore  electro-positive,  that  is,  their  ions  are  the 
carriers  or  transporters  of  positive  electricity  {cations).  Since  hydrogen  also 
moves  with  the  current  towards  the  cathode,  it  is  also  to  be  classed  as  a 
metal,  more  especially  as  it  can  be  chemically  replaced  in  its  compounds 
by  metals. 

To  the  non-metals  belong  chlorine,  bromine,  iodine,  nitrogen,  oxygen, 
sulphur,  etc.,  which  are  without  metallic  lustre,  and  which,  in  so  far  as  they 
occur  in  the  solid  state,  are  bad  conductors  of  heat  and  electricity.  Finally, 
they  combine  with  hydrogen  and  oxygen  to  form  acids,  e.g.  hydrochloric 
acid  (HCl),  sulphuric  acid  (H2SO4),  nitric  acid  (HNO3)  and  phosphoric  acid 
(H3PO4).  Acids  are  characterised  by  a  sour  taste,  their  ability  to  turn  blue 
litmus  red,  to  dissolve  metals  and  to  neutralise  bases  with  the  formation  of 
salts. 

Of  the  non-metals,  chlorine,  bromine,  iodine  and  fluorine  move  against 
the  electric  current  and  belong,  therefore,  obviously,  to  the  anions]  more- 
over, the  hydroxyl  group  (OH)  among  the  bases,  as  well  as  the  acid  radicals 
SO4,  PO4,  NO3,  etc.,  are  anions. 

We  will  now  endeavour  to  make  the  processes  of  electrolysis  clearer  by 
means  of  a  few  characteristic  examples. 

I.  Electrolysis  of  Bases. 

When  a  solution  of  caustic  potash  (KOH)  is  electrolysed,  the  metal 
potassium  moves  with  the  current  and  causes  hydrogen  to  be  hberated  at 
the  cathode,  in  accordance  with  the  equation 

2K  H-  2H2O  =  2KOH  +  Hj. 

The  hydroxyl  group  OH,  on  the  other  hand,  moves  against  the  current  and 
causes  oxygen  to  be  hberated  at  the  anode  in  accordance  with  the  equation 

4OH  =  2H2O  -I-  O2. 
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From  the  result  it  would  appear  that  water  only  was  being  decomposed. 
The  decomposition  of  the  water,  however,  is  purely  chemical  and  takes  no 
part  in  the  passage  of  the  current,  which  is  due  entirely  to  the  decomposition 
of  the  caustic  potash.   Pure  water  is  a  perfect  insulator. 

2.  Electrolysis  of  Acids, 

The  simplest  case  is  that  of  hydrochloric  acid  (HCl).  Hydrogen  is 
liberated  at  the  cathode  and  chlorine  at  the  anode.  We  have  in  this  case  a 
simple  decomposition  without  secondary  reactions.  In  the  electrolysis  of 
sulphuric  acid  (H2SO4)  hydrogen  is  likewise  liberated  at  the  cathode.  The 
acid  radical  SO4,  on  the  other  hand,  is  not  liberated  at  the  anode,  but  if  the 
anode  consists  of  carbon  or  platinum,  oxygen  is  liberated,  the  chemical 
reaction  being  as  follows: 

2SO4  +  2H2O  =  2H2SO4  +  Og. 

The  result  is  therefore  the  same  as  if  water  alone  were  decomposed. 

If,  however,  the  anode  consists  of  copper,  the  radical  SO4  attacks  it, 
forming  copper  sulphate  in  accordance  with  the  equation 

SO4  +  Cu  =  CUSO4. 

3.  Electrolysis  of  Salts. 

When  a  solution  of  potassium  chloride  (KCl)  is  electrolysed,  the  potas- 
sium ions  wander  to  the  cathode,  where  caustic  potash  is  formed  and 
hydrogen  liberated,  as  above;  the  chlorine  goes  to  the  anode.  If  the  two 
electrodes  are  separated  by  a  porous  partition,  e.g.  an  unglazed  earthenware 
pot,  the  final  products  of  electrolysis  will  be  caustic  potash  and  chlorine. 
In  the  absence  of  such  a  partition,  a  tertiary  reaction  ensues  between  the 
chlorine  and  caustic  potash  with  the  formation  of  potassium  chlorite  (KCIO) 
in  accordance  with  the  equation 

2KOH  +  2CI  =  KCIO  +  KCl  +  H2O. 

If,  however,  the  solution  be  hot,  potassium  chlorate  is  formed,  thus : 

6K0H  +  6C1  =  KCIO3  +  5KCI  +  3H2O. 

As  a  further  example  of  the  decomposition  of  a  salt  solution,  we  may 
take  the  electrolysis  of  copper  sulphate  (CUSO4) .  The  copper  wanders  with 
the  current  and  electroplates  the  cathode.  The  group  SO4  moves,  as  before, 
to  the  anode  and,  if  the  latter  consists  of  carbon  or  platinum,  causes  a 
liberation  of  oxygen.  If  the  anode  is  of  copper  it  will  be  eaten  away,  with 
the  formation  of  copper  sulphate,  thus : 

Cu  +  SO4  =  CUSO4. 

14.    Quantitative  Laws  of  Electrolysis. 

The  amount  of  an  element  or  of  a  chemical  compound  deposited  on  an 
electrode  was  found  by  Faraday  to  be  proportional  to  the  current  and  to 
the  time,  or,  in  other  words,  proportional  to  the  quantity  of  electricity 
which  has  passed.  Thus,  if 
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w  be  the  weight  of  deposit  in  miUigrammes, 

/  the  current  strength  in  amperes, 

t  the  time  in  seconds, 

and  c  a  coefficient, 

then  it  is  found  experimentally  that 

w  =  c.I.t. 

The  coefficient  c  is  different  for  various  ions.    Faraday  found  that  it  was 
proportional  to  the  atomic  weight  and  inversely  proportional  to  the  valency. 

a  be  the  atomic  weight, 

and  k  the  valency, 

then  Faraday  found  experimentally  that 

a 


w 


=  0-010386  r  .I.t  mg {21) 


To  understand  this  equation  it  is  necessary  to  define  the  terms  "atomic 
weight"  and  "valency."  The  atomic  weight  of  an  element  is  the  weight  of 
its  atom  relatively  to  the  weight  of  the  hydrogen  atom.  An  atom  is  defined 
as  the  smallest  particle  of  matter  which  can  take  part  in  chemical  action, 
or  enter  into  the  chemical  structure  of  a  compound.  The  atomic  weight  of 
chlorine,  for  example,  is  35-4,  since  hydrochloric  acid  (HCl)  contains  35-4 
parts  of  chlorine  to  one  part  of  hydrogen.  Water,  on  the  other  hand,  con- 
tains 8  parts  of  oxygen  to  one  part  of  hydrogen.  At  first  sight  it  would 
appear,  therefore,  that  the  atomic  weight  of  oxygen  was  8,  but  on  examining 
the  relative  volumes  in  which  hydrogen  and  oxygen  combine  to  form  water, 
we  find  that  its  formula  must  be  written  HjO.  One  atom  of  oxygen  is 
therefore  combined  with  two  atoms  of  hydrogen,  and  the  atomic  weight  of 
the  former  must  be  16,  in  accordance  with  the  ratio  i:  8  =  2:  16.  From 
the  atomic  weights  of  the  elements  and  the  formula  for  the  compound,  the 
percentage  of  any  element  in  a  compound  can  be  calculated.  It  is  evident 
that  the  atomic  weights  are  of  prime  importance  in  calculating  the  amounts 
of  various  elements  deposited  by  electrolysis. 

Another  term  used  in  equation  (21)  is  valency.  By  this  is  understood 
the  number  of  atoms  of  hydrogen  which  can  combine  with,  or  be  replaced 
by,  one  atom  of  the  element.  Chlorine,  for  example,  is  univalent,  because 
it  combines  with  a  single  atom  of  hydrogen  to  form  hydrochloric  acid  (HCl) . 
Similarly,  potassium  is  univalent,  since  it  combines  with  a  single  atom  of 
the  univalent  element  chlorine  to  form  potassium  chloride  (KCl),  or,  in 
other  words,  it  replaces  the  hydrogen  atom  of  hydrochloric  acid.  Oxygen, 
on  the  other  hand,  is  divalent,  since  one  of  its  atoms  combines  with  two 
hydrogen  atoms,  forming  water  (HgO) .  It  is  best  to  look  upon  the  valency 
as  the  number  of  arms  or  bonds  by  which  the  atom  is  finked  with  the  arms 
of  other  atoms.  Copper,  for  example,  is  divalent  in  most  of  its  compounds, 
and  links  its  two  arms  with  the  two  arms  of  the  divalent  oxygen  atom, 
forming  copper  oxide,  as  shown  by  the  equation 

Cu  +  O  =  CuO. 
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Nitrogen,  on  the  other  hand,  is  trivalent  and  links  its  three  arms  with  the 
single  arms  of  three  hydrogen  atoms,  forming  ammonia  (NHg),  a  molecule 
of  which  is  therefore  built  up  in  the  following  manner: 

We  are  now  in  a  position  to  illustrate  Faraday's  law  by  means  of  a  simple 
experiment.  By  means  of  platinum  electrodes  the  same  current  is  passed 
through  a  row  of  electrolytic  cells  containing,  respectively,  sulphuric  acid 
(H2SO4),  hydrochloric  acid  (HCl),  copper  sulphate  (CuSOj,  cupric  chloride 
(CuCla),  and  cuprous  chloride  (CuCl)  (Fig.  21),  We  will  assume  that  the 
experiment  is  carried  on  until  2  mg  of  hydrogen  have  been  liberated  in  the 
first  cell.  The  amounts  liberated  or  deposited  in  the  same  time  in  the 
various  cells  will  be  found  to  be  as  follows,  the  atomic  weights  being  given  in 
brackets : 

In  the  ist  cell  (H2SO4) : 

2  mg  hydrogen  (H  =  i),    16  mg  oxygen  (O  =  16). 
In  the  2nd  cell  (HCl) : 

2  mg  hydrogen  (H  =  i),    70-8  mg  chlorine  (CI  =  35'4). 
In  the  3rd  cell  (CuSOJ  : 

63-2  mg  copper  (Cu  =  63-2),    16  mg  oxygen  (O  =  16). 
In  the  4th  cell  (CuClg) : 

63-2  mg  copper  (Cu  =  63-2),    70-8  mg  chlorine  (CI  =  35-4). 


HSO, 


Ha 


CuSOf  CuCl'2 

Fig.  21 
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So  far,  everything  is  quite  regular,  and  it  appears  that  a  given  current 
flowing  for  a  given  time  hberates  the  same  weight  of  a  given  element  in 
whatever  combination  it  may  exist  in  the  electrolyte.  The  actual  weight 
of  any  element  liberated  is  seen  to  depend  primarily  on  its  atomic  weight. 
We  obtain  in  each  cell  either  atomic  weights  or  multiples  of  them.  From 
this  fact  we  could  have  calculated  from  the  weight  of  hydrogen  liberated 
in  the  first  cell,  the  results  obtained  in  the  next  three  cells.  We  meet  a 
difficulty,  however,  when  we  come  to  the  fifth  cell.  We  cannot  say  before- 
hand if  we  shall  obtain  the  same  weight  of  copper  as  in  the  third  and  fourth 
cells,  viz.  63-2  mg.  If  so,  the  electrolyte  being  CuCl,  the  amount  of  chlorine 
liberated  would  only  be  35-4  mg.  If,  however,  the  chlorine  hberated  is  the 
same  as  in  the  second  and  fourth  cells,  viz.  70-8  mg,  the  amount  of  copper 
deposited  must  be  126-4  mg.  Experiment  proves  this  latter  to  be  the  case. 
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For  the  same  current  flowing  for  the  same  time,  twice  as  much  copper  is 
deposited  from  a  cuprous  chloride  solution  as  from  a  cupric  chloride 
solution. 

In  cuprous  chloride  one  atom  of  copper  is  bonded  with  one  atom  of 
chlorine;  the  copper  is  therefore  univalent.  Assume  for  a  moment  that  an 
atom  of  hydrogen  weighs  i  mg,  then  in  the  first  cell  we  have  separated 
2  atoms  of  hydrogen  from  the  group  SO4,  that  is,  we  have  broken  two  bonds 
or  valencies.  Similarly,  we  find  that  two  bonds  have  been  broken  in  each 
cell,  leading  us  to  the  simplest  expression  of  Faraday's  law:  The  same 
current  flowing  for  the  same  time  breaks  up  always  the  same  number 
of  bonds  or  valencies. 

We  can,  however,  express  this  law  in  another  form.  The  number  ob- 
tained by  dividing  the  atomic  weight  by  the  valency  is  called  the  chemical 
equivalent  of  the  element.  The  weights  of  various  elements  liberated  by  a 
given  quantity  of  electricity  are  therefore  proportional  to  the  chemical 
equivalents,  i.e.  the  quantities  are  chemically  equivalent.  Now,  according 
to  modern  views  of  electrolysis,  the  electric  pressure  applied  to  the  cell 
causes  those  electrically  charged  ions  which  exist  in  a  free  state  in  the  solu- 
tion to  wander  in  or  against  the  direction  of  the  applied  pressure.  These 
ions  give  up  their  charges  on  arrival  at  the  electrodes,  and  act  therefore  as 
the  carriers  of  the  electricity  through  the  liquid.  We  see,  then,  that  equi- 
valent weights  of  various  elements  carry  or  transport  equal  quantities  of 
electricity,  or,  in  other  words,  equivalent  weights  of  different  ions  carry 
equal  electric  charges. 

The  weight  in  milligrammes  of  an  element  which  is  deposited  in 

one  second  by  a  current  of  one  ampere  is  called  its  electro-chemical 

equivalent.     This  can  be  calculated  from  equation  (21)  if  we  know  the 

atomic  weight  and  valency  of  the  element.  For  example,  silver  is  univalent 

and  has  an  atomic  weight  of  107-6,  whence  its  electro-chemical  equivalent  is 

0-010386 .  107-6  o  ,  /  •  \  .  0-010386 .  63-2  o 
'—  =i-ii8;  for  copper  (cupric)  we  get =^— =  0'328. 

I  2 

In  the  same  way  the  weight  of  hydrogen  and  oxygen  liberated  by  an  ampere 
in  one  second  can  be  calculated.  From  a  knowledge  of  its  specific  gravity 
or  density  the  volume  of  the  gas  liberated  can  also  be  found.  In  this  way 
we  find  that  an  ampere  liberates  in  one  second  0-174  cubic  centimetre  of 
the  explosive  mixture  of  hydrogen  and  oxygen,  measured  in  a  dry  state 
at  0°  C.  and  at  a  pressure  of  760  mm  of  mercury. 

The  relative  volumes  of  hydrogen  and  oxygen  evolved  by  the  electrolysis 
are  proportional,  according  to  Avogadro's  law,  to  the  number  of  molecules 
of  each  gas.  Since  the  molecules  of  both  gases  contain  two  atoms,  the 
volumes  are  proportional  to  the  number  of  atoms,  that  is,  from  the  formula 
HgO,  in  the  ratio  of  2  to  i. 

15.    Polarisation. 

If  dilute  sulphuric  acid  be  electrolysed  in  a  cell  with  platinum  electrodes, 
there  is  found  to  be  a  potential  difference  of  two  or  three  volts  between  the 
terminals  of  the  cell.  If  a  smaller  pressure  than  this  be  applied  the  electro- 
lytic action  ceases,  while  the  apphcation  of  a  larger  pressure  of,  say,  10  or 
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12  volts  to  the  cell  and  an  external  resistance  R  in  series  simply  causes 
such  a  current  to  flow  that  the  drop  in  the  external  resistance  leaves 
a  pressure  of  2  or  3  volts  across  the  cell.  The  current  is  then  given  by  the 
equation  E  —  V 

/=— ^— , 

where  E  is  the  e.m.f.  of  the  generator  in  Fig.  22,  V  the  p.d.  between  the 
terminals  of  the  cell  and  R  the  external  resistance,  including  that  of  the 

generator  in  the  figure.    It  is 
^g^  1^  remarkable  that,  although  the 

j^y^}\  P.D.  V  is  applied  externally  to 

"^       -^         '       the  cell  and  it  is  this  p.d.  which 


drives  the  current  through  the 
cell,  yet  the  magnitude  of  the 
P.D.  is  determined  entirely  by 
the  cell.    It   appears   to   be  a 

function  of  the  cell  which  we 

Pi    22  cannot  arbitrarily  alter,  which 

remains  practically  constant,  for 
example,  when  we  so  alter  E  and  R  that  the  current  varies  over  a  wide 
range.  It  even  remains  very  nearly  constant  when  the  resistance  of  the 
liquid  is  considerably  changed  by  varying  the  distance  between  the 
electrodes.  We  see,  then,  that  the  p.d.  across  an  electrolytic  cell  cannot 
be  found,  as  in  the  case  of  a  metal  resistance,  by  multiplying  the  internal 
resistance  2?,-  by  the  current  I.  The  p.d.  V  is  very  much  larger  than  this 
product. 

The  reason  for  this  is  obvious  when  we  notice  that,  on  breaking  the 
circuit,  the  electrolytic  cell  sends  a  current  through  the  voltmeter.  It  acts 
now  as  a  generator  or  source  of  electrical  energy,  the  current  coming  out 
from  that  terminal  of  the  cell  at  which  it  previously  entered.  This  current 
is  called  the  polarisation  current  and  the  electromotive  force  producing  it  is 
the  E.M.F.  of  polarisation.  Its  effects  are  only  noticeable  so  long  as  the 
electrodes  are  covered  with  bubbles  of  the  liberated  gases.  We  have  thus 
in  the  electrolytic  cell  a  galvanic  cell  made  up  of  hydrogen,  sulphuric  acid, 
and  oxygen,  the  electromotive  force  of  which  is  opposed  to  the  original 
current. 

This  galvanic  cell  was,  however,  active  during  the  passage  of  the  original 
current.  The  terminal  pressure  V  had  therefore  a  double  function  to  per- 
form, viz.  to  overcome  the  electromotive  force  of  polarisation  E-^,  and  to 
supply  the  pressure  drop  due  to  the  internal  ohmic  resistance  of  the  cell. 
We  have  then  for  the  terminal  pressure  of  the  cell  the  equation 

Hence,  we  define  the  e.m.f.  of  polarisation,  or  the  back  e.m.f.,  as  the 
electromotive  force  of  the  new  element  or  galvanic  cell  produced  by  the 
chemical  changes  of  the  electrodes.  If,  as  is  usual,  the  polarisation  is  very 
large  compared  with  the  ohmic  resistance,  it  follows  that  the  terminal 
pressure  will  depend  almost  entirely  on  the  value  of  E-^^,  and  very  little  on 
the  current  or  internal  resistance. 
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The  phenomenon  of  polarisation  will  be  made  clearer  by  considering  it 
in  the  light  of  the  principle  of  the  conservation  of  energy.  By  multiphcation 
with  I  the  above  equation  becomes 

The  product  F.7  is  the  total  power  supphed  to  the  cell,  while  P.R^  is 
the  power  dissipated  as  heat  in  the  Uquid.  The  power  E^ .  I  must  therefore 
be  used  in  decomposing  the  water.  This  is  obviously  so,  for  the  mixture 
of  gases  produced  possesses  a  store  of  potential  energy.  We  can  explode 
the  mixture  at  any  moment  and  obtain  in  the  form  of  heat  or  of  mechanical 
work  the  energy  used  in  its  formation. 

Now,  the  energy  stored  in  the  gas  is  proportional  to  the  quantity  of  gas, 
which,  as  we  have  seen,  is  proportional  to  the  quantity  of  electricity  which 
liberated  it.  The  energy  stored  in  the  gas  is  therefore 

W  =  k.I.f, 

where  ^  is  a  constant  for  the  gas  concerned,  viz.  water-gas.   On  the  other 
hand,  the  energy  stored  must  be 

W  =  Ei.I.t. 

From  this  it  follows  that  E^  =  k,  that  is,  that  the  e.m.f.  of  polarisation 
for  a  given  electrolytic  process  has  a  constant  value  k.  We  assume,  of  course, 
that  the  liquid  and  electrodes  are  similar  in  each  case,  so  that  the  final 
products  are  of  exactly  the  same  chemical  composition.  For  other  types  of 
cells  the  e.m.f.  of  polarisation  is  different,  depending,  as  it  does,  on  the 
energy  of  chemical  composition,  or  calorific  value,  as  it  were,  of  the  electro- 
lytic products.  When  copper  sulphate  is  decomposed  with  platinum  elec- 
trodes the  back  e.m.f.  will  be  quite  different  to  that  found  for  sulphuric  acid. 
In  the  first  case,  the  products  of  electrolysis  are  copper  and  oxygen.  When 
copper  and  oxygen  combine  to  form  copper  oxide  the  heat  evolved  is  quite 
different  to  the  heat  produced  by  the  explosion  of  equivalent  amounts 
of  hydrogen  and  oxygen. 

It  is  very  interesting  to  calculate  the  back  e.m.f.  from  a  knowledge  of 
the  chemical  data.  We  know,  for  example,  that  when  18  grammes  of  water- 
gas  are  exploded  to  form  18  grammes  of  water,  68,000  calories  of  heat  are 
evolved.  The  electrical  energy  required  for  the  decomposition  of  18  grammes 
of  water  must  be  equal  to  this;  it  is  given  by  the  equation 

68,000  =  0-24. E^. 1. 1. 

From  equation  (21)  on  page  29,  i  ampere  flowing  for  i  second  liberates 

0-010386 . 1         ,     J  J  0-010386 .  16 

-i mg  hydrogen  and  — — mg  oxygen, 

I  2 

or,  together, 

— '■ —  mg  =  9-35  .  io~^  grammes  of  water-gas. 

The  quantity  of  electricity  necessary  for  the  hberation  of  18  gr  of  water- 
gas  is  therefore  jg 

T  t= K  =  i'Q2  .  10'  coulombs. 

9-35 .  10-5         y 

T.  E.  3 
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Putting  this  value  of  /Jin  the  above  equation  we  get 

68,000 


^i  =  ; 


■■  1-47  volts. 


0-24.  I  92.  10" 

We  see,  then,  that  it  would  be  quite  impossible  to  electrolyse  acidulated 
water  by  means  of  a  Daniell  cell.  It  is  important  to  remember,  however, 
that  the  actual  back  e.m.f.  is  much  higher  than  the  calculated  theoretical 
value.  The  foregoing  considerations  were  merely  for  the  purpose  of  illus- 
trating the  main  principles  underlying  the  phenomenon  of  polarisation. 

We  will  now  consider  a  case  in  which  there  is  practically  no  polarisation, 
because  the  nature  of  the  electrodes  is  not  changed  by  the  electrolysis  and 
no  energy  is  stored  in  the  final  products.  If  copper  sulphate  solution  be  de- 
composed with  a  plate  of  pure  copper  as  anode,  chemically  pure  copper  will 
be  deposited  on  the  cathode,  while  an  equal  weight  of  copper  is  dissolved 
from  the  anode.  Both  electrodes  are  therefore  always  of  the  same  chemical 
nature  and  cannot  form  a  polarising  element  or  cell  with  the  liquid.  The 
back  E.M.F.  is  therefore  zero  and  V  is  equal  to  I .Ri.  We  come  to  the  same 
conclusion  when  we  consider  that  the  energy  used  in  depositing  copper  on 
the  cathode  is  equal  to  the  energy  liberated  at  the  anode  where  copper  is 
dissolved,  i.e.  oxidised.  The  decomposition  requires  therefore  no  supply 
of  energy,  except  to  overcome  the  internal  ohmic  resistance. 

16.    Accumulators. 

The  first  accumulators  or  secondary  cells  were  made  by  Plante,  who 
electrolysed  dilute  sulphuric  acid  between  electrodes  of  lead,  the  surfaces  of 
which  became  thereby  chemically  changed,  or  formed,  as  the  change  is 
technically  termed.  To  increase  the  capacity  Faure  made  the  plates  with 
deep  grooves  or  holes  into  which  pastes  of  various  oxides  of  lead,  or  finely 
divided  metallic  lead,  were  introduced.  The  positive  plates  are  now  largely 
made  of  deeply  grooved  lead  plates  having  an  enormous  surface  (Fig.  23). 
These  plates  are  "formed"  in  the  works  by  electrolysis  of  sulphuric  acid, 
their  surface  being  thus  converted  into  lead  peroxide.  The  negative  plates 


Fig.  23 


Fig.  24 


Fig.  25 


(Fig.  24)  consist  of  lead  grids  into  the  meshes  of  which  lead  oxide  paste  is 
forced.  In  this  unfinished  condition  they  are  delivered  and,  after  fitting  up 
the  battery,  it  is  necessary  to  charge  it  continuously  for  about  40  hours, 
thus  converting  the  paste  in  the  negative  plates  into  metallic  lead.  A  cell 
consists  of  a  number  of  positive  and  negative  plates  placed  alternately,  and 
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supported  on  the  sides  of  the  glass  vessel  by  means  of  the  lugs  seen  in  Figs.  23 
and  24.  Small  portable  cells  are  somewhat  differently  constructed,  and  the 
plates  are  completely  enclosed  in  a  vessel  of  ebonite  or  celluloid.  The 
number  of  plates  in  a  cell  is  usually  odd,  there  being  a  negative  plate  at 
each  end.  All  the  positive  plates  are  connected  together  by  a  lead  bar 
running  along  the  top,  and  similarly  the  negative  plates  by  another  bar, 
as  shown  in  Fig.  25,  which  represents  the  arrangement  of  plates  as  seen  from 
above. 

To  understand  the  working  of  the  cell  we  may  assume  that  we  have  two 
pure  lead  plates  and  a  vessel  of  sulphuric  acid  from  which  we  can  construct 
an  accumulator  by  the  original  method  devised  by  Plante.  On  passing  a 
current  through  our  electrolytic  cell,  hydrogen  will  be  liberated  at  the  cath- 
ode, which  will  therefore  be  unchanged.  At  the  positive  plate  or  anode, 
however,  oxygen  will  be  evolved  which  will  attack  the  lead  and  produce 
a  coating  of  the  brown  peroxide  of  lead  (PbOg).  On  stopping  the  current 
we  have  now  a  cell  consisting  of  lead,  sulphuric  acid  and  lead  peroxide,  and 
having  an  electromotive  force  of  2  volts.  This  e.m.f.  was  also  acting  during 
the  passage  of  the  current,  that  is  when  charging,  its  direction  being  opposed 
to  the  current.  If  now  the  terminals  of  the  cell  be  joined  through  a  resist- 
ance, the  cell  discharges  and  a  current  flows  through  the  resistance,  leaving 
the  cell  by  the  terminal  at  which  the  charging  current  entered.  The  terminal 
which  was  positive  while  charging  is  also  positive  when  discharging,  for  in 
an  electrolytic  cell  that  terminal  is  called  positive  at  which  the  current 
enters,  while  in  any  source  of  electrical  energy  the  positive  terminal  is  that 
by  which  the  current  leaves. 

When  discharging  the  changes  in  the  cell  are  as  follows : 

+  - 

Before  discharging:  PbOg        2H2SO4        Pb 

Direction  of  current  in  cell :  * 

Movement  of  the  ions :  Hj-" *-S04 

Reactions  at  the  electrodes:  PbOg  +  Hj  +  H2SO4         Pb  +  SO4 

=  PbS04  +  2H2O  =  PbS04 

Fully  discharged:  PbS04        2H2O        PbS04 

Both  plates  thus  become  converted  into  lead  sulphate;  the  positive 
through  reduction  of  the  peroxide  by  means  of  the  liberated  hydrogen,  the 
negative  through  oxidation  of  the  metaUic  lead  by  the  oxygen,  the  lead 
sulphate  being  considered  as  a  compound  of  lead  oxide  (PbO)  and  SO3, 
obtained  by  displacing  water  from  sulphuric  acid.  The  result  is  that  the 
excess  of  oxygen  in  the  peroxide  plate  is  transferred  to  the  lead  plate,  the 
oxidation  of  which  is  the  source  of  the  electrical  energy,  just  as  the  oxidation 
of  coal  in  a  furnace  is  the  source  of  heat  energy.  When,  finally,  the  positive 
plate  has  given  up  all  its  excess  oxygen,  and  the  negative  plate  has  been 
thereby  coated  with  sulphate,  the  store  of  potential  energy  is  used  up  and 
the  cell  is  discharged.  This  is  evident  from  the  fact  that  the  plates  are  now 
similar  and  can  therefore  no  longer  make  up  a  voltaic  cell,  one  essential  of 
which  is  the  presence  of  two  chemically  different  electrodes.  We  must  not 
forget  to  mention  that  the  concentration  of  the  acid  gradually  decreases  as 

3—2 
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the  cell  becomes  discharged,  its  specific  gravity  indicating  to  a  certain  degree 
the  extent  to  which  the  cell  is  discharged.  This  change  of  concentration 
must  be  taken  into  account,  in  addition  to  the  reduction  and  oxidation, 
when  considering  the  energy  supphed  by  the  cell. 

The  discharged  accumulator  is  treated  again  as  an  electrolytic  cell,  that 
is,  it  is  charged.  The  following  changes  then  take  place : 

+ 
Before  charging:  PbSO^        H2SO4        PbS04 

Direction  of  current  in  cell:  ^-»- 

Movement  of  the  ions :  S04-* ^Hg 

Chemical  reactions:  PbS04  +  SO4  +  2H2O     PbS04  +  Hj 

=  PbOg  +  2H2SO4  =  H2SO4  +  Pb 

Fully  charged:  PbO^        3H2SO4        Pb 

The  positive  plate  is  again  converted  into  peroxide  and  the  negative 
plate  to  metallic  lead,  and  the  electrolytic  cell  has  become  once  more  cap- 
able of  being  used  as  a  source  of  electrical  energy. 

It  is  evident  that  the  process  of  charging  an  accumulator  is  quite 
different  from  the  charging  of  a  condenser,  for  in  the  latter  case  the  energy 
is  stored  in  an  electrical  form,  whereas  in  the  accumulator  the  storing  con- 
sists of  chemical  changes  in  the  active  materials  of  the  cell.  When  we  speak 
of  the  capacity  of  a  cell,  we  do  not  mean  the  same  thing  as  we  do  when 
we  speak  of  the  capacity  of  a  condenser.  The  capacity  of  a  condenser  is 
defined  as  the  quantity  of  electricity  which  flows  into  it  at  the  positive 
terminal  when  a  p.d.  of  one  volt  is  appHed  to  its  terminals.  It  is  important 
to  note  that  the  same  quantity  flows  out  at  the  negative  terminal,  there 
being  no  more  electricity  in  the  condenser  when  charged  than  when  un- 
charged; its  distribution  is,  however,  different  in  the  two  conditions.  The 
capacity  of  an  accumulator,  on  the  other  hand,  is  the  total  quantity  of 
electricity  which,  starting  with  the  cell  fully  charged,  passes  through  it 
before  it  is  discharged.  By  the  cell  being  fully  discharged  we  do  not  mean 
that  its  P.D.  has  been  reduced  to  zero,  or  that  all  the  lead  or  lead  peroxide 
has  been  transformed  into  lead  sulphate,  for  experience  has  shown  that  any 
attempt  to  do  this  shortens  the  life  of  the  cell  enormously.  The  discharge 
should  be  carried  on  until  the  p.d.  has  fallen  to  about  i-8  volts,  and  the 
cell  should  then  be  considered  discharged.  We  have  seen  that  the  action  of 
the  cell  depends  on  the  production  of  lead  sulphate,  which,  when  the  cell 
is  partly  discharged,  will  be  distributed  throughout  the  active  material  of 
the  plates;  any  attempt,  however,  to  convert  all  the  spongy  lead  or  lead 
peroxide  into  lead  sulphate  would  undoubtedly  loosen  this  active  material, 
thus  spoihng  the  electrical  connection  between  it  and  the  grid  or  body  of 
the  plate.  In  addition  to  this  mechanical  separation,  the  sulphate  is  very 
hard  and  insoluble  and  is  a  bad  conductor  of  electricity,  so  that  it  is  very 
difficult  to  recharge  a  cell  which  has  been  badly  sulphated. 

When  an  accumulator  is  said  to  have  a  certain  discharge  capacity  in 
ampere-hours,  it  is  theoretically  immaterial  whether  a  large  current  be 
taken  for  a  short  time  or  a  small  current  for  a  long  time  and  also  whether 
the  previous  charging  current  was  small  or  large.   Like  a  Daniell  cell,  for 
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example,  an  accumulator  has  a  certain  electromotive  force  but  no  fixed 
current.  The  makers,  however,  specify  a  certain  discharge  current  as  the 
normal,  or  as  the  maximum,  for  a  given  size  and  type  of  cell.  This  is  not 
the  current  which  the  cell  is  bound  to  give,  neither  is  it  the  largest  current 
the  cell  is  capable  of  giving,  but  merely  the  largest  current  which  the  cell 
should  be  caUed  upon  to  give  without  running  the  danger  of  loosening  the 
active  material,  which  may  come  away  from  the  plates  and  fall  to  the  bot- 
tom of  the  vessel,  or  of  buckling  the  plates,  which  may  bend  so  much  under 
bad  treatment  as  to  cause  positive  and  negative  plates  to  come  into  contact. 
We  can  therefore  choose  any  discharging  current  within  practical  limits, 
and  will  obtain  corresponding  times  of  discharge.  Theoretically,  the  capacity 
should  be  the  same  in  every  case,  since,  according  to  Faraday's  law,  the 
J)roduct  I .t  is  proportional  to  the  quantity  of  active  material  decomposed. 
In  practice,  however,  it  is  found  that  the  capacity  is  considerably  de- 
creased when  the  cell  is  discharged  with  a  heavy  current.  This  is  due  to  the 
action  being  largely  superficial  in  such  a  case,  only  a  portion  of  the  active 
material  taking  part  in  the  chemical  changes. 

.  The  ampere-hour  efficiency  is  the  ratio  of  the  ampere-hours  in  the  dis- 
charge to  the  ampere-hours  in  the  charge.  Theoretically,  this  ratio  should 
be  equal  to  i,  since  charge  and  discharge  consist  in  the  chemical  conversion 
and  reconversion  of  the  active'  material,  and  the  quantity  of  electricity 
which  has  passed  through  the  Cell  is  proportional  to  the  quantity  of  con- 
verted active  material.  Owing  to  various  causes,  however,  the  accumulator, 
especially  if  left  standing  for  a  long  time, .discharges  itself.  The  causes  of 
this  are  as  follows ;  faulty  insulation,  local  currents  between  parts  of  the 
same  plate,  due  to  impurities,  to  unequal  conversion  of  the  active  material 
during  charge,  or  to  unequal  concentration  of  the  acid.  Finally,  a  part  of 
the  charging  ampere-hours  is  used  in  the  .useless  production  of  gas.  This 
occurs  mainly  towards  the  end  of  the  charge  when  the  active  material  is 
almost  all  converted  and  the  hydrogen  and  oxygen,  failing  to  find  any 
material  with  which  to  combine,  are  given  off  and  lead,  to  so-called  "gassing." 
For  these  reasons  the  ariipere-hour  efficiency  is  less  than  i.  It  is,  however, 
very  high,  generally  exceeding  o-g,  and  by  suitably  arranging  the  experiment 
it  can  be  made  very  nearly  equal  to  i. 

In  determining  the  ampere-hour  efficiency  it  is,  of  course,  very  important 
to  cease  charging  or  discharging  at  the  correct  time.  The  charge  is  generally 
tarried  on  until  the  active  material  on  the  surface  of  the  plates  is  nearly  all 
converted,  and  the  cell  "gasses,"  the  pressure  across  the  cell  then  rising  to 
2-5  or  27  volts  owing  to  the  gas  bubbles  which  adhere  to  the  electrodes. 
The  discharge,  oh  the  other  hand,  is  continued  until  the  pressure  drops  to 
-1-8  volts,  the  drop  being  to  a  large  extent  due  to  increasing  internal  resist- 
ance as  the  result  of  the  formation  of  lead  sulphate  on  the  plates.  This  final 
value  of  1-8  volts  should  be  read  on  the  voltmeter  during  the  discharge  with 
normal  current  and  pot  after  opening  the  circuit,  for  the  e.m.f.  of  the  cell 
may  then  read  2  volts. 

^  The  watt-hour  efficiency  is,  however,  of  greater  practical  importance 
■than  the  ampere-hour  efficiency.  To  determine  this,  we  observe  the  ter- 
minal pressure  at  frequent  intervals  during  charge  and  discharge,  and  plot 
ihe  values'observed.as  ordinates  with  the  time  as  abscissae  (Figs.  26  and  27) . 
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We  see  that  the  average  pressure  during  charge  is  much  higher  than  that 
during  discharge.    During  charge  the  terminal  pressure  is  given  by  the 

equation  V^E^  +  I.Ri    (22), 

while  during  discharge  the  equation  is 

V=Ei-  I.Ri    ..(23). 

The  average  terminal  pressure  during  charge  is  therefore  greater  than 
that  during  discharge  by  twice  the  internal  drop,  quite  apart  from  the  fact 
that  the  electromotive  force  during  discharge  is  less  than  that  during  charge, 
for  in  the  latter  case  the  e.m.f.  is  increased  by  the  presence  of  the  gases 
evolved.  The  watt-hour  ef&ciency  is  therefore  less  than  the  ampere-hour 
efficiency,  and  lies  in  favourable  cases  between  o-8  and  0-9,  since  we  have, 
in  addition  to  the  losses  already  mentioned,  the  loss  through  ohmic 
heating*. 

The  lead  accumulator  is  heavy,  bulky,  and  yet  extremely  fragile,  and  it 
has  proved  a  very  difficult  problem  to  make  it  light  enough  for  traction 
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purposes  without  making  it  incapable  of  standing  the  mechanical  vibration 
and  unavoidable  ill-treatment.  The  acid  is  another  disadvantage.  The 
Edison  cell  contains  no  acid  and  is  mechanically  more  robust  than  the  lead 
cell;  it  is  also  better  able  to  stand  improper  electrical  operation  without 
permanent  injury.  This  cell  is  now  largely  used  for  electrical  vehicles  and 
to  some  extent  for  other  purposes.  The  containing' vessel  is  of  sheet  steel; 
the  grids  are  also  of  sheet  steel,  nickel  plated. 

The  active  material  of  the  negative  plate  when  charged  is  finely  divided 
iron,  and  that  of  the  positive  plate  nickel  dioxide  (NiOj) ;  when  discharged 
these  become  iron  oxide  (FeO)  and  nickel  monoxide  (NiO).  The  former  is 
contained  in  a  number  of  flat  rectangular  pockets  and  the  latter  in  a  number 
of  vertical  tubes,  both  pockets  and  tubes  being  made  of  thin  perforated 
nickel-plated  steel  and  secured  firmly  in  the  frame  or  grid.  The  electrolyte 
is  a  20  per  cent,  solution  of  potash.  The  p.d.  is  about  i'65  volts  during 
charge  and  about  1-25  during  discharge.  The  long  life  of  the  Edison  cell  is 
counterbalanced  to  some  extent  by  its  high  initial  cost  and  low  efficiency. 

*  For  further  information  on  accumulators  see  The  Storage  Battery  by  Treadwell, 
•  Theory  of  the  Lead  Accumulator  by  Dolezalek,  or  Storage  Battery  Engineering  by  Lyndon. 
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17.    Primary  Cells. 

The  simplest  voltaic  cell  consists  of  plates  of  copper  and  zinc  in  dilute 
sulphuric  acid,  the  copper  terminal  exhibiting  a  positive  charge  and  the 
zinc  a  negative  one.  If  the  terminals  be  joined  by  means  of  a  conductor, 
a  current  flows  through  it  from  copper  to  zinc,  the  current  flowing  from  zinc 
to  copper  in  the  cell.  The  sulphuric  acid  is  thereby  decomposed  and  the 
hydrogen,  going  with  the  current,  adheres  to  the  copper  plate  in  the  form 
of  small  bubbles.  We  have,  then,  a  new  cell,  consisting  of  hydrogen,  sul- 
phuric acid,  and  zinc,  the  electromotive  force  of  which  opposes  that  of  the 
original  cell.  As  a  consequence  the  e.m.f.  of  the  cell  gradually  dies  away, 
and  the  cell  is  said  to  polarise.  As  the  cell,  for  practical  purposes,  should 
have  a  more  or  less  constant  e.m.f.,  steps  must  be  taken  to  prevent  the 
polarisation,  that  is,  to  hinder  the  formation  of  free  hydrogen.  Either  a 
metal  must  be  deposited  on  the  cathode  instead  of  hydrogen,  or  the  hydro- 
gen must  be  combined  with  some  other  substance  at  the  moment  of  its 
evolution. 

In  the  Daniell  cell  the  difficulty  is  overcome  by  the  use  of  two  liquids, 
copper  sulphate  and  dilute  sulphuric  acid,  separated  by  a  porous  earthen- 
ware pot.  The  constituents  of  the  cell  may  be  represented  as  follows : 

+  Cu— CUSO4  II  H2SO4— Zn  -  . 

The  positive  pole  consists  of  a  plate  of  copper  dipping  into  copper  sul- 
phate, the  negative  pole  of  a  zinc  plate  in  dilute  sulphuric  acid.  The  zinc  is 
amalgamated  to  prevent  its  consumption  by  the  acid  when  the  cell  is  not 
being  used.  The  current  flows  through  the  cell  from  zinc  to  copper  and  the 
hydrogen  moving  in  the  direction  of  the  current  passes  through  the  pores 
of  the  earthenware  pot  and  throws  down  the  copper  out  of  the  copper  sul- 
phate solution,  as  shown  by  the  formula 

Ha  +  CUSO4  =  H2SO4  -1-  Cu. 

The  zinc  is  dissolved  by  the  group  SO4,  forming  zinc  sulphate  (ZnS04),  and 
this,  being  an  oxidisation,  supphes  the  energy  corresponding  to  the  electrical 
energy  supplied  by  the  cell.  This  includes  the  work  done  in  the  external 
circuit,  the  heating  in  the  cell  itself  and  the  energy  consumed  in  precipitating 
the  copper.  To  put  it  simply,  the  total  electrical  energy  developed  by  the 
cell  is  equal  to  the  difference  between  the  energy  evolved  in  the  solution 
of  the  zinc  and  the  energy  consumed  in  the  precipitation  of  the  copper. 
Since  the  electrodes  remain  unchanged,  there  is  no  polarisation,  and  the 
electromotive  force  remains  constant  at  1-07  volts,  assuming  that  we  are 
deahng  with  pure  materials.  The  current  varies,  of  course,  according  to 
the  external  resistance.  The  internal  resistance  depends  on  the  size  of  cell, 
but  assuming  it  to  be  0-5  ohm  the  current  which  would  flow  through  the 

I'07 

cell,  were  it  short-circuited,  is  —^  =  2'I4  amperes. 

The  Bunsen  cell  consists  of  carbon  in  strong  nitric  acid  and  zinc  in 
dilute  sulphuric  acid,  the  liquids  being  separated,  as  before,  by  a  porous 
diaphragm.  ^  C-HNO3 1|  H2S04-Zn  -  . 
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The  carbon  is  the  positive,  the  zinc  the  negative  pole.   In  the  sulphuric 
acid  the  action  is  exactly  the  same  as  before.  The  hydrogen  passes  through 
the  pores  and  combines  with  the  nitric  acid,  as  shown  in  the  formula : 
3H2  +  2HNO3  =  2NO  +  4H2O. 

The  nitrous  oxide  (NO)  thus  hberated  is  further  oxidised  by  the  air  to 
nitric  oxide  (NOj)  in  the  form  of  brown  fumes  with  an  objectionable  odour. 
The  E.M.F.  of  a  Bunsen  cell  is  i-S-i-g  volts.  Its  internal  resistance  is  less 
than  that  of  a  Daniell  cell. 

The  Bichromate  cell  consists  of  carbon  and  zinc  in  a  mixture  of  dilute 
sulphuric  acid  and  potassium  bichromate  (KgCrOj,  CrOg) : 

+  C— H2SO4,  KaCrOj,  CrOg— Zn  -  . 

There  is  no  porous  partition.  The  carbon  is  again  the  positive  pole. 
The  radical  SO4  dissolves  the  zinc  as  before,  while  the  hydrogen  is  oxidised 
by  the  chromic  acid  (CrOs),  with  the  formation  of  water  and  chromium 
oxide  (Cr.Og),  thus :      ^CrOg  +  3H,  =  Cr.Og  +  sH.O. 

The  chromium  oxide  (CrgOg)  combines  with  the  sulphuric  acid,  giving  a 
greenish  coloration,  which  gradually  replaces  the  red  tint  of  the  chromic 
acid  (CrOg).  At  the  same  time,  the  electromotive  force,  which  was  primarily 
2  volts,  falls,  so  that  with  continuous  heavy  use  the  cell  has  not  a  constant 

E.M.F. 

The  Leclanche  cell  consists  of  carbon  and  zinc  in  a  solution  of  sal 
ammoniac:  +  C-NH^Cl-Zn  -  . 

With  the  decomposition  of  the  sal  ammoniac,  the  chlorine  goes  to  the 
zinc,  which  it  attacks,  forming  zinc  chloride.  Although  not  oxidation,  this 
process  is  very  similar  to  it,  and  suppUes  the  energy  of  the  cell.  The  group 
NH4  behaves  very  hke  a  metal  and  goes  with  the  current  to  the  carbon, 
where  it  spUts  up  into  ammonia  and  hydrogen : . 

2NH4  =  2NHs  +  Hg. 

.     The  hydrogen,  thus  produced,  would  polarise  the  cell,  were  the  carbon 

not  surrounded  with  manganese  dioxide,  which  combines  with  the  hydrogen, 

giving  up  a  part  of  its  oxygen,  in  which  it  is  very  rich,  and  producing  water 

and  a  lower  oxide  of  manganese : 

2Mn02  +  Ha  =  MngOg  +  H2O. 

This  action  is  not  very  rapid  and  the  depolarisation  is  not  instantaneous 
in  its  action  as  in  the  case  of  nitric  or  chromic  acid.  Although  the  e.m.f.  of 
the  cell  is  1-4  volts  when  carrying  no  current,  it  rapidly  falls  when  in  use, 
and  thecell  is  therefore  only  suitable  for  intermittent  work. 

The  Weston  Standard  cadmium  cell  consists  in  its  best  form  of  an 
H-shaped  glass  vessel  (Fig.  28)  info  which  two  platinum  wires  are  fused. 
The  platinum  wires  pass  through  the  bottom  of  each  limb  into  the  hquid 
electrodes,  the  positive  being  pure  mercury  and  the  negative  cadmium, 
rendered  liquid  by  being  amalgamated  with  mercury  (13  to,  13  per  cent,  of 
cadmiurn).  The  electrolyte  is  a  saturated  solution  of  cadmium- sulphate 
(CdS04),  its  saturation  being  assured  by  the  addition  of  some  crystals  of 
the  salt.    When  currerrt-  passes,  the  cadmium  in  the  electrolyte  moves 
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towards  the  mercury  electrode  and  would  alloy  itself  with  it,  thus  making 
the  two  electrodes  more  and  more  ahke,  and  gradually  reducing  the  e.m.f. 
of  the  cell.  This  is  prevented  by  placing 
above  the  mercury  a  paste  consisting  of 
mercurous  sulphate  (HggSOj),  cadmium 
sulphate  (CdSOi),  and  metaUic  mercury. 
The  cadmium  ions  displace  the  mercury 
from  the  mercurous  sulphate  forming  cad- 
mium sulphate  and  metallic  mercury,  thus : 
Cd  +  Hg2S04  =  CdSO^  +  2Hg. 

The  positive  electrode  is  unaffected  and 
remains  pure  metalhc  mercury,  polarisation 
being  thus  avoided.  At  the  negative  elec- 
trode cadmium  is,  of  course,  dissolved  by  the  SO4  group. 

The  electromotive  force  is  very  constant  at  1-019  volts,  arid  is  hardly 
affected  by  small  changes  of  temperature.  It  must  only  be  allowed,  however, 
to  give  very  small  currents  and  is  therefore  only  used  in  the  potentiometer 
method.  It  is  now  largely  used  for  the  cahbration  of  instruments  by  this 
method,  and  has,  to  a  large  extent,  replaced  the  Clark  cell,  which  was 
formerly  used  for  the  same  purpose,  but  which  is  much  more  sensitive  to 
changes  of  temperature*. 


mi 

CdSO, 

^92 

+ 

Fig.  28 


18.    The  Voltameter. 

The  legal  definition  of  the  ampere  is  based  on  the  silver  voltameter.  A 
small  platinum  bowl  is  used  as  the  cathode,  and  contains  a  solution  of 
silver  nitrate  (AgNOg)  (20  to  40  parts  by  weight  to  100  parts  of  water). 
The  anode  consists  of  pure  silver.  The  solution  is  only  used  until  3  grammes 
of  silver  have  been  deposited  per  100  c.cm  of  solution,  and  the  deposit  on 
the  bowl  must  not  exceed  o-i  gramme  of  silver  per  square  centimetre.  The 
current  densitj'  on  the  anode  surface  must  not  exceed  0-2  ampere  per  sq.  cm 
while  on  the  cathode  it  must  not  exceed  0-02  ampere.  The  bowl  is  weighed 
before  the  experiment,  and  after  the  experiment  it  is  washed  with  distilled 
water,  free  from  chlorine,  until  the  washings  give  no  cloudiness  on  the 
addition  of  hydrochloric  acid.  This  proves  the  perfect  removal  of  every 
trace  of  silver  nitrate,  which  would  otherwise  form  a  precipitate  of  silver 
chloride  when  the  acid  was  added,  in  accordance  with  the  formula: 

HCl  +  AgNOg  =  AgCl  +  HNO3. 

The  bowl  is  then  washed  for  10  minutes  with  hot  distilled  water  (70°- 
90°  C.)  and  again  rinsed  with  cold  water  until  the  washings  remain  per- 
fectly clear  on  the  addition  of  hydrochloric  acid.  It  is  then  dried  in  warm 
air,  cooled  and  weighed. 

Great  care  must  be  taken  not  to  touch  the  inside  of  the  bowl  with  the 
fingers  either  before  or  during  the  experiment.    It  is  a  good  thing  to  heat 

*  For  further  information  on  primary  batteries  see  Primary  Batteries  by  W.  R.  Cooper 
or  Practical  Electricity  by  W.  E.  Ayrton.  For  cadmium  cells  see  F.  E.  Smith,  Phil.  Trans. 
series  A,  vol.  ccvn.  pp.  393-420. 
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the  bowl  to  redness  in  the  tip  of  a  Bunsen  flame  to  destroy  any  organic 
matter,  before  commencing  the  experiment.  This  should  not  be  done  if  the 
bowl  contains  any  silver,  as  an  easily  fusible  alloy  of  silver  and  platinum 
may  be  formed.  The  cold  or  luminous  part  of  the  Bunsen  flame  must  be 
avoided  or  the  bowl  may  become  very  brittle  owing  to  the  formation  of 
platinum  carbide. 
If  we  represent  by 

w-^,  the  weight  of  bowl  before  experiment, 
w^,        „  „  after  experiment, 

t,  the  time  in  seconds, 
then,  since  i  ampere  deposits  i-ii8  mg  of  silver  in  i  second,  we  have 

i-ii8.<^™P^'^^^  ^^'^'' 

Copper  voltameters  and  water  voltameters  are  suitable  for  heavier 
currents,  but  do  not  give  such  rehable  results  as  the  silver  voltameter.  They 
are  very  useful,  however,  for  general  laboratory  work,  from  an  educational 
point  of  view. 
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CHAPTER  III 

19.    strength  of  magnet  pole. — 20.    Strength  of  magnetic  field. — 2i.    Lines  of  force. — 
22.    Magnetic  potential. — 23.    Iron  in  magnetic  field. — 24.    The  earth's  field. 

19.    Strength  of  Magnet  Pole. 

A  magnet  is  a  piece  of  steel  which  possesses  the  property  of  attracting 
pieces  of  iron  to  itself.  The  name  is  supposed  to  have  originated  in  the 
discovery  near  the  town  of 
Magnesia  of  pieces  of  iron  ore 
possessing  this  property.  If  a 
bar  of  steel  possessing  this 
property  be  plunged  into  iron 
fihngs,  they  are  found  to  cling  Fig.  29 

to  it,  especially  at  its  ends 

(Fig.  29).-  These  places,  where  the  force  of  attraction  seems -strongest,  are 
called  the  poles  of  the  magnet.  In  very  long  and  thin  magnets  it  can  be 
assumed  that  the  attractive  force  is  directed  towards  a  single  point  near 
each  end.  These  points  are  not  at  the  extreme  ends,  but  at  the  points  N 
and  5  in  Fig.  29.    The  hne  joining  these  points  is  called  the  magnetic  axis. 

If  the  magnet  is  free  to  rotate  about  a  vertical  axis  A,  one  of  its  poles 
will  point  approximately  towards  the  geographical  north.  This  pole  is  called 
the  north  pole  of  the  magnet,  the  other  being  called  the  south  pole.  If  two 
magnets  be  brought  near  together,  it  is  observed  that  their  like  poles  repel 
each  other,  while  their  unlike  poles  attract  each  other.  It  follows  from  this 
that  the  geographical  north  pole  of  the  earth  possesses  physical  south 
polarity,  and  vice  versa. 

Coulomb  was  the  first  to  measure  the  force  between  two  magnet  poles. 
He  suspended  a  long  thin  horizontal  magnet  by  means  of  a  fine  metallic 
wire.  By  turning  the  upper  end  of  this  wire  he  moved  the  north  pole  of  the 
suspended  magnet  away  from  the  south  pole  of  another  vertically  placed 
magnet.  Since  the  turning-moment  or  torque  exerted  by  a  twisted  wire  is 
proportional  to  the  angle  of  twist,  he  was  able  to  determine  the  relation 
between  the  attractive  force  between  the  poles  and  the  distance  between 
them.  He  found  the  force  to  be  inversely  proportional  to  the  square  of  the 
distance.  He  found,  moreover,  that  the  force  was  doubled  by  putting  another 
similar  magnet  with  one  of  the  two  already  in  use,  that  is,  by  doubling  the 
strength  of  one  of  the  poles.   If  then 

/  =  the  force  exerted  on  each  pole  by  the  other, 

m-i  =  the  strength  of  one  pole, 

m^  =  the  strength  of  the  other  pole, 

and  ''  =  the  distance  in  centimetres. 
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we  have  /  =     ^  a   ^  (25)- 

If  we  choose  the  units  of  force  and  length,  this  equation  gives  us  the 
definition  of  unit  pole  strength.  As  the  unit  of  length  we  take  the 
centimetre,  and  as  the  unit  of  force,  that  force  which,  acting  on  the 
mass  of  I  cubic  centimetre  of  water,  produces  an  acceleration  of  i  cm 
per  second  per  second.  This  force  is  called  a  dyne.  Since  the  kilogramme 
weight  is  a  force  which  produces  an  acceleration  of  981  cm  per  second  per 
second  in  the  mass  of  a  kilogramme  or  1000  c.cm  of  water,  a  kilogramme 
weight  is  equal  to  981,009  dynes.  Hence 

I  dyne  =  -^ kg*'=  i'02  milligrammes*. 

■'         981,000   ° 

If  we  wish  to  express  Coulomb's  law  in  the  simple  form  of  equation  (25) 
we  cannot  now  choose  arbitrarily  the  unit  of  pole  strength,  but  must  obtain 
the  unit  from  the  equation.  If  in  equation  (25)  we  put  w^  =  i,  Wj  =  i  and 
r  =  z,  then  we  have  /;=  i.  Hence  that  pole  has  unit  strength  which 
exerts  a  force  of  i  dyne  on  a  similar  pole  at  a  distance  of  i  cm.  The 
strength  of  a  pole  or  s.  quantity  of  magnetism  is  therefore  measured  by  the 
force  it  exerts  under  certain  conditions,  and  we  define  the  pole  strength 
m  as  the  force  exerted  by  the  pole  on  a  pole  of  unit  strength  at  a  distance 
of  I  centimetre. 


20.    Strength  of  Magnetic  Field. 

The  space  surrounding  a  magnet,  or  any  space  where  magnetic  effects 
can  be  observed,  say,  by  means  of  a  compass  needle,  is  called  a  magnetic 

field.  The  magnetic  effect  at  any 
point  near  a  magnet  can  be  deter- 
mined from  a  consideration  of  the 
combined  effects  of  the  two  poles. 
At  the  point  A  (Fig.  30),  in  the 
neighbourhood  of  a  magnet,  imagine 
a  freely  movable  north  pole,  the 
_  _  corresponding  south  pole  being  so  far 
p-  "       away  as  to  be  negligible.    This  north 

pole  will  be  repelled  in  the  direction 
AB  hy  the  north  pole  N,  and  attracted  in  the  direction  AC  hy  the  south 
pole  S.  The  forces  ar^  inversely  proportional  to  the  squares  of  the  distances. 
In  Fig.  30,  for  example,  the  .distances  are  2  :  i  and  the  forces  i  :  4.  By  the 
parallelogram  of  forces  the  resultant  of  AB  and  ^C  is  AD.  This  is 
therefore  the  direction , of  the  magnet jc  force  at  this  point.  If  a  compass 
needle  be  placed  at  A  the  magnetic  forces  due  to  the  bar  magnet  will 
act  on  its  poles  and  turn  the  needle  until  its  magnetic  axis  lies  along  AD. 

*  To  indicate  that  forces  and  not  ma,sses  are  referred  .to,  a.^tar  will  be  added  to  the 
units  of  mass  when  used  as  forces.  '  .   :        -         _...-'  -  , 
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Thus  the  magnetic  axis  of  a  magnetic  needle,  free  to  move  in  any  direction, 
indicates  the  direction  of  the  magnetic  field  at  any  point. 

To  find  the  strength  of  the  magnetic  field  at  any  point,  we  place  a  pole 
of  strength  m  at  the  point  and  determine  the  force  acting  on  it.  This  force 
is  proportional  both  to  the  strength  of  the  pole  m  on  which  the  field  is 
acting  and  to  the  strength  of  the  field.  If  H  represents  the  strength  of  the 
field,  we  have 

/=  m.H  (26). 

If,  in  this  equation,  we  put  m  =  i,  then  f  =  H.  The  field  strength  H  is 
therefore  equal  to  the  force  in  dynes  exerted  on  unit  pole  at  the  given 
point.  Hence  that  field  has  unit  strength  which  exerts  a  force  of  i  dyne  on 
unit  pole. 

The  force  on  a  pole  at  A  in  Fig.  30  was  due  to  the  two  poles  N  and  5. 
We  shall  consider  now  the  case  represented  in  Fig.  31,  where  one  pole  of  the 
magnet  is  very  far  away.  As  its  effect 

decreases  as  the  square  of  the  distance,  jn_ 

this  pole  can  be  neglected.    If  now      ^ 
the  pole  strength  of  the  magnet  be 
m  and  a  unit  pole  be  placed  at  the        _^ 
point  A,  r  cm  from  the  pole  m,  the 
force  on  the  unit  pole,  by  Coulomb's  Fig-  31 

law,  is 

^=^^=3 (^7). 

Since  we  are  dealing  with  the  force  on  unit  pole,  i.e.  with  strength  of 
field,  we  have  put  H  in  the  above  equation  in  the  place  of  /. 

We  imagine  now  a  magnet  needle  of  pole  strength  m  and  having  a 
magnetic  axis  of  length  I,  placed  in  a  uniform  field  of  strength  H.  The 
axis  of  the  needle  is  at  right 
angles  to  the  direction  of 
the  magnetic  force,  which  in 
Fig.  32  is  supposed  to  act 
downwards.  On  the  north 
pole  there  acts  a  force  of 
f-^  =  m.B.    with    an    arm   or        T| 

leverage  of  -,   and   on  the 

south  pole  is  a  force  f^  =  m.H 

with  an  equal  arm.  The  total  turning-moment  is  therefore 

\{h  +  U)  =  2mH^-=H.ml. 

Since  the  force  is  in  dynes  and  the  arm  or  length  in  cm,  the  turning- 
moment  is  in  centimetre-dynes.  The  turning-moment  is  therefore  the 
product  of  two  quantities,  of  which  the  first  is  the  field  strength  and  the 
second  a  magnetic  characteristic  of  the  needle,  viz.  the  product  of  its  pole 
strength  and  length.  This  product  m.lis  called  the  magnetic  moment  of 
the  needle.' 
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21.    Lines  of  Force. 

So  far,  we  have  based  our  assumptions  on  the  now  obsolete  view  accord- 
ing to  which  a  certain  quantity  of  magnetism  is  concentrated  at  the  polar 
points,  from  which  effects  are  caused  at  a  distance  without  reference  to  the 
intervening  space.  As  a  matter  of  fact,  poles  are  never  concentrated  at 
points,  and  modern  physics  no  longer  recognises  action  at  a  distance.  The 
older  view  is,  however,  of  great  value  inasmuch  as  it  explains  in  a  simple 
manner  the  results  of  many  magnetic  experiments,  and  enables  us  to  ex- 
press them  mathematically.  For  a  deeper  insight  into  magnetic  phenomena 
we  must  turn  to  Faraday's  ingenious  conception  of  hnes  of  force,  which 
enables  us  to  form  a  mental  picture  of  the  processes  underlying  the  various 
phenomena.  Faraday  did  not  beUeve  in  action  at  a  distance,  and  to  him  the 
force  in  the  neighbourhood  of  a  magnet  did  not  come  into  existence  only 
when  another  pole  was  placed  there  on  which  the  force  could  act.  The  space 
around  a  magnet  is  in  a  peculiar  state.  It  is  filled  with  magnetic  forces  which 
flow,  as  it  were,  from  pole  to  pole.  This  view  explains  magnetic  phenomena 
as  well  as,  or  even  better  than,  the  old  theory,  and  the  agreement  between 
the  results  obtained  mathematically  from  the  one  and  the  results  obtained 
by  a  consideration  of  the  other  strengthens  our  belief  in  the  correctness 
of  both  theories,  or,  at  least,  of  the  results  obtained  from  them. 

Faraday's  conception  is  based  on  a  simple  experiment  which  every 
student  should  repeat  for  himself.  If  iron  fiUngs  are  shaken  through  a  sieve 

on  to  a  magnet  and  the  board  or 
,'''~^^"~^^  table  on   which  it    lies   is  Ughtly 

tapped,  the  fihngs  arrange  them- 
selves in  characteristic  curves 
(Fig-  33)-  The  iron  filings  become 
magnetised  by  their  proximity  to 
the  magnet,  and  acting  as  magnetic 
needles  arrange  themselves  with 
their  axes  along  the  direction  of 
magnetic  force.  The  north  pole  of 
one  fiUng  attracts  the  south  pole 
of  the  next  with  the  result  that 
\   ""-  — -^^-''''   /      '  curves  are  produced  which  indicate 

^^..^  ,-'  the  direction  of  the  magnetic  forces 

~~— -->--''  much  more  plainly  than  the  geo- 

Fig.  33  metrical  construction  of  Fig.  30. 

These  curves  are  called  "lines  of 
force "  and  are  conventionally  assumed  to  proceed  from  the  north  pole, 
through  the  surrounding  medium,  to  the  south  pole.  A  compass  needle 
sets  itself  with  its  axis  tangential  to  the  Une  of  force,  and  its  north  pole 
pointing  along  the  positive  direction  of  the  hne.  A  freely  moving  north 
pole,  whose  corresponding  south  pole  is  far  removed,  will  move  along 
the  line  of  force  from  N  to  S  (Fig.  33).  Hence  we  can  define  a  line 
of  force  as  the  path  of  a  freely  moving  north  pole.  It  is  essentially 
nothing  more  than  the  direction  of  the  magnetic  force.   When  dealing 
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with  magnetic  problems  it  is  usual  to  refer  to  the  lines  of  force  as  if  they 
had  a  real  existence,  somewhat  similar  to  the  visible  lines  of  the  iron 
filings  experiment. 

The  line  of  force  is,  however,  far  more  than  a  convenient  indication  of 
the  direction  of  the  magnetic  force ;  it  enables  us  to  express,  in  a  very  con- 
venient way,  the  magnitude  of  the  force,  that  is,  the  strength  of  the  mag- 
netic field.  To  this  end  we  observe  that  the  lines  of  force  radiating  from  a 
pole  do  not  lie  in  one  plane,  but  radiate  out  into  space  in  all  directions. 
Imagine  a  number  of  concentric  spheres  with  the  pole  as  centre ;  radiating 
from  the  pole  the  Unes  of  force  will  pass  through  the  surfaces  of  successive 
spheres.  Since  the  area  of  a  sphere  increases  as  the  square  of  its  radius,  the 
number  of  lines  of  force  per  unit  area  must  decrease  in  the  same  ratio.  We 
are  now  able  to  see  why,  in  Coulomb's  law,  the  force  /  varied  inversely  as 
the  square  of  the  distance,  and  why,  in  equation  (27)  on  page  45,  the  strength 
of  the  field  in  the  neighbourhood  of  a  pole  decreased  as  the  square  of  the 
distance.  We  can  now  define  the  strength  of  a  magnetic  field  very 
simply  as  the  number  of  lines  of  force  per  square  centimetre. 

If  now  the  strength  of  field  is  to  be  measured  both  by  the  force  on  unit 
pole  and  by  the  number  of  lines  per  square  centimetre,  both  methods  giving 
the  same  result,  the  unit  for  the  line  of 
force  cannot  be  arbitrarily  chosen.  In  a 
field  of  unit  strength  there  must  be  one 
line  per  sq.  cm.  To  make  this  clearer 
imagine  a  unit  pole  at  the  centre  of  a 
sphere  of  i  cm  radius  (Fig.  34).  If  now 
another  unit  pole  be  placed  on  the 
surface  of  the  sphere,  the  force  acting 
on  it,  according  to  Coulomb's  law,  is 
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Fig-  34 


On  the  above  assumption  the  number 
of  lines  per  sq.  cm  must  be  the  same 
figure,  viz.  i.  Hence  a  line  of  force 
represents  the  total  flux  of  force,  so  to 

say,  which  passes  through  i  sq.  cm  of  the  surface  of  a  sphere  of  i  cm 
radius,  described  about  a  unit  pole.  The  surface  of  a  sphere  is  4^2,  that  is, 
in  our  case,  477  sq.  cm.  Since  there  is  one  Une  per  sq.  cm  the  total  number 
of  lines  radiating  from  unit  pole  is  ^tt.  A  line  of  force  is  thus  1/477  of  the 
total  flux  of  force  radiating  from  unit  pole. 

The  total  number  of  lines  *  radiating  from  a  pole  m  can  be  found  from 
the  formula :  cj)  ^ 


'  47rm 


.(28), 


and  the  total  number  of  Unes  crossing  a  surface  of  A  sq.  cm  over  which  there 
is  a  normal  uniform  field  strength  is 

^  =  H.A    (2g). 

If,  for  example,  the  field  strength  in  the  air-gap  between  the  poles  and 
armature  of  a  dynamo  is  7000,  this  means  that  7000  fines  of  force  leave 
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every  sq.  cm  of  the  north  polar  surface.  If  the  surface  of  the  pole  facing  the 

armature  is  400  sq.  cm  the  total  number  of  lines  entering  the  armature  from 

the  north  pole  is    .       „    ,  o       «  i- 

*  =  H.A  =  7000.400  =  2-8. 10"  hnes. 

22.    Magnetic  Potential. 

We  have  already  seen  that  a  freely  moving  north  pole  in  a  magnetic 
field  moves  along  the  lines  of  force.  If  now  we  form  the  product  from  point 

to  point  of  the  force  acting  on  the 
^^'        ~^^^  poleand  the  distance  moved  through 

y''         ^N  by  it,   and  take  the   sum  of  the 

.     /   ^^"'^        ^^^^^    ^^  products  so  obtained,  we  find  the 

1'    /  /    ^- e--..^  ^"^   ^    '   )        work  done  by  the  magnetic  field  in 

|i    '  Z,^^^-- ^-^^"^^^\  \    I  'j      moving  the  pole.  This  work  is  either 

"  \'^  I'AV  ^^\\V|  ]  1/      used  in  overcoming  mechanical  re- 

C-^^'t^ \ i ^  ?>>'       sistance,  or  in  storing  kinetic  energy 

///Yrr, 77rr^\       ^"^  ^^  moving  body.    If  we,  on  the 

/ '  [r\^..^  --'V/'  *\       other  hand,  move  a  north  pole  n 

'1  \^,'"^^!f'~~ ^'^^-'"'/z    I  '       (Fig.  35)  against  the  direction  of  the 


1 


^    ^~'^~~-if-^'' ^'y   '     '         line  of  force  from  5  to  N,  we  have 
^'''"~--^_   i^.,^-''    /  to  overcome  the  opposing  force  of 

^-^  "I"  y  the  magnetic  field,  which  tends  to 

~"~- --^  drive  the  north  pole  from  N  to  S. 

Fig.  35  We  must  therefore  do  an  amount  of 

work  equal  to  the  summation  of  the 
product  of  force  and  distance  along  the  whole  path  traversed.  This  work  is 
stored  as  potential  energy,  to  be  liberated  once  more  when  the  north  pole, 
under  the  influence  of  the  field,  is  driven  back.  This  is  quite  analogous  to 
the  case  in  which  we  lift  a  weight,  thus  overcoming  the  opposing  force  of 
gravity.  The  work  done  is  stored  as  potential  energy  in  the  raised  weight,  to 
be  liberated  ^yhen  the  weight  falls  from  the  higher  to  the  lower  level.  We 
see,  therefore,  that  there  is  a  difference  of  magnetic  level  or  magnetic 
potential  between  the  different  points  on  a  line  of  force.  As  in  Section  11, 
we  define  this  difference  of  magnetic  potential  as  the  work  done  in  moving 
the  positive  unit  quantity  of  magnetism,  that  is,  a  unit  north  pole,  from 
the  lower  to  the  higher  potential.  Inversely,  it  could  be  defined  as  the 
work  done  by  the  field  when  a  unit  north  pole  is  moved  from  the  higher 
to  the  lower  potential.  We  have  here  assumed  that  the  potential  of  the 
north  pole  is  positive  and  that  of  the  south  pole  negative.  The  potential  at 
the  middle  point  of  a  fine  of  force  will  be  zero. 

In  moving  the  north  pole  n  from  C  to  D  in  Fig.  35  it  is  immaterial 
whether  we  follow  the  line  of  force  or  go  any  other  way.  This  follows  from 
the  conservation  of  energy.  The  energy  used  in  moving  the  north  pole  n 
from  C  to  D  is  constant,  by  whatever  path  we  go,  for  it  is  stored  as  potential 
energy,  its  amount  depending  only  on  the  initial  and  final  positions  C  and  D. 
The  same  amount  of  energy  will  be  restored  in  every  case  when,  under  the 
action  of  the  field,  the  pole  n  is  driven  back  from  D  to  C. 

On  the  other  hand,  to  move  the  pole  n  from  C  to  E  requires  no  expendi- 
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ture  of  energy,  since  the  motion  is  at  right  angles  to  the  lines  of  force.  There 
IS  no  difference  of  potential  between  the  points  C  and  E.  Such  points  do  not, 
of  course,  lie  wholly  in  one  plane,  but  exist  in  the  surrounding  space.  They 
he  on  a  so-called  equipotential  surface  or  plane,  which  is  normal  to  the 
direction  of  the  field  at  every  point,  and  on  which  a  pole  can  be  moved  with- 
out work  being  done. 

We  will  now  consider  a  homogeneous  field,  in  which  all  the  lines  of  force 
are  parallel.  If  a  pole  be  moved  against  the  direction  of  the  field  (Fig.  36) 
the  force  on  the  pole  is  constant 
over  the  whole  distance  I.  If  the 
pole  have  unit  strength,  the  potential 
difference  between  the  points  A  and 
B  separated  by  a  distance  I  will  be 
equal  to  the  product  of  the  force 
and  the  distance,  i.e.  H.l. 

Up    to    the    present    we    have 
spoken  only  of  potential  differences, 

but  we  will  now  go  a  step  further  and  define  magnetic  potential  itself. 
We  will  imagine  a  north  pole  m,  concentrated  at  a  point  from  which  the 
south  pole  is  so  far  removed  as  to  be  negligible.  The  lines  of  force  radiate 
into  space,  and  under  their  influence  a  north  pole  at  A  (Fig.  37)  would  be 
driven  away  to  an  infinite  distance.  The  force  acting  on  it  would  decrease 
as  the  square  of  the  distance,  and  would  finally  vanish.  The  total  amount 
of  work  done  in  driving  unit  pole  from  A  to  infinity  is  called  the  potential 
at  ^,  or  the  potential  oi  m  a.t  A,  and  we  thus  assume  that  at  an  infinite 
distance  the  potential  is  zero. 
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Fig.  36 
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Fig.  37 

It  may  appear  strange  that  the  potential  at  an  infinitely  distant  point 
is  the  same  as  that  at  the  middle  point  of  a  line  of  force,  which  we  found 
above  to  be  also  zero.  It  would,  however,  be  possible  to  bring  a  north  pole 
from  an  infinite  distance,  along  the  path  indicated  by  the  dotted  arrow  in 
Fig.  35,  to  the  centre  of  any  line  of  force  without  any  expenditure  of  energy, 
for  the  north  pole  would  be  equally  attracted  by  the  south  pole  of  the  magnet 
and  repelled  by  its  north  pole,  and  we  see  that  the  motion  is  always  at  right 
angles  to  the  Unes  of  force. 

If  the  idea  of  potential  proves  somewhat  of  a  stumbUng-block  to  the 
beginner,  he  will  do  well  to  think  always  of  a  difference  of  level  and  re- 
member that,  as  a  rule,  we  are  concerned  with  differences  of  potential,  and 
not  with  the  absolute  value  of  potential. 
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23.    Iron  in  a  Magnetic  Field. 

If  iron  filings  be  sprinkled  on  a  magnet  near  which  is  a  piece  of  iron-,  we 
notice  that  the  iron  draws  the  lines  of  force  within  itself  (Fig.  38).    As  a 

result,  the  lines  of  force  entering  the  end  of 
\    1  the  piece  of  iron  nearest  the  magnet  pole  are 

very  numerous,  while,  in  other  places,  the  field 
is  weakened.  This  was  formerly  explained  as 
a  case  of  induction,  the  magnet  pole  inducing 
a  pole  of  opposite  sign  to  itself  on  the  side  of 
the  iron  nearest  to  it.  This  difference  in  sign  of 
the  poles  of  magnet  and  iron  explained  the 
well-known  fact  that  the  iron  is  attracted  by 
'^"  ^  the  magnet. 

The  theory  of  the  lines  of  force  leads  to  the  same  conclusion.  We  suppose 
the  iron  to  have  a  special  conductivity  or  permeability  for  the  lines  of  force, 
so  that  they  exhibit  a  great  tendency  to  pass  through  iron,  if  possible.  The 
attraction  of  the  iron  by  the  magnet  pole  leads  us  then  to  the  assumption 
that  the  lines  of  force  strive  to  shorten  themselves  as  much  as  possible,  in 
much  the  same  way  as  a  stretched  elastic  band  tends  to  shorten  itself.  We 
must  also  imagine  the  lines  to  exert  a  lateral  pressure  tending  to  force  them- 
selves apart,  since  they  would  otherwise  collect  in  a  dense  mass  alohg  the 
shortest  possible  path.  They  must  therefore  repel  each  other  mutually  in  a 
direction  at  right  angles  to  their  own  direction,  as  do  two  parallel  bar  mag- 
nets, placed  side  by  side  with  their  similar  poles  together. 

If  the  lines  of  force  have  a  great  tendency  to  pass  through  iron,  owing  to 
its  superior  conductivity  compared  with  the  surrounding  air,  it  is  evident 
that  in  Fig.  38  a  great  number  of  lines  will  enter  the  side  of  the  iron  nearest 
the  pole  N  of  the  magnet*.  This  side  of  the  iron  will  therefore  be  a  south 
pole,  since,  on  our  former  assumptions,  south  polarity  is  exhibited  where 
hues  of  force  enter  the  material.  The  further  extremity  of  the  iron  will  be  a 
north  pole,  as  the  lines  leave  the  iron  at  that  end.  The  magnetisation  of  the 
iron  is  stronger,  the  better  its  conductivity  for  the  lines  of  force.  It  is 
stronger,  for  example,  in  wrought  iron  or  mild  steel  than  in  hard  cast  iron 
or  hardened  steel  under  exactly  similar  conditions. 

This  fact  leads  us  to  the  assumption  that  the  process  involved  in  the 
magnetisation  of  a  piece  of  iron  is  similar  to  the  action  of  a  magnetic  field 
on  a  number  of  iron  filings.  We  assume  that  the  smallest  particles,  the  so- 
called  molecules  of  the  iron  or  steel,  are  naturally  magnetic,  but  point  in  all 
directions  without  law  or  order  (Fig.  39).  They  have  therefore  no  external 
effect  and  the  iron  appears  unmagnetised.  When  a  magnet  is  brought  near, 
the  molecules  are  turned,  like  compass  needles,  to  point  in  the  same 
direction  (Fig.  40).   The  ends  of  the  piece  of  iron  will  now  exhibit  "free" 


*  When  lines  of  force  pass  from  one  medium  to  another,  the  tangents  of  the  angles 
between  the  lines  of  force  and  the  normal  to  the  surface  are  proportional  to  the  perme- 
abilities of  the  media.  Because  of  the  great  permeability  of  iron,  lines  of  force  passing 
from  iron  to  air  must  emerge  almost  perpendicular  to  the  surface. 
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magnetism,  while  towards  the  middle  of  the  piece  the  molecules  neutralise 
each  other.  It  is  evident  that  the  molecules  of  wrought  iron  are  more 
readily  turned  than,  those  of  hard  steel. 

This  molecular  theory  of  magnetism  is  supported  by  the  fact  that 
wrought  iron  is  only  temporarily  magnetised,  while  steel  becomes  a  per- 
manent magnet.  When  the  magnetising  force  is  removed,  the  molecules 
of  the  elastic  wrought  iron  return  almost  entirely  to  their  former  chaotic 
arrangement,  leaving  only  a  small  trace  of  remanent  magnetism.  With 
hard  steel,  on  the  other  hand,  the  molecules,  when  once  turned,  remain  in 
their  new  position  and  we  have  a  permanent  magnet.  It  is  now  clear  why 
a  steel  magnet  exhibits  no  magnetism  at  the  middle  of  its  axis,  and  yet, 
when  broken  in  two,  the  two  rough  ends  are  found  to  be  poles  of  opposite 
sign. 

The  strongest  point  in  favour  of  the  molecular  theory  is,  however,  the 
development  of  heat  in  a  piece  of  iron  subjected  to  rapidly  reversing  mag- 
netism.  A  reversal  of  magnetism  means  a  rotation  of  the  molecules,  and 
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this  is  opposed  by  their  friction,  the  molecules  tending  to  remain  in  their 
previous  condition  and  opposing  any  change.  This  phenomenon  is  therefore 
called  hysteresis,  i.e.  a  lagging  behind.  The  work  done  in  reversing  the 
magnetism  appears  as  heat,  the  energy  expended  per  second  being  pro- 
portional to  the  frequency  of  the  reversal  and  to  the  volume  of  the  iron. 
It  is  also,  of  course,  dependent  on  the  hardness  of  the  iron. 

24.    The  Earth's  Field. 

As  the  magnetic  poles  of  the  earth  do  not  correspond  with  the  geo- 
graphical poles,  the  axis  of  a  magnetic  needle  makes  an  angle  with  the  geo- 
graphical meridian,  which  is  known  as  the  angle  of  declination.  In  England 
the  dechnation  is  to  the  west,  and  in  London  at  the  present  time  is  i6°. 
If  the  needle  be  freely  movable  in  the  vertical  as  well  as  the  horizontal 
plane,  it  will  form  an  angle  with  the  horizontal,  known  as  the  inclination. 
In  England  the  north  pole  will  be  below  the  centre,  and  the  inclination  in 
London  is  67°.  With  the  ordinary  magnetic  needle,  moving  about  a  vertical 
axis,  we  are  only  concerned  with  the  horizontal  component  of  the  earth's 
field.  In  London,  at  present,  this  is  equal  to  0-185,  that  is,  the  horizontal 
force  on  a  unit  pole  is  0-185  dyne. 
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25.  Magnetic  effect  of  a  straight  conductor. — 26.  Magnetic  effect  of  a  single-turn  coil. 
— 27.  Solenoid. — 28.  Magnetisation  curves. — 29.  The  magnetic  circuit. — 30.  Lift- 
ing power  of  an  electromagnet. — 31.  Hysteresis. — 32.  Dynamic  effect  of  parallel 
currents. — 33.  Induced  electromotive  force. — 34.  Laws  of  mutual  induction. 
— 35.    Self-induction. — 36.    Eddy  currents. 

25.    Magnetic  Effect  of  a  Straight  Conductor. 

It  is  found  by  experiment  that  a  magnetic  needle  is  deflected  out  of  its 
north-and-south  direction  when  near  a  conductor  carrying  a  current.  Hence 
the  electric  current  produces  a  field  in  its  neighbourhood.  The  direction  of 
the  lines  of  force  of  this  field  can  be  found  by  moving  a  compass  needle  con- 
tinually in  the  direction  indicated  by  it,  or  by  sprinkling  iron  fihngs  on  a 
plane  through  which  the  conductor  passes  normally  (Fig.  41). 

The  filings  arrange  themselves  in  concentric  circles  around  the  con- 
ductor as  a  centre.  The  lines  of  force  produced  by  the  current  are  therefore 

closed  circles  and  a  freely  moving 
north  pole — ^its  corresponding  south 
pole  being  far  removed — would  rotate 
about  the  conductor  in  the  direction 
of  the  lines  of  force.  This  direction 
is  always  normal  to  the  plane  through 
conductor  and  pole.  It  can  be  found 
by  Ampere's  swimming  rule:  If  a 
person  swims  with  the  current  and 
looks  to  the  magnet  needle,  its  north 
pole  will  be  deflected  to  his  left  hand. 
Another  rule,  requiring  less  imagina- 
tive effort,  is  the  corkscrew  rule: 
The  directions  of  current  and  field 
'^"  '^^  are  related  in  the  same  way  as  the 

directions  of  translation  and  rotation  of  a  right-handed  screw. 

The  action  between  conductor  and  pole  is  naturally  mutual.  If  the  pole 
is  fixed  and  the  conductor  is  movable,  the  latter  will  move  in  a  direction 
at  right  angles  to  a  plane  through  conductor  and  pole.  The  motion  will  thus 
be  at  right  angles  to  the  plane  through  the  conductor  and  the  lines  of  force 
meeting  it,  due  to  the  pole  alone.  The  direction  of  motion  can  be  found  by 
Ampere's  rule,  in  this  case  also,  if  the  rule  be  expressed  as  follows:  If  a 
person  swims  with  the  current  and  looks  toward  the  north  pole, 
whence  the  lines  of  force  proceed,  the  north  pole  tends  to  move  to  the 
left.  If  the  pole  is  fixed,  the  conductor  tends  to  move  to  the  right. 
In  this  form,  the  rule  is  applicable  to  motors,  in  which  a  uniform  field 
proceeds  from  a  large  pole  face.    In  Fig.  42  a  conductor,  carrying  a 
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current  in  the  direction  indicated,  is  in  front  of  a  north  pole,  from  which 
the  lines  of  force  come  out  normally  to  the  paper.  If  we  imagine  ourselves 
swimming  with  the  current  and  facing  the  north  pole,  we  see  that  the 
conductor  will  move  to  the  right,  as  shown  by  the  dotted  arrow.  Similarly, 
in  Fig.  43  a  current-carrying  conductor  is  in  front  of  a  south  pole  into 
which  the  lines  of  force  enter.  If  we  imagine  a  swimmer  with  his  head  to 
the  right  and  feet  to  the  left,  looking  out  from  the  surface  of  the  paper, 
his  right  hand  will  point  in  the  direction  of  the  dotted  arrow  and  the 
conductor  will  therefore  move  towards  the  top  of  the  page. 


Fig.  42  Fig.  43 

As  a  further  example,  imagine  a  horizontal  conductor  carrying  a  current 
in  a  magnetic  field,  the  direction  of  which  is  from  right  to  left,  perpendicular 
to  the  vertical  plane  through  the  conductor  (Fig.  44) .  Swimming  with  the 
current  and  looking  to  the  right,  where  we  may  imagine  a  north  pole  to  be 
situated,  our  left  hand  points  downwards,  and  the  north  pole  would,  if 


Jf 


Fig.  44 

possible,  move  in  this  direction.  If  the  magnetic  field  is  stationary  the  con- 
ductor will,  if  possible,  move  in  the  direction  of  our  right  hand,  that  is, 
vertically  upwards  as  shown  by  the  dotted  arrow. 

We  must  now  determine  the  force  exerted  on  each  other  by  a  pole 
and  a  small  element  of  current-carrying  conductor.     In  Fig.  45  let 
r  =  the  current,  in  units  which  we  have  yet  to  determine, 
dl  =  the  length  of  the  element  of  conductor  in  centimetres, 
m  =  the  strength  of  the  pole,  in  units  already  defined, 
r  =  the  distance  between  pole  and  element  of  conductor  in  cm, 
^  =  the  angle  between  r  and  dl, 
df  =  the  force  in  dynes  between  pole  and  element  of  current 
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It  is  found  by  experiment  that  the  force  is  proportional  to  the  current, 
to  the  pole  strength,  and  to  the  length  of  the  element  of  conductor.  If  ^ 
is  not  a  right  angle,  the  length  dl  must  be  replaced  by  dl  sin  ^,  as  the  number 
of  the  lines  radiating  from  the  pole  m  which  meet  dl  is  equal  to  the  number 
crossing  AB  =  dl  sin  ^.  Finally,  the  force  is  inversely  proportional  to  the 
square  of  the  distance,  since  the  pole  m  radiates  hues  of  force  equally  in  all 
directions  and  their  density  must  therefore  decrease  with  the  square  of  the 
distance.  We  arrive,  therefore,  at  the  experimental  result,  that 

^^^m.I'.dl^.sin<i>    (3^) 

Although  sometimes  called  Biot-Savart's  law,  this  equation  was  ori- 
ginally estabhshed  by  Laplace.  From  equation  (27)  on  page  45  we  see  that 

'^  is  equal  to  the  field  strength  H  produced  by  the  pole  m  at  the  point 

occupied  by  the  element  of  conductor.    Equation  (30)  can  therefore  be 

written  thus:  df  =  H. I' .dl  sin  </> (31), 

where  (f>  represents  the  angle  between  the  conductor  and  the  lines  of  force 
cutting  it.  If  now  the  field  is  uniform  and  the  conductor  is  straight  and  I  cm 


m 

■a 


Fig-  45 
long  and  perpendicular  to  the  lines  of  force,  the  total  force  acting  on  the 
conductor  is  /=  ^.  J'.Mynes    (32). 

This  equation  is  applicable  to  the  cases  represented  in  Figs.  42,  43  and 
44.  We  must,  however,  determine  the  unit  in  which  I'  must  be  expressed, 
for,  having  chosen  the  units  for  /,  H  and  I,  the  current  cannot  be  expressed 
arbitrarily  in  any  unit,  such  as  the  ampere. 

If  in  equation  {32)  we  put  /=  i,  H  =  1,  and  I  =  i,  then  I'  =  i.  The 
unit  of  current  in  equation  (32)  is  therefore  that  current  which  exerts 
a  force  of  i  dyne  on  i  cm.  of  conductor  through  which  it  flows,  in 
a  field  of  unit  strength,  the  conductor  and  field  being  at  right  angles. 
This  unit  is  called  the  absolute  unit  of  current.  It  appeared,  formerly,  to 
be  too  large  for  practical  purposes  and  a  tenth  part  of  it  was  therefore 
adopted  as  the  practical  unit  and  called  an  ampere.  Very  accurate 
experiments  were  then  made  to  determine  the  amount  of  silver  deposited 
in  a  given  time  by  this  practical  unit  of  current,  the  result  being  i-ii8 
milhgrams  per  second. 

If  now 

/'  represents  the  strength  of  current  in  absolute  units, 
while         I        ,,  ,,  „  „  amperes. 


25.  Magnetic  Effect  of  a  Straight  Conductor  55 

we  see  that  the  number  of  amperes  will  always  be  ten  times  as  large  as  the 
numberof  absolute  units,  i.e.  T  =      T' 


or 


/'  =  ■ 


10 


•(33). 


Substituting  in  equation  (32),  we  have 

/ 


10 


I. 


•(34). 


The  importance  of  this  result  is  evident  at  once,  if  we  apply  it  to  electric 
motors.  Suppose,  for  example,  that  944  wires  each  24  cm  long  lie  upon  the 
penphery  of  an  iron  drum  (Fig.  46). 
Suppose,  further,  that  two-thirds  of 
the  total  number  of  wires  he  under 
the  poles  and  that  each  wire  carries 
a  current  of  10  amperes.  We  assume 
that  the  wires  are  so  connected  that 
the  turning-moments  produced  under 
each  pole  are  in  the  same  direction 
and  can  therefore  be  added.  Let  the 
strength  of  the  field  or  the  number  of 
lines  of  force  per  sq.  cm  be  7000,  and 
the  diameter  of  the  armature  40  cm. 
We  are  required  to  find  the  turning- 
moment  or  torque  of  the  motor  in 
metre-kilogrammes. 

The  total  length  of  wire  under  the 
poles  is 

l  =  -  .  944 .  24  =  15,000  cm. 

From  equation  (34)  we  have 


Fig.  46 


f=H.^l: 

10 


10 


7000  .  —  .  15,000  =  105  .  10^  dynes. 


10 


Now  from  page  44  we  know  that  i  dyne 
The  force  acting  on  the  periphery  is  therefore 


981,000 


kg^ 


F  ='-^ =107  kg*. 

981,000         '    * 

This  force  acts  at  a  radius  of  20  cm  =  0^2  metre,  giving  a  turning-moment 
°  Mt  =  107.0-2  =  21-4  metre-kilogrammes. 

26.    Magnetic  Effect  of  a  Single-turn  Coil. 

If  either  the  swimming  rule  or  the  corkscrew  rule  be  applied  to  a  single- 
turn  coil  (Fig.  47),  we  find  that  all  the  lines  of  force  produced  by  the  current 
enter  the  coil  from  one  side  and  come  out  at  the  other,  closipg  on  them- 
selves by  passing  round  outside  the  coil.   The  coil  is  thus  a  magnetic  shell 


56  Electrical  Engineering 

or  disc,  having  a  south  pole  on  one  face,  where  the  Hnes  of  force  enter,  and 
a  north  pole  on  the  other,  where  they  leave.  If  then  we  face  the  disc  or  coil, 
and  the  current  is  flowing  in  a  clockwise  direction,  we  are 
facing  a  south  pole;  whereas,  if  the  current  is  flowing  in 
an  anti-clockwise  direction,  we  are  facing  a  north  pole. 

In  order  to  determine  the  magnitude  of  the  force 
exerted  on  a  pole  m,  situated  at  the  centre  of  the  coil, 
we  shall  consider,  in  the  first  place,  a  small  element  dl  of 
the  coil.  The  length  of  the  element  is  at  right  angles  to  the 
radius,  that  is,  to  the  line  joining  the  element  of  conductor 
to  the  pole  at  the  centre.  The  value  of  sin  ^  is  therefore  r. 
If  the  radius  of  the  coil  be  r  cm,  we  have  from  equation 
(30)  on  page  54,  ^^  m.I'  .dl 
Fig.  47  df -^         . 

The  total  length  of  all  such  elements  of  conductor  is  zirr.  The  total  force 
is  therefore                             m.r.2^r     m.I'. 2^  ,. 

/  = ^2 = -y (35). 

Now  the  strength  of  field  H  is  defined  as  the  number  of  hnes  of  force 
per  sq.  cm  or  as  the  force  on  unit  pole.  Putting  m  =  i  in  equation  (35)  we 
obtain  the  field  strength  at  the  centre  as 

H=?^  (36). 

We  will  now  make  use  of  this  result  to  explain  the  principle  of  a  certain 
class  of  practical  measuring  instruments.  A  large  number  of  such  instru- 
ments depend  for  their  action  on  the  effect  of  a  current-carrying  coil  or 
bobbin  on  a  magnet  needle.  The  movement,  however,  by  which  the  effect 
is  measured,  alters  the  relative  position  of  coil  and  needle,  thus  destroying 
the  proportionality  between  the  current  in  the  coil  and  its  force  on  the 
needle.    Such  instruments  must  therefore  be  calibrated  empirically. 

In  other  instruments,  however,  a  definite  relation  between  the  current 
and  the  reading  of  the  instrument  is  maintained.  If,  for  example,  the  de- 
flected needle  is  always  brought  back  to  its  neutral  or  zero  position  by 
twisting  one  end  of  a  spiral  spring,  the  other  end  of  which  is  attached  to 
the  needle,  the  turning-moment  exerted  on  the  needle  by  the  current  is 
exactly  equal  to  that  exerted  by  the  spring,  which,  we  know,  is  proportional 
to  the  angular  twist  applied  to  it.  The  current  in  the  coil  is  therefore  pro- 
portional to  the  angle  through  which  the  torsion  head  has  to  be  turned. 

Another  method,  by  which  proportionality  may  be  maintained  within 
certain  limits,  is  to  work  with  very  small  deflections  which  can  be  read  by 
means  of  a  beam  of  light,  reflected  on  to  a  scale  from  a  small  mirror  attached 
to  the  magnet  needle.  In  such  mirror  galvanometers  the  relative  move- 
ment between  coil  and  needle  is  so  small  that  proportionality  is  maintained 
over  a  certain  range. 

Finally,  the  diameter  of  the  coil  can  be  made  so  large,  compared  with 
the  length  o,f  the  needle  at  its  centre,  that,  whether  deflected  or  not,  the 
poles  of  the  needle  can  be  assumed  to  be  at  the  centre  of  the  coil.  The  in- 


h 
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strument  is  then  known  as  a  tangent  galvanometer.  For  the  sake  of  clear- 
ness, the  needle  in  Fig.  48  is  shown  much  larger,  compared  with  the  dia- 
meter of  the  coil,  than  it  actually 
is.  The  tangent  galvanometer  is  set 
up  so  that  the  plane  of  the  coil 
is  vertical  and  in  the  magnetic 
meridian.  When  no  current  is  flow- 
ing, the  axis  of  the  needle  will  he  in 
the  plane  of  the  coil.  In  the  plan  of 
the  galvanometer  (Fig.  48)  the  coil 
will  be  represented  by  a  straight 
line  parallel  to  the  hues  of  force  of 
the  horizontal  component  h  of  the 
earth's  magnetism.  When  a  current 
flows  in  the  coil,  each  pole  m  of  the 
needle  will  be  subjected  to  a  force 
/  perpendicular  to  the  plane  of  the 
coil;  from  equation  (35)  we  have 

r  _m.r  .2tt 
■^  r        ■ 

The  force  on  each  pole  due  to  the  Fig.  48 

earth's  field  is  equal  to  m.h  and  acts 

parallel  to  the  plane  of  the  coil.   Under  the  action  of  these  two  forces  the 

needle  comes  to  rest  at  an  angle  a  to  the  plane  of  the  coil.  The  component 

of  the  force  due  to  the  earth,  acting  at  right  angles  to  the  needle,  is 

AB  =  m.h.  sin  a, 

while  the  opposing  component  of  the  force  due  to  the  current  in  the  coil  is 

.  „        .                  m.r  .2-ir 
AC  =/.cosa  = cos  a. 

Since  the  needle  is  in  equilibrium,  AB  =  AC,  or 

,       .  m  .r  .2Tr 

m.h.sma=  cos  a. 


Cancelling  m  out  from  each  side  of  the  equation,  we  see  that  the  reading  of 
the  galvanometer  is  quite  independent  of  the  strength  or  size  of  the  mag- 
netic needle.   Solving  the  above  equation  for  I',  we  have 


I  = tan  a 

27r 


•(37)- 


Since  the  number  of  amperes  is  10  times  the  number  of  absolute  units 
we  have 

•(38). 


T     lo.h.r^ 
I  =  — : tan  a 


2,ir 


If  the  horizontal  component  of  the  earth's  field  at  any  place  is  known, 
the  strength  of  current  can  thus  be  calculated  from  the  values  of  r  and  a. 
Conversely,  a  standardised  tangent  galvanometer  can  be  used  to  deter- 
mine the  horizontal  component. 
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We  wi]l  now  consider  the  case  in  which  the  pole  m  lies  on  the  axis  A  A 
of  the  coil,  but  at  a  distance  from  it  (Fig.  49).  If  the  line  a  joining  the  pole 
to  the  circumference  of  the  coil  makes  an  angle  a  with  the  axis,  then 


r 

sin  a' 


Now  the  element  of  conductor  at  B  is  perpendicular  to  the  plane  of  the 
paper  and  is  therefore  at  right  angles  to  the  line  a  which  lies  in  that  plane. 
Putting  sin  0  =  I  in  equation  (30)  on  page  54,  we  get 

,j.     m.r  .dl     m.r  .dl. 
*/= — ^2 — = 


.  sm^  a 


This  force  acts  perpendicularly  to  the  plane  containing  the  pole  and  the 
element  of  conductor,  that  is,  in  the  direction  CD.  The  component  acting 
along  the  axis  is  CE  =  df.  sin  a.   Adding  up  the  forces  due  to  all  the  ele- 


Fig.  49 


ments  of  conductor  constituting  the  coil,  we  find  that  all  the  components 
such  as  ED,  at  right  angles  to  the  axis,  neutralise  one  another,  while  the 
components  along  the  axis  must  be  added.  The  total  force  acting  on  the 
pole  m  is  therefore  along  the  axis  A  A  and  has  a  magnitude 

/  =  5^/ .  sm  a  = 2 .  ^l. 


Since  Yidl  is  equal  to  277/,  this  reduces  to 


,     2Trm  .1'      .   . 
J  = .  sm**  a 


■(39)- 


To  find  the  field  strength  at  point  C,  that  is,  the  force  on  a  unit  pole  at 
this  point,  we  must  put  wi  =  i  in  equation  (39),  giving 


17       27r.7' 

H.  = .  sm-*  a 


.(40). 


This  equation  will  prove  of  great  assistance  to  us  in  the  next  section  in 
calculating  the  field  of  a  solenoid. 


27.    Magnetic  Field  of  a  Solenoid 
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27.    Magnetic  Field  of  a  Solenoid. 

The  lines  of  force  due  to  two  parallel  conductors  carrying  currents  in  the 
same  direction  combine  to  form  lines  of  force  which  encircle  both  con- 
ductors. Two  conductors  are  shown,  for  example,  in  Fig.  50,  passing  ver- 
tically through  the  paper,  and  carrying  currents  which  flow  towards  us. 
The  points  in  the  cross-sections  of  the  wires  may  be  considered  as  repre- 
senting the  points  of  arrows  indicating  the  direction  of  the  current.  If  now 
we  draw  the  lines  of  force  due  to  each  individual  conductor,  we  find  that 
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Fig-  50 


Fig.  51 


they  are  in  opposite  directions  in  the  space  between  the  conductors,  and 
therefore  mutually  neutralise  one  another  more  or  less.  At  points  such  as 
A  and  B,  on  the  other  hand,  the  forces  due  to  both  conductors  are  in  the 
same  direction,  and  the  density  of  the  lines  of  force  is  greater  than  that  due 
to  either  conductor  alone.  We  could  calculate  in  this  way  the  strength  and 
direction  of  the  field  at  every  point,  but  it  is  simpler  to  make  use  of  iron 
filings  and  obtain  a  diagram  such  as  Fig.  51.  We  shall  thus  see  clearly  that 
the  lines  embrace  both  conductors. 

If  the  wire  be  wound  into  a  solenoid,  that  is,  a  long  cylindrical  coil  of 
small  diameter,  the  lines  of  force  pass  through  each  individual  turn  or  coil 
as  seen  in  the  previous  section. 

They  combine  now  to  form  much  __•?-_  ^ 

longer  lines  threading  more  or  ^^"^     2    ^""'^v^ 

less  through  the  whole  solenoid,        ^^  ^        ^'■-  -.-    ^^       . 

inside  which  they  run  approxi- 
mately parallel  to  the  axis. 
Some  of  the  Hues  such  as  i  and  ^ 
i'  in  Fig.  52  are  produced  by  the 
two  middle  turns  only,  others 
such  as  2  and  2'  by  the  four 
middle  turns  and  so  on,  while 
others  such  as  4,  4'  and  5  are 
due  to  the  combined  action  of  all 
the  turns.  We  see,  therefore, 
that  a  current-carrying  solenoid 

is  very  similar  to  a  bar  magnet,  for  its  Unes  of  force  do  not  enter  and  leave 
entirely  at  the  ends,  but,  to  a  large  extent,  emerge  from  the  sides  of  the 


^ '_  i  *  "1>  «r  T  ■--rV  kr  =<  tr J  '. 
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north  polar  half  of  the  magnet  and  doubling  back  re-enter  the  sides  of  the 
south  polar  half. 

The  polarity  of  the  solenoid  can  be  determined  by  either  of  the  rules 
already  given.  Swimming  with  the  current  and  looking  into  the  solenoid, 
the  left  hand  indicates  the  north  polar  end,  and  also  the  positive  direction 
of  the  lines  of  force  inside  the  solenoid. 

It  can  be  seen  that  every  line  of  force  goes  through  the  solenoid  at  its 
mid-point.  The  field  strength,  that  is,  the  number  of  lines  of  force  per, 
square  centimetre  inside  the  solenoid,  is  a  maximum  at  this  mid-section, 
and  falls  off  on  either  side  towards  the  ends.  This  is  also  the  reason  why  an 
iron  core  is  drawn  into  such  a  solenoid.  Iron  always  tends  to  move  into 
the  strongest  part  of  the  magnetic  field  so  that  the  number  of  lines  passing 
through  it  from  end  to  end  is  a  maximum.  If  we  imagine  a  rod  of  iron  half 
in  the  solenoid  and  half  out,  we  see  that  the  lines  would  have  a  more  con- 
venient path  and  therefore  increase  in  number  in  the  iron  rod,  were  it 
further  inside  the  solenoid;  it  will  therefore  be  drawn  in.  The  seat  of  the 
force  on  the  rod  can  be  seen  at  once  when  we  consider  that  the  lines  enter 
or  leave  that  end  of  the  rod  which  is  inside  the  solenoid  in  parallel  paths, 
whereas  these  same  lines  leave  or  enter  that  part  of  the  rod  which  is  outside 
the  solenoid  in  all  directions.  A  great  number  of  galvanometers,  ammeters 
and  voltmeters  depend  for  their  action  on  this  principle ;  they  are  generally 
known  as  soft-iron  instruments. 

We  will  now  investigate  the  field  strength  at  the  centre  of  the  solenoid. 
We  will  represent  by 

r  the  strength  of  current  in  absolute  units, 
T  the  number  of  turns, 
I  the  length  of  solenoid  in  centimetres, 
r  the  radius  of  solenoid  in  centimetres. 

The  T  turns  carrying  the  current  /'  are  equivalent  to  a  belt  I  cm  wide 

carrying  a  current  T.F.  The 
«&  current  which  in  Fig.  53  flows 

annnnnikr,  nj^      in   the   Strip   of  width   dx   is 
therefore  equal  to 

rp         J,        ax 

^  -^  ■  r 

Imagine  a  unit  pole  to  be 
placed   at  the  centre   of  the 
solenoid.  The  force  exerted  on 
it  by  the  band  dx  can  be  found 
'^'  ^^  by  equation  (40)  on  page  58. 

For  /'  in  the  equation  we  must  substitute  T  .1' .  -j;  this  gives  us 

,„     2TT.T.r  dx     .  „ 

dh.  = .  -=- .  sm**  a. 

r  I 

Now  x  =  r .  cotan  a  and  dx=  — ^-5-  .  da. 

sm^  a 
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Putting  this  value  for  dx  in  the  equation  for  dH  and  integrating  between 
the  limits  tt  —  a^  and  +  a^,  we  get 

T        1+".       47r.r./' 

-   cos  a  =  - — 1 .  cos  «! 

""""' (41)- 


„  /■+«.  27r.r.7'       .  ,  27r.r./'| 

H  =  —  I        5 .sina.da  = 


I 


I 


For  very  long  solenoids  cos  «i  is  practically  equal  to  i,  so  that 

47r. T.r 


H  = 


I 


.(42 


If  the  current  be  expressed  in  amperes,  this  formula  becomes 


H  = 


•(43)- 


If  the  unit  pole  be  placed  at  the  centre  of  one  of  the  ends  of  the  solenoid, 
the  integration  must  be  carried  out  between  the  limits  -  and  —  (Fig.  54). 
We  obtain  then 

2-n-.T.r      .  ,         27r.  T.r 


H- 


Jirl2 


I 


.  sin  a.da  = 


cosa 

L  JW2 


27r. T.r 


.  cos  Ui 

•(44). 


Fig-  54 

As  before,  if  the  solenoid  is  very  long,  a^  is  very  small  and  cos  a^  can  be 
taken  as  unity.  The  field  strength  at  the  ends  is  thus  half  that  at  the  middle, 
and  of  the  total  number  of  lines  passing  through  the  middle  of  the  solenoid 
a  half  passes  through  the  ends  while  the  other  half  leaves  by  the  cylindrical 
surface. 

28.    Magnetisation  Curves. 

Under  similar  conditions,  the  number  of  lines  of  force  per  square  centi- 
metre is  greatly  increased  by  the  presence  of  iron  within  the  coil.  The  sole- 
noid then  becomes  an  electromagnet.  It  is  as  if  the  Hues  of  force  which 
would  be  present  were  the  space  occupied  by  air  produced  or  induced  a 
much  greater  number  of  lines  in  the  iron.  The  field  strength  or  number 
of  lines  of  force  per  square  centimetre  in  the  air,  which  is  represented 
by  the  letter  H,  is  therefore  also  called  the  magnetising  force.  The 
number  of  lines  per  square  centimetre  in  the  iron  is  called  the  magnetic 
induction  and  is  represented  by  the  letter  B.    It  is  to  be  noticed  that 
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the  induction  B  includes  the  Hues  which  were  present  before  the  iron 
was  introduced  as  well  as  the  new  lines  due  to  its  introduction. 

We  account  for  the  greatly  increased  number  of  lines  in  iron  by  assuming 
that  its  magnetic  conductivity  or  permeability  is  much  greater  than  that  of 
air.  The  ratio  of  this  permeability  to  that  of  the  air  is  represented  by  the 
Greek  letter  /a.  The  permeability  jn  gives,  therefore,  the  magnetic 
conductivity  of  the  iron  compared  with  air;  other  things  being  equal, 
the  number  of  lines  produced  in  the  iron  is  fx,  times  the  number  which 
would  have  been  produced  in  the  air.     From  this  it  follows  that 

B  =  iJL.H    (45), 

B 


or 


^  = 


H' 


.(46). 


For  air  the  permeability  is  evidently  i,  and  we  have  B  =  H. 


[\-\-\-yNWr--i 


Fig.  55 

The  value  of  fi  depends  above  all  on  the  quality  of  the  iron.  The  per- 
meabihty  of  annealed  armature  stampings  or  of  mild  cast  magnet  steel 
may  sometimes  exceed  3000.  The  permeability  of  a  given  piece  of  iron 
or  steel  varies  moreover  with  the  degree  to  which  it  is  magnetised. 

The  experimental  determination  of  the  permeabiUty  may  be  carried  out 
in  the  way  indicated  in  Fig.  55.  The  rod  of  iron  to  be  tested  is  made  in  two 
parts,  and  passes  through  holes  a  and  a^  in  a  massive  iron  yoke  and  also 
through  the  magnetising  coils  S  and  S^,  and  the  small  secondary  coil  E. 
A  current  I  is  passed  through  the  coils  S  and  S^,  and  from  a  knowledge  of 
the  number  of  turns  in  these  coils,  together  with  the  length  I  of  the  iron 
rod,  the  value  of  H  can  be  found  from  the  equation 

.  _  0-47r  .1  .T 


H-- 


I 


The  length  I  does  not  include  the  parts  of  the  rod  inside  the  holes  a  and  a^, 
as  these  carry  very  little  of  the  magnetic  flux,  which  leaves  the  rod  in  all 
directions  as  soon  as  the  rod  enters  the  yoke.  The  latter  being  very  massive 
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offers  very  little  resistance  to  the  magnetic  lines  and  can  therefore  be  neg- 
lected. The  left-hand  half  of  the  rod  is  now  pulled  out  very  suddenly, 
whereupon  the  secondary  coil  E  is  ejected  by  means  of  a  spring.  The  mag- 
netic flux  through  the  coil  is  thus  suddenly  removed,  with  the  result  that 
an  electromotive  force  is  induced  in  the  coil,  causing  a  momentary  current 
to  flow  through  the  so-called  ballistic  galvanometer  g,  which  is  connected 
up  in  series  with  the  coil  E.  From  the  deflection  or  swing  of  the  ballistic 
galvanometer,  the  number  of  lines  passing  through  the  iron  rod,  and  there- 
fore cut  by  the  coil  E,  can  be  calculated.  By  dividing  this  number  of  lines 
by  the  cross-section  of  the  rod  we  obtain  the  induction  density  B.  The 
experiment  can  then  be  repeated  with  another  value  of  the  magnetising 
current,  and  in  this  way  a  set  of  corresponding  values  of  H  and  B  obtained. 
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Tests   made 
(compare  Fig, 

H  = 


on   a 
56): 


sample    of   cast    steel    gave   the    following    results 


0-9 

1-55 

27 

375 
8-55 
i8-i 

34-5 

827 

145-3 


B  = 


1130 

5200 

8160 

9480 

12440 

14510 

15710 

17150 

18200 


B 


1260 

3350 

3020 

2530 

1460 

800 

460 

210 

130 


A  pecuUar  point  in  the  above  table  is  the  low  permeabihty  possessed 
by  the  steel  when  weakly  magnetised.  The  molecules  are  evidently,  but 
slightly  affected  by  small  values  of  the  magnetising  force.  With  stronger 
fields,  covering  the  range  of  inductions  from  5000  to  9000,  B  is  roughly 
proportional  to  H.  Finally,  we  see  that  beyond  a  certain  point  a  continual 
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increase  in  the  magnetising  force  has  little  effect  on  the  magnetic  induction. 
The  iron  is  then  said  to  be  saturated.  It  is  impossible,  however,  to  say  at 
what  point  saturation  commenced. 
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If  now  we  plot  these  results  on  squared  paper,  with  the  magnetising- 
force  H  as  abscissae  and  the  induction  B  as  ordinates,  we  obtain  the  so-called 
magnetisation  curve.   This  is  shown  for  the  specimen  of  steel  in  Fig.  56. 
Beside  it  in  Fig.  57  the  upper  part  of  the  magnetisation  curve  for  armature 
stampings  is  given,  which  is  of  special  interest  on  account  of  the  fact  that  the 
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teeth  of  modern  armatures  are  often  very  highly  saturated.  This  curve  gives 
the  following  values* : 

H  =  100  B  =  18,700  [I  =  187 

300  21,300  71 

500  22,500  45 

700  23,100  33 

If  the  magnetising  force  be  still  further  increased,  the  value  of  B  in- 
creases uniformly  by  an  amount  2-5  times  the  increase  of  H.  The  upper  part 
of  the  curve  in  Fig.  57  is  thus  a  straight  line.  If  this  line  be  produced 
backwards  it  cuts  the  Ordinate  axis  in  the  point  B  =  21,350.  For  very 
high  saturation  we  have  therefore 

B  =  21,350  +  2-5H. 

For  practical  purposes  the  magnetisation  curves  as  drawn  above  are  not 
convenient,  as  we  generally  require  to  know  the  necessary  number  of 
ampere-turns  per  centimetre  length  of  path  for  a  given  value  of  B.  This 
cannot  be  read  off  directly  from  the  curve,  but  must  be  obtained  from  equa- 
tion (43)  on  page  61  by  dividing  the  corresponding  value  of  H  by  0-477. 
Thus,  if  the  number  of  ampere-turns  be  X,  the  ampere-turns  per  cm  will  be 

X  I  .   1  H  riTT  r        \ 

T=— =^=°-S^  (47)- 

The  calculations  are  simphfied  if  the  magnetisation  curves  are  drawn 

with  -y  for  abscissae  instead  of  H,  as  is  done  in  Fig.  58.    For  any  value  of 

the  flux  density  B  we  can  then  read  off  exactly  the  necessary  number  of 
ampere-turns  per  centimetre  of  path. 

From  Fig.  58  we  see  that  wrought  iron,  cast  steel,  and  ingot  iron  require 
very  small  magnetising  forces  up  to  B  =  14,000.  Cast  iron,  on  the  other 
hand,  is  much  less  satisfactory,  and  it  is  for  this  reason  that  the  magnet 
frames  of  large  machines  are  now  very  often  made  of  cast  steel  notwith- 
standing its  higher  price. 

29.  The  Magnetic  Circuit. 

For  a  closed  magnetic  circuit  such  as,  for  example,  an  iron  anchor  ring, 
it  is  practically  immaterial  whether  the  ampere-turns  are  distributed  over 
the  whole  circumference  or  are  wound  all 
together  at  one  part,  as  shown  in  Fig.  59.  In 
either  case  we  can  apply  equation  (43)  on  page 
61  and  get 

B=lxH  =  0-47r.j  (48), 


where  I  apphes  no  longer  to  the  length  of  the 
coil,  but  to  the  mean  length  of  the  path  of  the 
magnetic  lines. 

If    now  A    represents    the    cross-sectional 

area  of  the  iron  measured  perpendicularly  to  ^^S-  59 

*  From  the  E.T.Z.  (Elektrotechnische  Zeitschrifi),  1901,  p.  769- 
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the  lines,  then  the  total  number  of  lines  or  the  total  magnetic  flux  is  given 
by  the  equation  t..o-4^.X.A 

0  =  2^. (49). 


fi.A 

The  denominator  of  the  right-hand  side  of  this  equation  has  a  similar 
form  to  the  expression  for  electrical  resistance  in  the  equation 

^   a 

The  similarity  becomes  plainer  when  we  remember  that  the  conductivity 
is  the  reciprocal  of  the  specific  resistance.  The  permeability  ju.  in  equation 

(49)  can  be  looked  upon  as  the  magnetic  conductivity,  and  its  reciprocal  — 

then  corresponds  to  the  specific  resistance  p. 

From  this  point  of  view  the  expression  j  represents  a  magnetic  re- 

sistance.  It  is  proportional  to  the  length  and  inversely  proportional  to  the 
conductivity  and  to  the  cross-section  of  the  magnetic  path.  Through  this 
magnetic  resistance  we  may  imagine  the  lines  of  force  to  be  driven  in  much 
the  same  way  that  the  electric  current  is  driven  through  an  electrical  re- 
sistance. It  is  because  of  this  analogy  that  we  speak  of  the  total  number  of 
lines  as  the  magnetic  flux.  The  flux  round  the  magnetic  circuit  is  produced 
by  the  ampere-turns  I.T,  which  may  therefore  be  compared  to  the  electro- 
motive force  which  drives  the  electric  current  through  the  resistance  of  the 
electric  circuit.   This  is,  perhaps,  made  more  evident  by  a  consideration  of 

the  equation  „  ,  ^  -r- 

^  H  .1  =  o-^TT.I  .T, 

which  follows  from  equation  (43)  on  page  61 .  Since  H  is  the  force  on  a  unit 
pole,  the  product  H  .1  represents  the  work  done  in  moving  the  unit  pole  in 
air  against  the  lines  of  force  over  the  whole  distance  I.  This  is,  however, 
what  we  considered  in  Section  22  under  the  name  of  magnetic  potential 
difference.  The  magnitude  o-^vIT  is  evidently  the  magnetic  analogy  of 
the  electromotive  force  of  an  electric  circuit;  it  is  therefore  called  the 
magnetomotive  force.  Equation  (49)  can  now  be  written  in  the  form : 

^.    „         magnetomotive  force 

magnetic  flux  =  — ^ — -. r- . 

°  magnetic  resistance 

The  magnetic  resistance  of  the  whole  or  any  part  of  a  magnetic  circuit  is 
generally  referred  to  as  its  reluctance. 

This  law  of  the  magnetic  circuit  is  of  enormous  importance  in  the  design 
of  electrical  machinery.  It  is  somewhat  analogous  to  the  law  of  the  electrical 
circuit,  i.e.  Ohm's  law,  but  we  must  be  very  careful  lest  we  be  misled  by  this 
electrical  analogy.  The  similarities  between  the  electric  and  the  magnetic 
circuit  are,  after  all,  mainly  only  apparent.  Although  we  speak  of  the  total 
number  of  lines  A''  as  a  magnetic  flux,  it  is  merely  a  name  which  enables 
us  to  f oUow  the  electrical  analogy  more  readily ;  once  the  lines  of  force  are 
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produced  they  remain  at  rest  and  there  is  no  flow  of  magnetism  around 
the  circuit.  A  far  more  accurate  analogy  to  the  magnetic  flux,  but  one  which 
is  not  so  hkely  to  appeal  to  an  engineer,  is  found  in  the  flux  of  electrostatic 
lines  which  connects  two  oppositely  charged  bodies,  such  as  the  plates  of  a 
condenser;  permeability  is  here  represented  by  the  dielectric  constant. 

A  great  and  fundamentally  important  difference  between  an  electric 
current  and  a  magnetic  flux  lies  in  the  fact  that  work  must  be  done  to  drive 
a  current  through  a  resistance,  the  energy  thus  expended  appearing  as  heat 
in  the  resistance.  The  maintenance  of  a  magnetic  field  or  of  magnetic  in- 
duction involves,  on  the  other  hand,  no  expenditure  of  energy.  None  of  the 
energy  expended  in  the  field  windings  of  a  dynamo,  for  example,  is  trans- 
formed into  magnetism,  but  every  trace  of  it  is  transformed  into  heat  in 
the  resistance  of  the  field  winding,  and  can  be  calculated  from  the  product 
I^R^.  The  consumption  of  energy  would  be  just  the  same  if  the  current 
remained  the  same,  although  the  space  within  the  coil  were  fiUed  with  air 
instead  of  iron,  thus  reducing  the  number  of  lines  to  a  very  small  value.  For 
this  reason  there  is  no  direct  loss  of  energy  in  a  dynamo  due  to  a  part  of  the 
magnetic  flux  leaking  from  pole  to  pole  without  passing  through  the  armature. 

Above  all,  however,  attention  must  be  drawn  to  the  fact  that  electrical 
resistance  depends  simply  on  the  length  and  cross-section  of  the  conductor, 
whereas  magnetic  ireluctance  is  also  dependent  on  the  degree  of  saturation 
of  the  iron. 

We  will  now  illustrate,  by  means  of  an  example,  the  application  of  this 
law  of  the  magnetic  circuit  to  the  calculation  of  a  dynamo.  The  magnetic 
circuit  consists  of  several  parts  differing  in  length,  cross-section  and  material 
(air,  wrought  iron,  cast  iron,  etc.).  A  part  of  the  total  magnetic  flux  is  lost, 
so  far  as  the  armature  is  concerned,  by  leakage  through  the  air,  so  that 
some  parts  of  the  magnetic  circuit  carry  a  larger  number  of  lines  of  force 
than  other  parts.  We  have  then  to  calculate  the  number  of  ampere-turns 
required  on  the  poles  to  produce  a  given  magnetic  flux  through  the  armature. 
To  do  this  we  divide  the  flux  or  total  number  of  lines  in  each  part  of  the 
magnetic  circuit  by  the  cross-section  of  that  part.  In  this  way  we  obtain  the 
induction  or  flux  density  in  lines  per  square  centimetre  at  each  point,  thus 

B.  =  |    (50). 

We  then  find  from  the  magnetisation  curve  of  the  material  of  which  any 
part  is  constructed,  the  value  of  H^,  that  is,  the  magnetising  force  necessary 
to  produce  the  induction  Sj  in  the  material  concerned.  Unfortunately  the 
relation  between  B  and  H  is  no  simple  one,  but  depends  in  a  complicated 
way  on  the  saturation  of  the  iron ;  we  are  therefore  compelled  to  use  magne- 
tisation curves,  which  have  been  found  experimentally  for  the  materials 
which  we  are  using.  From  H^  and  equation  (47)  on  page  65  we  have 

X^  =  0-8^1. ^1 (51), 

where  l-^  is  the  length  of  path  in  the  part  under  consideration.  This  cal- 
culation must  be  made  for  each  portion  of  the  magnetic  circuit,  and  the 
results  added  together,  giving 

SX  =  X^  +  X,,  +  Xs...  =■■  o-SHi./i  +  o-SH^.k  +  o-SH^.l^ (52). 

5—2 


68 


Electrical  Engineering 


X 


If  the  magnetisation  curves  are  drawn  with  -j,  i.e.  ampere-turns  per 

cm,  for  abscissae,  instead  of  H,  the  calculation  for  the  path  in  iron  is  simpler, 
while  for  the  air-gap  we  still  have  the  equation 


We  then  have 


X,  =  0-85, 


L  =  o-8H„.L 


D 

= 

20  cm. 

ds 

= 

3     ., 

L 

= 

20      „ 

j8 

= 

120°, 

0-4  cm, 

A^ 

= 

400  sq.  cm, 

L 

= 

no  cm. 

2Z  =  (^)^  j^  +  (J^^j^+...  +  0.8H,  .  l„ 

where  the  numbers  i,  2,  etc.,  refer  to  various  parts  of  the  iron  circuit  and 
g  refers  to  the  air-gaps. 

As  an  example  we  take  a  machine  with  the  following  main  dimensions : 

Diameter  of  armature     ... 

,,         ,,     shaft 
Axial  length  of  armature 
Angle  subtended  by  pole 
Length  of  each  air-gap   . . . 
Cross-section  of  poles  and  yoke. 
Length  of  path  in  poles  and  yoke 

The  armature  is  built  up  of  laminations  stamped  out  of  wrought  iron 
sheet  and  separated  from  each  other  by  thin  paper,  the  space  lost  in  this 

way  being  15  per  cent,  of  the 
whole.  We  shall  assume  that  the 
whole  magnet  is  of  cast  iron.  As 
indicated  in  Fig.  60,  a  part  of  the 
magnetic  flux  produced  in  the 
field  magnets  is  lost  by  leakage. 
We  shall  assume  that  a  sixth  part 
of  the  flux  produced  is  lost  in 
this  way,  so  that,  if  O  be  the  flux 
in  the  armature  and  <l)„j  that  in 
the  magnet, 

<I>„=I-2.0. 

We  will  now  determine  the 
ampere-turns  required  to  produce 
a  flux  O  in  the  armature  of 
2-5 .  10*  lines. 

We  must  first  find  the  length 
and  cross-section  of  each  part  of 
the  magnetic  circuit.   The  cross- 
section    of    the    armature    per- 
pendicular to  the  lines  of  force  is  found  by  multiplying  the  difference  D  —  d, 
by  the  axial  length  L,  and  also  by  0-85  to  allow  for  the  paper  insulation. 


Fig.  60 


Hence, 


Aa=  L  {D  —  dg).o-85  =  290  sq.  cm. 


The  mean  value  of  l^  is  evidently  about  20  cm. 
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To  find  the  cross-section  of  the  path  in  the  air-gaps  we  must  reduce  the 
cylindrical  surface  of  the  armature  in  the  ratio  /S:  360.  We  have  then 

o 
Ag=D  .IT  .L  .  -2- =420  sq.  cm. 

To  find  the  length  of  the  path  in  air  we  must  multiply  the  length  of  the 
gap  between  armature  and  pole  by  2,  since  the  lines  have  to  cross  the  gap 
both  on  entering  and  on  leaving  the  armature.   We  have,  therefore, 

^j  =  2.0-4  =  0-8  cm. 

For  the  field  magnet  we  havs  given  that 

Aj^  =  400  sq.  cm, 

Ijn  =  no  cm. 
We  know  also  that 

0„  =  1-2. $  =  1-2. 2-5. 10^  =  3.10^ 

Bringing  all  the  above  results  together,  we  have 

$  =  2-5 .  10^  0  =  3. 10^ 

Aa=  2()0,  Ag  =  420,  A^  =  400, 

la  =    20,  Ig  =  0-8,  l^  =  no. 

From  these  figures  it  follows  that 

-B„  =  1  =  8600,  £,  =  £=5960,  S^  =  1^  =  7500. 

From  the  magnetisation  curve  for  armature  stampings  in  Fig.  58  on 
page  64  we  see  that  the  ampere-turns  per  cm  required  to  produce  an  in- 
duction B  of  8600  are  ,j^. 

{j)a  =  '- 

This  is  the  number  of  ampere-turns  required  to  drive  the  induction  B^ 
through  one  centimetre  of  armature  iron.  The  total  number  of  ampere-turns 
necessary  to  drive  the  flux  through  the  armature  is  therefore 

Similarly  we  find  that  the  ampere-turns  per  cm  for  an  induction  B^  of 
7500  in  cast  iron  are  ,^- 


\l)m 


40. 


From  this  it  follows  that  to  drive  the  flux  at  an  induction  B^  of  7500 
through  a  length  ^„  =  no  cm  of  cast  iron  requires  a  number  of  ampere- 
turns  ,x\ 


X„ 


=  (j)    . /^  =  40  .  no  =  4400. 


Finally,  the  number  of  ampere-turns  Xg  required  to  drive  the  flux 
across  the  air-gap  is  found  from  the  equation 

Z,  =  o-8B,./,  =  3820. 
We  have  now  I,X  =  X„  + X^  +  X^  =  8260. 

It  is  immaterial  whether,  for  example,  we  use  8260  turns  carrying  i  am- 
pere, or  4130  turns  carrying  2  amperes,  neglecting,  for  the  present,  all  con- 
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siderations  of  efficiency,  etc.  In  many  cases  tlie  magnetic  circuit  is  more 
complicated  than  the  above,  including  armature  teeth  and  pole  cores.  The 
necessary  ampere-turns  for  these  parts  are,  however,  calculated  in  exactly 
the  same  way  as  we  have  already  indicated. 

By  means  of  this  law  of  the  magnetic  circuit  it  is  possible,  under  certain 
conditions,  to  calculate  the  leakage  from  the  dimensions  of  the  machine. 
This  calculation  makes  the  analogy  between  magnetic  and  electrical  po- 
tential difference  very  plain.  As  electrical  potential  differences  are  expressed 
in  volts,  so  can  magnetic  potential  differences  be  expressed  in  ampere-turns. 
If  a  resistance  lies  in  parallel  with  a  lamp  across  which  a  certain  pressure  is 
maintained,  a  part  of  the  total  current  flows  through  the  resistance.  If  this 
parallel  resistance  is  due  to  an  earth,  that  is,  to  a  fault  in  the  cable,  the 
current  flowing  by  this  by-path  is  a  loss.  Similarly,  there  is  a  magnetic 
potential  difference  or  pressure  between  the  pole-shoes  of  a  machine,  which 
drives  the  magnetic  flux  along  two  parallel  paths,  the  useful  flux  going 
through  the  armature  and  the  leakage  flux  through  the  air.  This  magnetic 
pressure  is  due  to  the  ampere-turns  Z„  -)-  X^  -|-  Xg,  which  are  necessary 
to  drive  the  useful  flux  through  the  armature  core,  the  teeth  and  the  air- 
gaps. 

In  the  multipolar  alternator  shown  in  Fig.  6i,  assume  that  the  sum 
Xa  +  Xi  +  Xg  =  6200.     This  same  magnetic  pressure  acts  across  the  air 

space  between  two  adjacent  pole- 
shoes.     Assume   that    the   axial 
length  of  the  armature  is  30  cm, 
^---r-—^^        ■— - — -____^__^  the  radial  depth  of  the  pole-shoe 

i^^    \    r^fcr^-^^^:>^         2-5cm,  and  the  distance  ;,j  between 

the  adjacent  pole-shoes  6-5  cm. 
The  cross-section  of  the  leakage 
path  between  the  pole-shoes  is, 
therefore,  30.2-5  =  75  sq.  cm. 
Now,  the  lines  of  force  pass  from 
Fig-  6i  the  north  pole  to  the' south  pole 

on  each  side  of  it,  so  that  the 
total  cross-section  is  doubled,  making  it  150  sq.  cm.  Assuming  that  the 
lines  of  force  spread  out  as  shown  in  the  figure,  and  that  their  maximum 
cross-section  is  double  that  at  the  ends,  we  get  for  a  mean  value  of  the 
cross-section 


Ai,= 


150  +  300 


■■  225  sq.  cm. 


Putting  these  values  of  li^  and  Ai^  in  equation  (49)  on  page  66,  and 
remembering  that  /x  for  air  is  i,  we  get  for  the  leakage  from  the  pole-shoe 


O, 


0-47r  .  6200 


6:1 
225 


=  0-27 .  10®  lines. 


The  fundamental  formula  H  ■■ 
result. 


0-47r  .I.T 


would  have  led  to  the  same 


To  this  leakage  from  the  pole-shoe  we  must  add  the  leakage  from  the 
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pole-core.  We  shall  assume  that  the  mean  distance  Z,^  between  two  adjacent 
pole-core  faces  is  10  cm,  and  the  radial  length  of  the  pole-core  16  cm.  With 
an  axial  length  of  30  cm  the  cross-section  of  this  leakage  flux  taken  on  each 
side  of  the  pole  is 


^h  ^  2 .  30 .  16  =  960  sq.  cm. 


At  the  top  of  the  pole  the  magnet  potential  difference  is  due  to  6200 
ampere- turns  while  at  the  root  it  is  o.  As  a  mean  we  can  therefore  take 
3100  ampere-turns,  which  gives  a  leakage  flux  of 

o-^ttX     o-^tt  .  3100 


O. 


I,. 


10 
960 


0-37 .  10" 


The  total  leakage  flux  from  the  pole  is  therefore 

^l  =  ^h  +  ^!2  =  0-27.10®  -1-  0-37.10®  =  0-64.10®. 
We  have  neglected  the  leakage  between  the  flanks  or  end  surfaces  of  the 
poles,  which  would  make  the  total  leakage  slightly  more  than  the  above 
value. 

If  we  assume  that  the  useful  flux  through  the  armature  is  3 .  10®  hues  per 
pole,  the  flux  at  the  root  of  the  pole  will  be 

<I»^  =  <I)-H$,  =  3-64-io8, 

which  gives  a  leakage  coefficient  of    , 


O™  _  3-64  ■  10' 


"=0-  = 


3. 10" 


=  1-2. 


30.    The  Lifting  Power  of  an  Electromagnet. 

Although,  as  pointed  out  in  the  last  section,  no  work  is  done  in  main- 
taining a  magnetic  field,  work  must  be  done  to  establish  the  field.  In  Fig.  62 
is  shown  an  iron  ring  which  we  shall  suppose  to  be  uniformly  wound  over  its 
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Fig.  63 


whole  periphery  with  T  turns.  Some  of  these  turns  are  shown,  on  the  right 
in  elevation,  on  the  left  in  section.  By  the  dotted  lines  of  force  we  do  not 
mean  to  suggest  that  a  part  of  the  flux  produced  leaks  across  the  interior 
space,  although,  were  the  ring  wound  as  shown  in  the  figure,  this  would  be 
the  case.  The  dotted  lines  show  how  the  Hues  of  force,  due  to  the  establish- 
ment of  a  current  in  the  turns  shown  in  section,  spread  out,  commencing 


72  Electrical  Engineering 

as  small  circles  round  the  individual  wires  and  then  combining  with  the 
Unes  due  to  other  wires  to  form  lines  encircling  several  wires.  This  spreading 
out  goes  on  until  each  Une  of  force  lies  entirely  in  the  iron,  it  having  cut  all 
the  T  wires  passing  through  the  interior  of  the  ring.  As  soon  as  the  current 
ceases  to  grow  and  becomes  steady,  the  lines  of  force  become  stationary. 
In  order  to  calculate  the  work  done  in  thus  estabUshing  the  magnetic 
field,  we  will  consider  a  straight  wire  of  length  I  cm  carrying  a  current  of 
r  absolute  units,  in  a  field  of  strength  H  perpendicular  to  the  wire  (Fig.  63). 
The  direction  of  the  field  is  assumed  to  be  away  from  the  reader  and  per- 
pendicular to  the  paper,  as  indicated  by  the  dots.  We  will  assume  that  the 
conductor  is  moved  a  distance  s  in  a  direction  at  right  angles  both  to  its 
own  length  and  to  the  direction  of  the  field,  the  direction  of  motion  being 
such  that  the  force  exercised  by  the  field  on  the  conductor  has  to  be  over- 
come. The  work  done  is  found  by  multiplying  the  force  in  dynes  by  the 
distance  in  centimetres,  thus 

W  =f.s  =  H.r.l.s&rgs, 

where  I'  is  the  current  in  absolute  units  (see  p.  54). 

Now,  ^.s  is  the  area  swept  out  by  the  motion  of  the  wire,  and  as  H  is 
the  number  of  lines  of  force  per  sq.  cm,  H.l.sis  equal  to  the  total  number  of 
lines  O  cut  by  the  wire ;  hence 

W  =  H.r.l.s  =  (S>.r  ergs (53). 

Now,  if  the  current  7'  in  the  case  represented  in  Fig.  62  is  increased  by 
an  amount  dl',  the  induction  or  flux  density  increases  by  an  amount  dB, 
no  matter  whether  the  ring  contains  iron  or  air.  If  the  cross-sectional  area 
of  the  ring  be  ^  sq.  cm,  the  number  of  newly  created  lines  will  h&A.dB  =  d<b. 
These  newly  created  lines  cut,  as  we  have  seen,  the  T  turns  composing  the 
ring  winding,  which  carries  a  current  /'.  The  work  done  in  this  change, 
according  to  equation  (53),  is 

dW  =  T.d^.r  =  T. dB. A. r  ergs. 
From  equation  (42)  on  page  61,  we  have 

T    T'  —  ^Lil 

and  substituting  this  in  the  above  equation,  we  have 

dW^'^^.H.dBergs   (34). 

If  the  coil  be  wound  on  a  ring  of  wood  or  other  non-magnetic 
material,  B  =  H,  and  the  total  amount  of  work  done  in  raising  the  magnetic 
induction  from  0  to  S  will  be 

.      f^A.l    ^    ,„      B\A.l  ,    ^ 

=  j„   -^■^■'^^=-8^^^g^ (55). 

This  amount  of  energy  has  to  be  given  to  the  coil,  as  we  shall  see  in 
Section  35,  in  the  form  of  electrical  energy.  The  volume  of  the  magnetic 
field  is  ^ .  /,  so  that  each  cubic  centimetre  of  the  magnetic  field  contains  a 

store  of  potential  energy  equal  to  k-  ergs.    We  may  picture  the  ether  in  a 

state  of  strain,  somewhat  like  a  twisted  steel  spring. 


W- 
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We  will  now  make  use  of  this  result,  in  order  to  find  the  lifting  power  of 
an  electromagnet.  Fig.  64  represents  an  iron  ring,  uniformly  wound  so  as  to 
obviate  magnetic  leakage,  and  divided 
into  two  similar  halves.  We  have 
seen  that  if  the  magnetic  flux  round 
the  ring  decreases  by  an  amount 
d<b  =  A.dB  an  electromotive  force  is 
induced  in  the  electric  circuit  in  the 
same  direction  as  the  magnetising 
current.  As  the  induced  e.m.f.  and 
the  current  are  in  the  same  direction, 
work  is  done  on  the  electric  circuit  at 
the  expense  of  the  energy  stored  in  the 
iron  of  the  ring.  If,  now,  we  assume 
that  the  small  decrease  of  flux  is  caused  Fig_  g^ 

by  separating  the  two  halves  of  the 

ring  by  a  small  amount  dl,  the  above  reasoning  still  holds  good  and  the  iron 
loses  an  amount  of  energy  which  is  given  up  to  the  electric  circuit.  To 
separate  the  two  halves  of  the  ring,  however,  we  exerted  a  force  of/  dynes 
and  did  f.dl  ergs  of  work,  which  must  evidently  be  stored  in  the  magnetic 
field  in  the  air-gaps.  Now,  let  the  total  cross-section  of  the  two  air-gaps  be 
A  sq.  cm,  so  that  the  volume  of  the  magnetic  field  in  air  is  equal  to  A. dl 
cubic  centimetres.  The  flux-density  B  is  the  same  in  the  air-gaTp  as  in 
the  iron,  and  we  have  found  above  that  the  energy  stored  in  each  cubic 

B^ 

centimetre  of  the  field  in  air  is  equal  to  g-  ergs.    Hence 

OTT 

B^ 
energy  stored  in  air-gaps  =  ^  .A  .dl  ergs, 

therefore  f  .dl=  —^ — .  dl, 

OTT 

and  /=  — o^ —  dynes (56). 

If  F  be  the  force  in  kilogrammes, 

F=^   ^\^      =4g^^.io-«kgs*    (57). 

8?r  .  981,000 

In  a  horse-shoe  magnet  both  poles  are  effective,  and  the  double  cross- 
section  must  therefore  be  included  in  A .  If,  for  example,  the  cross-section 
of  each  pole  is  10  sq.  cm  and  the  induction  B  =  18,000,  we  have 

F  =  4.18,000^.2.10.10"^  =  260  kilogrammes. 

The  lifting  power  of  a  magnet  is  often  largely  affected  by  magnetic 
leakage,  which  we  have  here  neglected. 

We  shall  now  consider  what  happens  when  an  electromagnet  attracts 
its  armature.  We  shall  assume  that  the  magnetisation  curves  of  the  magnetic 
circuit,  both  before  and  after  the  attraction  of  the  armature,  are  represented 
by  straight  lines  through  the  origin.  In  Fig.  65  OD  and  OC  represent  the 
magnetisation  curves  before  and  after  attraction,  the  length  of  each  air-gap 
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being  l-^jz  before  and  IJ2  after  attraction.  The  travel  of  the  armature  is  then 
(^1  —  ^2)/2-  If  the  winding  is  connected  to  mains  of  constant  p.d.  the  current- 
turns  will  have  the  same  value 
after  as  before.  In  Fig.  65  OE 
represents  the  current-turns  and 
OA  and  OB  the  original  and  sub- 
sequent values  of  the  magnetic 
flux. 

It  has  been  shown  that  the 
additional  energy  stored  in  a 
magnetic  field  when  the  flux  in- 
creases is  given  by  the  formula 

dW  =  TI'.  d<^  ergs, 

where  I'  is  the  current  in  ab- 
^'S-  65  solute  units. 

Hence  the  total  energy  stored  in  the  magnetic  field  when  T.I'  =  OE 
and  the  flux  O^  =  OD  will  be  represented  by  the  area  of  the  triangle  ODA 
which  is  equal  to  that  of  the  triangle  OED.  When  the  armature  is 
attracted  and  the  flux  has  increased  to  Og  =  OC  the  store  of  energy  is 
increased  to  OEC.  Hence  the  energy  stored  in  the  magnetic  field  has  in- 
creased by  an  amount  represented  by  the  area  ODC. 

Hence  the  mechanical  energy  required  to  raise  the  armature  is  not 
suppUed  from  any  stored  magnetic  energy,  but  sufficient  energy  is  drawn 
from  the  mains  to  raise  the  armature  and,  at  the  same  time,  increase  the 
magnetic  energy.  This  energy  is  supplied  by  the  current  flowing  against 
a  back  e.m.f.  induced  in  the  winding  by  the  increasing  flux.  This  back 
E.M.F.  causes  the  current  to  fall  temporarily  during  the  operation,  the  cur- 
rent-turns following  some  such  curve  as  DG;  the  flux  is  assumed  to  have 
reached  the  value  OF  at  the  moment  when  the  armature  reaches  the  end 
of  its  travel ;  the  current-turns  then  increase  from  FG  to  BC  following  the 
line  OGC.  From  the  formula  dW  =  T.  I'.  d(^  it  follows  that  the  total  energy 
supplied  from  the  mains  is  represented  by  the  area  ABCGDA.  If  the  area 
DGC  be  small,  or  if,  by  keeping  the  current  constant  during  the  operation, 

this  area  be  reduced  to  zero,  the  total  energy 
supplied  is  represented  by  the  rectangle 
A  BCD  which  has  twice  the  area  of  the 
triangle  DOC. 

Hence,  we  obtain  the  interesting  result 
that,  of  the  total  energy  drawn  from  the 
mains   (neglecting  that    dissipated  due  to 
resistance),  a  half  goes  to  increase  the  store 
of  magnetic  energy  and  a  half  is  converted 
into  mechanical  energy.    It  must  not  be  for- 
gotten, however,  that  this  result  depends  on 
theassumptionoflinearmagnetisationcurves. 
If  it  be  assumed  that  the  magnetic  flux  is  kept  constant  during  the 
movement  of  the  armature,  there  can  be  no  induced  e.m.f.  and  therefore  no 
supply  of  energy  from  the  mains.   In  this  case  the  mechanical  energy  must 
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be  withdrawn  from  the  stored  magnetic  energy.  In  Fig.  66  OD  and  OB  are 
the  magnetisation  curves  before  and  after  the  operation.  The  magnetic 
energy  has  decreased  from  OED  to  OCB,  that  converted  into  mechanical 
energy  being  represented  by  the  triangle  OBD,  the  area  of  which  is  equal 
to  O .  BDJ2,  BD  being  the  current-turns  required  to  drive  the  flux  across 
the  difference  between  the  original  and  subsequent  air-gaps,  i.e. 

BD=^B  {l^  -  lj)/4n. 
Since,  if  each  air-gap  has  an  area  A/z,  O  =  5^4/2  the  magnetic  energy 
converted  into  mechanical  energy 


BM 


(l>.BD  _ B^A 

"        2        ~  l67r  ^^2 


Hence  /=  -5 —  dynes,  as  found  above  at  equation  (56). 


31.    Hysteresis. 

In  determining  the  magnetisation  curve,  we  start  with  the  iron  in  an 
unmagnetic  state  and  gradually  increase  the  magnetising  current,  thus  in- 
creasing the  value  of  H,  and  with  it  the  value  of  the  induction  B.  Plotting 

the  values   thus   obtained   with   the   magnetising  forces   H  = 


I 


as 


abscissae  and  the  inductions  B  as  ordinates,  we  obtain  the  curve  OA  in 
Fig.  67. 

If,  after  reaching  any  arbitrary  value  of  the  induction,  such  a.sAG  =  Bmax. 
we  decrease  the  magnetising  current,  we  find  that,  for  any  given  value  of 
the  magnetising  force  H,  the  induction  is  greater  than  it  was  with  increasing 
magnetisation.  Plotting  these  values  of  B  and  H  for  decreasing  values  of 
H  we  obtain  the  curve  AB.  It  appears  as  if  a  certain  amount  of  the  mag- 
netic induction  still  remains  in  the  iron  after  the  magnetising  force  has  been 
removed.  This  phenomenon  is  therefore  known  as  hysteresis,  i.e.  a  lagging 
behind.  For  a  magnetising  force 
H  =  o  the  value  of  the  induction 
B  is  OB.  This  is  therefore  the 
induction  or  flux-density  of 
the  remanent  magnetism.  Hys- 
teresis and  remanent  magne- 
tism are  therefore,  in  a  sense, 
one  and  the  same  thing.  We 
explain  both  phenomena  by  the 
tendency  of  the  molecules,  in 
virtue  of  a  kind  of  molecular 
friction,  to  remain  in  anyposition 
they  have  once  taken  up. 

If,  now,  the  direction  of  the 
current  be  reversed,  a  certain 
value  of  the  magnetising  force 
will  be  required  before  the 
remanent  magnetism  is  destroyed.  This  force  is  represented  in  Fig.  67  by 
the  length  OC,  and  is  called  the  coercive  force.   It  is  evident  that  the  iron 
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molecules  oppose  the  reversal  of  magnetism,  and  it  is  only  when  the 
magnetising  force  exceeds  OC  that  an  induction  is  obtained  in  the  reverse 
direction.  A  further  increase  in  the  magnetising  current  gives  the  curve  CD, 
and  the  succeeding  decrease  in  the  current,  the  curve  DE.  The  ordinate 
OE  is,  as  before,  the  remanent  magnetism,  etc. 

An  experiment  with  the  specimen  of  cast  steel  already  mentioned 
(Fig.  56)  gave  the  following  results : 

Decreasing  Induction  Increasing  Induction 


H 

B 

H 

B 

145-3 

18,250 

—        2-2 

-    6,240 

627 

16,800 

-  5-9 

-  11,060 

24-2 

15.590 

-  II-9 

-  13.460 

3-2 

13,080 

-  34-2 

-  15.710 

0 

10,200 

-  6i-6 

-  16,680 

-1-25 

6,110 

-  145-3 

-  18,250 

-1-5  o 

We  see  from  this  table  that  the  remanent  magnetism  has  a  value 
B  =  10,200,  while  the  coercive  force  is  1-5.  Both  of  these  figures  are 
dependent  on  the  value  of  -Bmax  reached  in  the  experiment,  in  the  above  case 
18,250 ;  for  high  values  of  the  induction,  however,  the  variation  is  very  small. 

If  the  above  values  be  plotted  on  squared  paper  we  get  a  curve  like 
A  BCD  in  Fig.  67 .  The  other  side  of  the  loop  DBA  can  be  drawn  symmetrical 
with  the  first  side.  If  the  area  of  the  loop  is  now  measured,  the  abscissae 
being  taken  to  the  scale  of  H,  and  the  ordinates  to  the  scale  of  B,  it  is  found 
to  be  170,000.  It  can  now  be  shown  that  this  area  is  closely  related  to  the 
amount  of  energy  dissipated  during  the  complete  cycle  through  the  inter- 
molecular  friction.  From  equation  (54)  on  page  72  we  know  that  the  work 
done  when  the  induction  B  is  increased  by  the  amount  dB  is 

dW  =  —  .H.  dB. 
4T 

A. I  is  equal  to  the  volume  V  of  the  iron  ring  in  c.cm.  If  we  divide  by  V 
and  integrate  between  the  limits  o  and  B  we  obtain  the  work  dons  per  cubic 
centimetre,  thus  tj^  ^ 

Y  =  ^^H.dB (58). 

V  47r  0 

Now,  H.dB  is  represented  by  one  of  the  narrow  strips  in  Fig.  68,  and 
TiH.dB  by  the  whole  shaded  area  in  the  same  figure.  The  work  done  in 
magnetising  the  iron  is  thus  obtained  by  dividing  the  shaded  area  in  Fig.  68 
by  477.  If,  now,  the  lines  of  force  decrease,  dB  is  negative  and  the  work 
done  is  also  negative,  that  is,  energj'  is  restored.  The  amount  of  energy  thus 
restored  is  represented  by  the  shaded  area  in  Fig.  69.  If  the  magnetising 
current  be  now  reversed,  the  magnetising  force  H  becomes  negative,  and  the 
product  H.dB  will  again  be  positive,  so  that  work  must  be  done  during  this 
period  corresponding  to  the  shaded  area  in  Fig.  70.  With  decreasing  mag- 
netisation a  part  of  the  energy  is  again  restored  as  shown  in  Fig.  71. 

The  actual  energy  dissipated  in  a  complete  period  is  the  resultant  of  the 
positive  and  negative  amounts  of  energy.  If  we  go  continually  through  the 
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cycle  represented  by  the  loop  ABCDEA  in  Fig.  67,  the  energy  dissipated  per 
cubic  centimetre  of  iron  in  each  cycle  is,  from  equation  (58),  equal  to  the 
area  of  the  loop  divided  by  477-.  For  the  specimen  of  cast  steel  above  men- 
tioned the  area  was  170,000,  whence  the  loss  per  cubic  centimetre  per  cycle  is 

A      S.H.dB     170,000  ^  ,.  . 

Y  =  — — —  =  =  13,000  ergs  per  cubic  centimetre. 

Although  this  method  of -finding  the  hysteresis  loss  by  drawing  and 
measuring  the  loop  is  of  great  importance  in  enabling  us  to  understand  the 
question  of  hysteresis,  it  is  rarely  adopted  in  practice  on  account  of  the  time 
required  to  determine  experimentally  with  a  balHstic  galvanometer  the 
points  on  the  hysteresis  loop.  It  is  now  a  rule  to  test  the  iron,  as  far  as 
possible,  under  the  conditions  obtaining  in  actual  practice.  The  magnetism 
is  subjected  to  rapid  reversals  by  means  of  an  alternating  current,  and  the 
energy  consumed  is  measured  on  a  wattmeter,  the  deflection  of  which  is 


Fig.  68 


Fig.  69 


Fig.  70 


Fig.  71 


caused  by  the  electrodynamic  forces  between  a  coil  carrying  the  current 
and  another  coil  connected  across  the  mains  and  therefore  carrying  a 
current  proportional  to  the  potential  difference  between  the  mains. 

It  was  found  by  Steinmetz  that  the  hysteresis  loss  per  cubic  centimetre 
per  cycle  is  approximately  proportional  to  the  i-6th  power  of  the  maximum 


induction. 


W  1-6 


ergs 


•(59)- 


The  coefficient  rj  is  practically  constant  for  a  given  specimen  of  iron,  at 
least  up  to  5niax  =  7000.  For  the  types  of  iron  generally  used  it  varies  from 
o-ooi  to  0-004.  For  the  specimen  of  cast  steel  which  we  have  considered,  we 

W 
found  for  Bmax  =  18,250  a  value  oi  yr=  13,600,  whence 

W  13,600  n 

■n  = ^Tfi-  =    o    -  Tfi  =  0-0028. 

'      V  B  18,25016 
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This  value  is,  however,  of  httle  interest  in  the  present  case,  as  hysteresis 
need  only  be  considered  when  deaUng  with  alternating  currents,  and 
massive  iron  or  steel  is  never  used  where  it  would  be  subjected  to  a  rapidly 
alternating  magnetisation. 

Knowing  t],  Steinmetz's  formula  enables  us  to  calculate  the  loss  of  power 
in  watts  due  to  hysteresis.  If  M  is  the  mass  of  iron  in  kilogrammes,  as- 
suming a  specific  gravity  of  77,  we  have  for  the  volume  in  cubic  centimetres, 

^  _M .  1000 
77      ' 
If  the  complete  cycle  is  gone  through  /  times  per  second  the  energy 
dissipated  will  be  ^^^^^ 

■n  ■  Smax  •      y.y      ■  /  ergs  per  second. 

Now,  in  Section  41  we  shall  see  that 

I  erg  =  I  centimetre-dyne  =  —  .  -5 metre-kilogramme, 

^  •'  100    981,000  ° 

wherefore  (see  page  21) 

I  erg  per  sec.  =    g^   ^^,  met-kg  per  sec.  =  — ^  watt. 

To  obtain  the  loss  in  watts  we  have  therefore  to  divide  the  loss  in  ergs  per 

second  by  10',  hence  „i-6      ,,    j.       _a 

P=^ — 55?? i watts    (60). 

7-7  ^ 

If,  for  example,  tj  =  0-002,  M  =  100  kg,   /=  50  and  5max  =  7000,  we 

^^^^  „     0-002. 70001-8. 100.50. 10-* 

P  = '- =  184  watts. 

7-7 

Lately,  however,  Steinmetz's  coefficient  ij  has  been  used  much  less  than 
formerly.  When,  as  is  now  usual  in  practice,  the  hysteresis  loss  is  deter- 
mined by  the  wattmeter  method,  using  alternating  current,  a  new  difficulty 
crops  up,  for  the  reading  on  the  wattmeter  includes  not  only  the  loss  due 
to  hysteresis  but  another  loss  due  to  the  so-called  Foucault  currents  or 
eddy  currents.  The  total  loss  is  now  usually  specified  as  being  so  many  watts 
per  kilogramme  at  a  frequency  of  50  cycles  per  second,  the  maximum  in- 
duction being  10,000.  This  loss-coefficient,  as  it  is  called,  lies  between  3 
and  4  for  the  iron  generally  used  for  stampings. 

32.    Dynamic  Effect  of  Parallel  Currents. 

Two  parallel  wires  are  shown  in  Fig.  72,  carrying  currents  in  the  same 
direction.  Looking  along  the  wires  from  A  and  B  we  shall  see  the  feathers 
of  the  arrows,  which  are  represented  by  crosses  in  the  cross-sections  of  the 
wires.  The  lines  of  force  due  to  the  individual  wires  combine,  as  we  have 
already  seen  in  Section  27,  to  form  longer  lines  encircling  both  wires.  We 
have  already  likened  the  lines  of  force  to  stretched  elastic  bands,  and 
have  calculated,  for  one  special  case,  the  force  with  which  they  oppose  any 
attempt  to  lengthen  them.   The  lines  will  accordingly  tend  to  contract  in 
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the  case  shown  in  Fig.  72  and  thereby  draw  the  conductors  together.  The 
attraction  will  be  the  greater  because  of  the  lines  of  force  between  the  wires 
being  in  opposite  directions,  the  resultant  field  vanishing  at  a  point  between 
the  wires.  We  arrive  therefore  at  the  conclusion  that:  Parallel  wires 
attract  each  other  when  carrying  currents  in  the  same  direction. 


{  (   ®  )   1 


Fig.  72 


If,  however,  the  currents  flow  in  opposite  directions  (Fig.  y^),  we  shall 
see  from  A  the  point,  and  from  B  the  feather  of  the  arrows  representing 
the  direction  of  current.  Drawing  the  lines  of  force  due  to  each  wire 
separately,  we  see  that  thej'  are  in  the  same  direction  between  the  wires 
and  can  therefore  be  added,  whereas,  in  the  space  outside,  they  counteract 
each  other.  We  have  seen  that  lines  of  force  in  the  same  direction  exert  a 
lateral  pressure,  tending  to  mutually  repel  one  another,  and  in  the  present 
case  this  will  lead  to  the  wires  being  mutually  repelled.  Hence,  parallel 
wires  repel  each  other  when  carrying  currents  in  opposite  direction. 

. a  /^(  0  )  \ 

« « ^[         (  ®  \        ] 

Fig-  73 

In  each  case  we  observe  that  the  tendency  is  to  increase  the  total  number 
of  lines  produced. 

The  application  of  this  dynamic  effect  to  the  construction  of  watt- 
meters was  mentioned  in  the  previous  section.  It  is  also  employed  in  the 
construction  of  ammeters  and  voltmeters  of  the  so-called  dynamometer 
type. 

23.    Induced  Electromotive  Force. 

Imagine  a  conductor  of  length  I  cm  perpendicular  to  the  lines  of  force 
to  be  moved  in  a  direction  perpendicular  both  to  the  field  of  strength  H,  and 
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to  its  own  length.  If  the  distance  moved  through  in  the  time  dt  be  ds,  the 
velocity  is  ^^ 

u  =  T-  cm  per  second. 

In  Fig.  74  the  hnes  of  force  pass  normally  through  the  paper  from  front 

to  back,  and  are  represented  by  points.  The  conductor  I  is  moved  along  the 

metaUic  rails  in  the  plane  of  the  paper  and  it 

If'        *  n  '       ^^  found  experimentally  that  an  electromotive 

,       force  is  induced  in  it.  This  electromotive  force 

only  exists  while  I  is  in  motion  and  vanishes- 

directly  I  comes  to  rest.    If  the  slide-rails  are 

metallically  connected,  as  shown  in  the  figure, 

then    the    electromotive    force    produces    a 

"       current,  the  direction  of  which  is  indicated 

by  the  dotted  arrow,  when  I  is  moved  down- 

p.  wards.   During  the  time  dt  a  certain  amount 

of  work  is  done  by  the  electric  current,  which, 

from  Section  lo,  is  equal  to  the  product  of  electromotive  force,  current, 

and  time.  We  will  now  express  the  current  in  absolute  units  and  the  work 

also  in  absolute  units,  that  is,  in  centimetre-dynes  or  ergs.    We  have 

therefore  ,tt/  t'  j^ 

dW  =  e.r.dt  ergs, 

where  e  is  the  electromotive  force  in  some  units  not  yet  defined,  but  cer- 
tainly not  volts.  This  work  dW  is,  naturally,  only  obtained  by  the  expendi- 
ture of  an  equal  amount  of  mechanical  work.  We  know  from  page  54  that 
the  current  in  I,  and  the  magnetic  field,  exert  a  certain  force/,  which  must 
be  overcome  when  moving  the  conductor.  It  foUows  from  Lenz's  law  that 
the  induced  current  is  always  in  such  a  direction  that  it  opposes  the  motion 
inducing  it.  For  the  magnitude  of  this  opposing  force,  we  have  from  equa- 
tion  (32)  on  page  54  f^H.I'.l  dynes. 

The  mechanical  work  is  the  product  of  the  force  and  the  distance,  so  that 

dW  =  H. r.  I. ds  ergs. 

Equating  the  mechanical  energy  expended  and  the  electrical  energy 

developed,  we  have  e.I'.dt  =  H.I'.l. ds, 

ds 
whence  e  =  H.l  .jt  =  H  .l.v (61). 

Hence,  the  electromotive  force  induced  in  a  conductor  by  its  movement 
in  a  magnetic  field  is  proportional  to  the  field  strength,  to  the  length  of  the 
conductor,  and  to  the  velocity  with  which  it  moves.  From  equation  (61) 
we  can  obtain  the  definition  of  the  absolute  unit  of  electromotive  force. 
If  we  put  H  =  1,  I  =  I,  and  v  =  i,  then  we  get  e  =  i.  Hence,  the  absolute 
unit  of  electromotive  force  is  induced  when  a  conductor  i  cm  long 
moves  with  a  velocity  of  i  cm  per  second  perpendicular  to  its  length 
and  to  the  field  of  unit  strength. 

We  are  now  in  a  position  to  calculate  in  a  simple  manner  the  electro- 
motive force  of  a  machine.   Suppose,  for  example,  we  require  to  find  the 
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maximum  value  of  the  e.m.f.  of  an  alternator,  that  is,  the  e.m.f.  at  the 
moment  when  the  armature  wires  are  under  the  middle  of  the  poles.  Let 
the  total  number  of  armature  wires  be  400,  each  having  an  active  induced 
length  of  30  cm  and  let  the  field  strength  at  the  middle  of  the  pole  be  5000. 
Then,  at  a  peripheral  speed  of  20  metres  per  second,  i.e.  2000  cm  per  second, 
the  electromotive  force  will  be 

e  =  5000.30.400.2000  =  1200.10*  absolute  units. 

The  absolute  unit  is  far  too  small  for  practical  purposes  and  a  multiple 
of  it  is  therefore  used,  viz.  10®  absolute  units,  and  is  called  a  volt.  This  is 
the  practical  unit  of  pressure  which  was  introduced  in  Section  2,  but  could 
not  then  be  accurately  defined.  If  e  represents  the  electromotive  force  in 
volts,  we  have  e  =  HJ.v.io-'    (62). 

In  the  example  calculated  above  the  momentary  electromotive  force 
was  therefore  1200  volts. 

If,  instead  of  being  at  right  angles,  the  conductor  is  at  an  angle  ^  to  the 
lines  of  force,  it  follows  from  equation  (31)  on  page  54  that 

e  =  H.l.v.sm(l).io~^  (63). 

If,  further,  the  motion  is  not  perpendicular  to  the  field,  but  at  some  angle, 
then  V  must  be  put  equal  to  the  component  at  right  angles  to  the  field. 

The  equations  which  we  have  thus  established  can  be  still  further 
simplified.  The  product  I. ds  in  equation  (61)  represents  the  area  swept  out 
by  the  conductor,  and  the  product  H.l.ds  the  total  number  of  lines  d^ 
cut  by  the  moving  conductor.  We  write  d^  because  we  are  dealing  with 
an  infinitesimal  distance  ds,  the  number  of  Hues  cut  being  therefore  also 
infinitely  small.   For  a  single  conductor,  we  get  from  equation  (61) 

d(S>  ,,  , 

'=M (64). 

The  electromotive  force  is  thus  obtained  in  absolute  units  by  dividing 
the  number  of  lines  cut  by  the  time  taken  to  cut  them,  or,  in  other  words, 
the  electromotive  force  is  equal  to  the  rate  at  which  the  lines  are  cut. 

If,  in  the  time  t,  the  flux  O  cuts  T  turns,  it  is  equivalent  to  OT  lines 
cutting  a  single  wire,  and  the  average  value  of  the  induced  e.m.f.  in  volts  is 

E  =  — — .  10-*- 
z 

The  product  of  lines  and  turns  finked  by  the  fines  is  sometimes  cafied  the 
number  of  linkages.  In  the  above  example  the  linkages  are  O .  T.  Tfie 
electromotive  force  is  therefore  equal  to  the  rate  at  which  finkages  are 
made  or  broken. 

The  absolute  unit  of  electromotive  force  is  induced  when  one  line 
of  force  is  cut  per  second.  One  volt  is  induced  by  the  cutting  of  10* 
lines  per  second. 

Having  determined  the  magnitude  of  the  induced  e.m.f.  we  must  now 
consider  its  direction.  This  can  be  determined  by  means  of  a  swimming 
rule,  due  to  Faraday,  which  is  as  follows :  To  a  person  swimming  along 
the  lines  of  force,  that  is,  from  north  to  south  pole,  and  looking  in 
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Fig.  75 


the   direction    along   which    the    conductor    is   moving,   the    induced 
electromotive  force  is  from  left  to  right.    In  Fig.  75  the  lines  of  force 

are  in  the  plane  of  the  paper  from 
right  to  left.  They  pass  normally 
through  a  vertical  plane  in  which 
the  horizontal  conductor  moves 
downwards.  If  we  swim  from 
right  to  left  with  the  face  down- 
wards our  right  hand  will  point 
in  the  direction  of  the  dotted 
arrow,  which  is  therefore  the 
direction  of  the  induced  electro^ 
motive  force.  That  this  direction 
for  the  induced  current  is  neces- 
sarily correct  follows  from  a 
comparison  of  the  two  swimming 
rules  of  Ampere  and  Faraday 
respectively.  If  we  swim  with 
the  current  along  the  dotted  arrow  and  look  towards  the  north  pole 
whence  the  lines  of  force  proceed,  the  north  pole  would,  according  to 
Ampere's  rule,  tend  to  move  towards  our  left,  that  is,  downwards.  If  the 
pole  is  fixed  the  conductor  tends  to  move  upwards.  Hence,  the  conductor 
tends  to  oppose  the  downward  movement,  as  indeed  it  must,  to  conform 
to  Lenz's  law  or  to  the  principle  of  the  conservation  of  energy.  The  direction 
found  for  the  induced  e.m.f.  is  therefore  the  correct  one. 

We  can  apply  this  rule  directly  to  the  armatures  of  dynamos.  In  Fig.  76 
is  shown  a  hollow  iron  cylindrical  or  ring  armature,  with  a  closed  winding  of 
insulated  copper  wire,  which  is  rotated  in  a  clockwise  direction  between  the 
poles  N  and  S  of  an  electromagnet.  The  lines  of  force  leave  the  north  pole 
and  pass  right  and  left  through  the  armature  to  the  south  pole,  leaving  the 
air  space  inside  the  armature  almost  free  from  lines  of  force.  It  is  therefore 
only  the  wires  on  the  outside  cylindrical  surface  that  cut  the  lines  of  force. 
Applying  Faraday's  swimming  rule  we  find  that  in  the  wires  under  the 
north  pole  the  induced  electromotive  force  is  from  front  to  back,  while  in 
those  under  the  south  pole  it  is  from  back  to  front.  When  current  flows  in 
the  armature  its  direction  will  be  as  indicated  by  the  arrows,  viz.  away  from 
the  south  pole  towards  the  north  in  the  end  connections  facing  us  in  the 
figure.  We  see  that  the  current  flows  to  the  right  both  in  the  upper  and 
lower  half  of  the  armature,  meeting  at  a  point  halfway  between  the  poles, 
where  the  currents  from  each  half  join  and  leave  the  armature  together  by 
means  of  the  positive  brush.  After  flowing  through  the  external  circuit 
the  current  enters  the  armature  again  by  the  negative  brush,  and  divides 
between  the  upper  and  lower  halves  of  the  winding.  For  the  sake  of  sim- 
plicity the  brushes  are  shown  rubbing  on  the  external  armature  wires, 
from  which  the  insulation  would  then  have  to  be  removed. 

If  the  armature  remains  stationary  while  the  poles  rotate,  the  swimming 
rule  must  be  applied  to  the  relative  motion.  If,  for  example,  in  Fig.  77, 
which  represents  the  usual  arrangement  of  alternators,  i.e.  dynamos  which 
generate  alternating  current,  the  north  pole  moves  to  the  right,  the  effect 
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is  the  same  as  if  the  pole  were  fixed  and  the  armature  wires  moved  to  the 
left.  If  we  imagine  ourselves  to  be  swimming  with  the  field,  that  is,  from 
Nto  A  and  looking  in  the  direction  of  the  relative  motion  of  the  conductors, 
that  is,  towards  the  left,  the  direction  of  the  induced  e.m.f.  will  be  indicated 
by  our  right  hand,  that  is,  downwards  through  the  paper.  The  current  in 
the  wires  at  A  will  therefore  be  represented  by  crosses,  while  in  a  similar 
manner  we  find  that  the  current  in  the  wires  under  the  south  pole  is  coming 
towards  us  and  must  be  represented  by  dots. 

Another  simple  rule  for  finding  the  direction  of  the  induced  e.m.f.  is  the 
right-hand  rule.  If  the  thumb  and  first  two  fingers  of  the  right  hand  point 
mutually  at  right  angles,  like  the  three  edges  at  a  corner  of  a  cube,  and  the 
first  finger  points  along  the  lines  of  force,  while  the  thumb  points  in  the 
direction  of  motion,  the  second  finger  will  give  the  direction  of  the  induced 
electromotive  force. 


Fig.  77 


We  must  be  careful  to  notice,  however,  that,  although  we  speak  some- 
times of  the  direction  of  the  induced  current,  it  is  electromotive  force  and 
not  current  which  is  induced.  In  Fig.  74,  for  example,  electromotive  force 
was  induced  in  I  even  when  its  ends  were  not  metallically  connected,  and 
this  electromotive  force  could  be  shown  and  measured  on  an  electroscope. 
We  must,  for  this  reason,  accustom  ourselves  to  think  of  the  electromotive 
force  as  the  thing  induced,  its  magnitude  depending,  as  we  have  seen,  on  the 
field,  on  the  length  of  conductor,  and  on  its  velocity,  whereas  the  current  is 
quite  an  arbitrary  thing  depending  on  the  external  resistance,  that  is,  on 
the  load  taken  by  the  customers  of  a  station.  The  fact  that  the  e.m.f.  of  a 
dynamo  is  not  constant,  but  varies  because  of  the  effect  of  the  current  on 
the  magnetic  field,  need  not  prevent  us  from  seeing  in  the  electromotive 
force  the  cause,  and  in  the  current,  the  effect. 

In  the  foregoing,  we  have  always  looked  upon  the  electromotive  force 
as  being  caused  by  the  cutting  of  Hues  of  force.  It  is,  however,  often  con- 
venient to  look  upon  the  phenomenon  from  another  point  of  view,  according 

6—2 
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to  which  electromotive  force  is  due  to  an  increase  or  a  decrease  in  the 
number  of  lines  of  force  passing  through  a  coil.  In  Fig.  74,  for  example,  the 
number  of  lines  passing  through  the  coil,  made  up  of  the  conductor  I  and 
the  slide-rails,  is  decreased  by  the  motion  of  I.  A  current  is  thereby  in- 
duced which  flows  round  the  circuit  in  a  clockwise  direction.  This  current 
produces  lines  of  force  which  pass  down  through  the  paper  inside  the  circuit, 
and  which  are  therefore  in  the  same  direction  as  those  of  the  original  field. 
From  this  it  follows  that,  if  the  number  of  lines  through  a  circuit  be 
decreased,  a  current  is  induced  which  tends  to  keep  up  the  number  of 
lines,  whereas,  if  the  lines  be  increased,  a  current  is  induced  which 
tends  to  weaken  the  field.  Lenz's  law  may  thus  be  expressed  in  the 
following  general  form :  The  current  induced  by  a  change  in  the  mag- 
netic field  is  such  as  to  oppose  the  change. 

For  this  reason,  equation  (64)  must  be  re-written  thus : 

'=-irt    (^5). 

i^  represents  an  increase  in  the  number  of  lines.  If  this  is  positive,  the 
electromotive  force  will  be  negative,  that  is,  it  will  produce  a  current  in  such 
a  direction  as  to  weaken  the  field.  If  the  field  passes  through  more  than  one 
turn  of  the  coil  or  circuit,  <!>  will  represent  the  number  of  linkages  and  A<^ 
the  change  in  the  number  of  linkages. 

34.    The  Laws  of  Mutual  Induction. 

So  far,  we  have  considered  the  electromotive  force  induced  when  a  con- 
ductor cuts  the  fines  of  force  produced  by  a  magnet.  We  will  now  consider 
the  effect  of  one  conductor  cutting  the  fines  of  force  produced  by  another 
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Fig.  78 

conductor.  The  induction  in  such  a  case  is  called  mutual  induction.  In  the 
primary  wire  1  in  Fig.  78  a  current  flows  from  right  to  left,  producing  fines 
of  force  as  shown  in  the  figure,  viz.  coming  out  from  the  paper  at  ^,  B  and  C. 
If  the  secondary  conductor  II  is  moved  towards  7,  it  will  cut  the  fines  of 
force  at  ^,  B,  C,  etc.,  and  an  electromotive  force  will  be  induced  in  it,  the 
direction  of  which  is  found  by  the  swimming  rule  or  by  the  right-hand  rule 
to  be  from  left  to  right  as  shown  by  the  dotted  arrow. 

Here  again  we  can  check  our  result  by  means  of  Lenz's  law,  which  is  only 
an  application  of  the  conservation  of  energy.  If  the  ends  of  conductor  // 
are  externally  joined  by  means  of  a  conductor,  a  current  will  flow  in  the 
opposite  direction  to  that  in  I.   We  have  seen  in  Section  32  that  the  con- 
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ductors  will  in  this  case  repel  one  another,  and  therefore  oppose  the  motion 
oi  II  vihich  is  towards  7.  The  work  done  in  the  latter  case  in  forcibly 
bringing  the  wires  nearer  appears  as  heat  in  the  secondary  wire.  We  come 
therefore  to  the  conclusion  that,  on  decreasing  the  distance  between  the 
wires,  the  induced  secondary  current  is  opposed  to  the  primary,  whereas 
on  increasing  the  distance  the  secondary  current  is  in  the  same  direction 
as  the  primary  current. 

It  is,  however,  not  necessary  to  move  the  wires  mechanically  nearer 
together,  for  an  electromotive  force  is  induced  in  the  secondary  whenever 
the  primary  current  is  increased  or  decreased,  since  its  hues  of  force  must 
thereby  cut  through  the  secondary  conductor. 

We  are  thus  led  to  the  most  important  conception,  already  used  in 
Section  30,  according  to  which  the  lines  of  force  do  not  suddenly  appear  or 
disappear  throughout  a  space,  but,  leaving  the  conductor,  gradually  spread 
out  from  it,  to  be  followed  by  others,  in  much  the  same  way  as  the  ripples 
spread  out  from  the  point  where  a  stone  has  been  thrown  into  a  lake.  As 
the  current  in  /  increases  the  lines  of  force  will  be  represented  successively 
by  Figs.  79  and  80,  in  which  we  see  that  they  cut  the  secondary  conductor 
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Fig.  79  Fig.  80  Fig.  81 

in  a  downward  direction.  The  result  is  the  same  as  if  the  field  were  station- 
ary and  the  conductor  II  were  moved  upwards  towards  I.  From  this  it 
follows  that  the  induced  secondary  current  is  opposed  to  the  growing  pri- 
mary current,  while  it  is  in  the  same  direction  as  the  decreasing  primary 
current. 

It  is  possible  to  utilise  this  mutual  induction  for  the  transformation  of 
direct  into  alternating  current.  Fig.  8i  represents  diagrammatically  a  so- 
called  induction  coil.  It  consists  of  a  primary  winding  /  supphed  with 
direct  current,  one  end  of  the  winding  being  joined  directly  to  the  battery, 
while  the  other  end  is  connected  to  the  fulcrum  D  of  the  spring  /.  The  cir- 
cuit is  completed  by  means  of  a  contact  point  touching  the  spring  and 
connected  to  the  other  pole  of  the  battery.  Directly  the  circuit  is  closed  the 
coil  acts  as  an  electromagnet  and  attracts  a  piece  of  iron  attached  to  the 
end  of  the  spring,  and  thereby  pulls  the  spring  away  from  the  contact  point. 
The  current  being  now  broken,  the  coil  loses  its  magnetism  and  allows  the 
spring  to  go  back  and  close  the  circuit  once  more.  The  current  in  the  pri- 
mary coil  is  thus  intermittent.  Wound  over  this  primary  coil  is  a  secondary 
coil,  which,  for  the  sake  of  clearness,  is  shown  beside  the  primary  coil  in  Fig. 
81.    The  primary  lines  of  force  grow  and  die  away  again  in  rapid  succession 
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and  thus  cut  through  the  secondary  windings  first  in  one  direction  and  then 
in  the  other,  thereby  inducing  in  them  an  electromotive  force  of  rapidly 
alternating  direction.  If  the  secondary  terminals  are  connected  by  means 
of  a  conductor,  an  alternating  current  will  flow  in  the  secondary  circuit. 
This  current  increases  from  zero  to  a  maximum,  dies  away  again  to  zero 
and  then  reverses  and  goes  through  the  same  changes  in  the  other  direction. 
The  current  changes  therefore  both  in  magnitude  and  in  direction.  By 
increasing  the  number  of  secondary  turns  and  making  the  primary  current 
break  as  rapidly  as  possible,  the  secondary  electromotive  force  can  be  made 
so  large  that  the  spark  will  jump  across  a  considerable  air-gap.  In  this  way 
induction  coils  are  now  made  to  give  a  spark  through  the  air  over  a  yard 
long. 

Of  even  greater  importance  from  a  technical  point  of  view  is  the  applica- 
tion of  this  principle  of  mutual  induction  to  the  construction  of  transformers 
which  transform  the  high  pressure  alternating  current  transmitted  over  the 
line  down  to  an  alternating  current  of  a  low  pressure  suitable  for  ordinary 
use.  We  have  seen  that  a  very  high  pressure  is  essential  for  long-distance 
transmission  in  order  to  keep  the  losses  small,  or,  if  the  losses  are  fixed,  in 
order  to  keep  the  size  of  wire  within  practicable  limits.  To  use  such  high 
pressures  a  great  number  of  lamps  would  have  to  be  put  in  series,  in  which 
case  we  would  lose  the  independence  of  the  separate  lamps.  In  addition  to 
this,  the  insulation  for  such  high  pressures  would  be  extremely  difficult,  and 
pressures  above  500  volts  are  very  likely  to  give  a  fatal  shock  to  a  person 
touching  the  live  wires.  From  the  results  of  experiments  it  is  known  that 
the  human  body  can,  generally  speaking,  stand  a  current  of  about  a  hun- 
dredth of  an  ampere  for  a  short  time  without  any  serious  damage.   If  the 

resistance  of  the  body,  when  contact  is 

lightly  made  with  the  finger-tips*,  be  esti- 
jl  mated  at  50,000  ohms,  we  see  that  the 

dangerous  pressure  begins  at  about  500 

volts,  thus, 

E  =  I.R  =  y^. 50,000  =  500  volts. 

We  see  therefore  that  it  is  necessary  to 
reduce  the  pressure  to  a  value  more  suitable 
for  the  consumer,  and  this  reduction  of 
pressure  is  accomplished  very  simply  by 
means  of  an  alternating  current  trans- 
former (Fig.  82) .  It  consists  of  an  iron  core 
built  up  of  insulated  stampings,  which 
carries  a  primary  and  a  secondary  winding; 
In  our  case  the  transformer  is  a  step-down 
transformer,  and  the  primary  winding  will 
therefore  be  connected  to  the  high-pressure 
supply.  The  primary  winding  must,  for  this 
reason,  consist  of  a  great  number  of  turns  of  fine  wire.    The  lines  of  force 

*  If  good  contact  be  made  with  moistened  hands  a  far  lower  pressure  may  prove 
fatal.  Cases  are  on  record  where  the  voltage  was  below  100.  It  depends  largely  on  the 
health  of  the  individual. 
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produced  by  this  winding  will  cut  the  secondary  winding,  which  must 
consist  of  a  few  turns  of  thick  wire,  so  that  the  electromotive  force  induced 
in  it  may  be  small.  Now,  the  lines  of  force  produced  by  the  primary  winding 
will,  as  they  alternately  grow  and  die  away,  cut  the  primary  turns  them- 
selves, and  induce  in  them  an  electromotive  force  proportional  to  the 
number  of  primary  turns.  We  shall  see  later  that  this  e.m.f.  is  almost 
exactly  equal  and  opposite  to  that  apphed  to  its  terminals.  We  see,  there- 
fore, that  the  primary  and  secondary  pressures  are  proportional  to  the 
number  of  turns  in  the  corresponding  windings.  The  principles  of  the  trans- 
former are  very  easy  to  follow  until  current  is  taken  from  the  secondary 
side,  when  the  question  becomes  more  complicated  owing  to  the  lines  of 
force  being  now  due  to  the  combined  action  of  both  primary  and  secondary 
currents.  We  shall  postpone  a  full  investigation  of  the  transformer  until 
Chapter  XI. 

35.    Self-induction. 

Towards  the  end  of  the  previous  section  it  was  mentioned  that  the  Hues 
of  force  produced  by  a  coil,  in  growing  and  dying  away,  cut,  not  only  neigh- 
bouring wires,  but  also  the  turns  of  the  coil  itself.  In  Fig.  83  the  dotted 
lines  represent  the  growth  of  the  lines  of  force  due  to  a  single  turn  of  the 
coil.  Each  line  of  force  emerges  from  the  wire  of  the  turn  to  which  it  is  due, 
and  gradually  grows  until  it  finally  lies  entirely  in  the  iron  ring,  having  cut, 
on  its  way,  every  turn  in  the  coil.  We  will  now  calculate  the  magnitude  of 
the  electromotive  force  induced  in  the  coil  in  this  way. 

Let  T  be  the  number  of  turns  in  the  coil, 

A,  the  cross-section  of  the  iron, 
and  I,  the  length  of  the  magnetic  path  in  the  ring. 

We  will  assume  that  the  permeability  jjl  is  constant,  which  is  approxi- 
mately true  for  low  values  of  the  induction,  for  which  B  is  roughly  propor- 
tional to  H.  If,  now,  the  current 
of  /'  absolute  units  increases  by 
■  an  amount  dl'  in  the  time  dt,  the 
increase  in  the  number  of  lines 
of  force  per  sq.  cm  will  be  (see 
equation  (42)  on  page  61) 

477.  T  .dl'.  n 
I  ' 


dB=- 


and  the  increase  in  the  total  flux 
will  be 

,_       47r  .  T .  dl' .  u-      . 
d(^  =  ^ -J .  A . 


Fig.  83 


These  lines  cut  T  turns  in  the 
time  dt.  The  electromotive  force 
of  self-induction  thereby  produced  was  seen  in  Section  ^3  to  oppose 
whatever  change  of  current  produced  it.    Since  d^  represents,  as  before. 
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an  increase  in  the  number  of  lines,  we  must  put  a  negative  sign  before  the 
right-hand  side  of  the  e.m.f.  equation.  Substituting  this  value  of  d<^  in 
equation  (65)  on  page  84,  ^^ 

we  have  e  =  —  ''^ — ^^-^ — . -^  absolute  units  (66). 

If,  now,  the  current  is  expressed  in  amperes,  the  right-hand  side  be- 
comes 10  times  too  big,  and  must  therefore  be  multiphed  by  iQ-^.  To  get 
the  electromotive  force  in  volts  the  right-hand  side  must  be  further  multi- 
phed by  10-8.  We  get,  then, 

e=  —  - j-^ — .  TQ-^  .J-  volts  (67). 

The  expression  ^^ — j^-^ — .  io~*  gives  us  the   coefficient  of  self- 

induction  of  the  coil  in  practical  units,  that  is,  in  henries.  Denoting  this 
by  the  letter  L,  we  have  , . 

e=-Z,.|J  volts     (68). 

di 
Hence,  if  e  =  i  when  ji  =  i,  the  self-induction  must  be  i  henry,  i.e.  if  a 

coil  has  a  self-induction  of  i  henry,  an  e.m.f.  of  i  volt  will  be  induced  by 
a  steady  change  of  current  at  the  rate  of  i  ampere  per  second. 
The  coefficient  of  self-induction  can  also  be  expressed  thus : 

L  =  --^ -, .r.io-*  (68a). 

Now  1  — '- —  is  the  flux  produced  by  a  current  of  one  ampere,  and 

multiplying  this  by  T  gives  the  total  number  of  linkages  produced  by  one 
ampere.  It  follows  from  this  that  the  coefficient  of  self-induction  in 
henries  is  the  number  of  linkages  produced  by  a  current  of  i  ampere, 
multiplied  by  lO"*. 

The  henry  is  thus  the  unit  of  self-induction  and  that  coil  has  unit 
coefficient  of  self-induction  for  which  the  above  expression  works  out  to  i. 
The  henry  is  a  practical  unit  and  can  be  introduced  into  calculations  in- 
volving amperes  and  volts. 

From  equation  (68)  it  is  seen  that  the  electromotive  force  of  self-induc- 
tion depends  not  only  on  the  construction  of  the  coil,  but  also  on  the  rate 
at  which  the  current  is  varying. 

The  expression  ^  " — '- —  represents  the  lines  produced  by  one  ampere- 
turn.  This  can  be  estimated  in  many  cases,  e.g.  dynamo  armatures,  with 
sufficient  accuracy.  The  flux  produced  bj'  a  current  /,  flowing  in  T  turns, 
will  be  ^.,  A 

If,  now,  the  current  in  a  coil  is  changed  from  H-  i  to  —  i  in  a  time  t,  due 
to  the  commutator  segments  to  which  it  is  connected  passing  under  a 
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brush,  the  number  of  linkages  cut  in  the  time  t  will  be  2O .  T.  The  average 
value  ofthe  electromotive  force  of  self-induction  will  therefore  be 

r-                     20r            „             0-47r./x.^.T2.7  . 

^^mea.  =   ^T  '  ^°      =  ^  "        T7t "  '°     ' 

or  Since  L  =  °'4"  / "  ^  .  rMo-«, 

Smean~     ^     • 

To  find  L  we  have  simply  to  multiply  the  flux  per  ampere-turn,  which, 
as  we  have  already  said,  can  often  be  estimated  from  past  experience,  by 
the  square  of  the  number  of  turns  and  by  io~*. 

As  an  example,  we  know  that  a  wire  embedded  in  an  open  slot  in  a 
dynamo  armature  produces  a  flux  per  ampere  of  about  6  lines  per  cm  of 
length.  Now,  if  the  armature  length  be  30  cm,  the  embedded  length  of  a 
coil  will  be  60  cm ;  and  if  the  coil  has  2  turns,  the  flux  produced  by  a  current 
of  I  ampere  will  be  2  x  6  x  60  =  720.  Hence,  the  linkages  per  ampere  will 

be  1440,  and  L  =      _g  henry,  neglecting  the  ends  of  the  coil.  If  the  normal 

current  in  the  armature  conductors  is  50  amperes,  and  the  time  of  com- 
mutation t  =  0-004  second,  we  have 

„  _  2LI  _  2  .  1440 .  50 

Smean  f  0-004  -  I0~* 

=  0'36  volt. 

The  effect  of  self-induction  is  seen  in  the  gradual  growth  of  current  in  a 
coil  to  which  a  certain  fixed  p.d.  is  applied.  It  also  causes  the  current  to 
die  away  slowly  when  the  circuit  is  broken.  It  acts  therefore  as  a  sort  of 
inertia,  opposing  any  change  in  the  current.  Its  effect  is  very  considerable 
when  the  circuit  of  an  electromagnet  is  suddenly  broken,  for  the  large 
number  of  lines  in  the  magnet  suddenly  collapses,  cutting  all  the  turns  of 
the  magnet-winding  at  a  high  speed.   Hence,  in  the  equation 

E  =  — —  .  io~^  volts, 

which  we  estabhshed  on  page  81,  both  O  and  T  are  large,  while  t  is  very 
small.  The  electromotive  force  may  be  so  great  in  such  a  case  that  the  in- 
sulation of  the  coil  is  punctured.  In  any  case,  the  spark  produced  on 
breaking  such  a  circuit  is  very  vicious  owing  to  the  electromotive  force  of 
self-induction  trying  to  keep  the  current  flowing,  even  across  the  air-gap  of 
the  switch. 

For  these  reasons  the  field  current  of  dynamos  and  motors  is  often 
greatly  reduced  by  inserting  resistance  before  breaking  the  circuit.  In 
addition  to  this  a  resistance  R  (Fig.  84)  is  often  put  in  parallel  with  the 
field  winding  R^.  When  the  circuit  is  broken,  the  current  in  the  electro- 
magnet, and  the  field,  do  not  die  away  instantly,  but  gradually.  As  the 
field  dies  away  it  induces  an  e.m.f.  of  self-induction  in  the  magnet-winding, 
in  the  same  direction  as  the  decreasing  current.    This  e.m.f.  drives  the 
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current  round  the  circuit  made  up  of  R  and  R^,  and  the  current  gradually 
falls  to  zero. 

It  is  sometimes  necessary  to  make  a  coil  which  shall  have  no  self-in- 
duction. In  one  arrangement  of  the  Wheatstone  bridge  the  current  is 
supplied  from  the  secondary  of  an  induction  coil,  while  the  galvanometer 
is  replaced  by  a  telephone  receiver.  The  resistance  to  be  measured  must 
contain  no  self-induction,  since  the  readings  would  then  be  dependent  on 
the  self-induction  as  well  as  on  the  resistance.  This  method  can  therefore 
only  be  applied  to  resistances  having  negligibly  small  coeiScients  of  self- 
induction,  e.g.  glow-lamps  and  straight  wires.  The  other  resistances  making 
up  the  bridge  must  naturally  also  be  free  from  self-induction.  This  is 
arranged  by  doubling  the  wire  on  itself,  and  then  winding  the  two  parallel 
halves  side  by  side  as  shown  in  Fig.  85.  The  magnetic  effect  of  one  wire  is 
then  neutralised  by  that  of  the  neighbouring  wire. 

It  was  mentioned  in  Section  30  that,  although  no  energy  was  expended 
in  maintaining  a  magnetic  field,  yet  a  certain  amount  of  work  was  done  in 
building  up  the  field,  which  remained  stored  in  it  until  it  collapsed,  when 
the  energy  was  restored.  We  are  now  in  a  better  position  to  understand  this 


Fig.  84 


Fig.  85 


point.  We  saw  that  the  current  in  the  ring-shaped  coil  was  such  as  to  oppose 
the  movement  of  the  gradually  widening  hues  of  force.  We  calculated  the 
work  done  in  overcoming  this  opposition,  by  multiplying  the  number  of 
linkages  by  the  current,  and  we  asked  ourselves  the  question  as  to  how  this 
energy  was  given  to  the  coil.  This  question  we  can  now  answer.  As  the 
current  increases,  the  electromotive  force  of  self-induction  e^  is  opposed 
to  it,  and  must  be  overcome  by  the  apphed  terminal  pressure  V.  If  i  is  the 
current  at  any  moment  and  R  is  the  resistance  of  the  coil,  then,  at  that 
moment,  V  =  e,  +  i.R: 

multiplying  both  sides  by  i.dt,  we  have 

V.i.dt  =  e^.i.dt  +  i^.R.dt. 

Of  these  three  terms,  V.i.dt  is  the  total  energy  supphed  to  the  coil  in  the 
time  di,  while  i^.R.dt  is  the  energy  transformed  into  heat  in  overcoming 
ohmic  resistance.  The  remainder  e^.i.dt  is  used  in  forcing  the  lines  of  force 
through  the  inner  wires  of  the  ring  winding.  This  energy  is  given  back  in 
the  same  form,  viz.  electrical  energy,  when  the  current  decreases  and  the 
lines  of  force  shrink  up  like  a  stretched  elastic  band.  While  the  field  is 
maintained,  this  energy  is  stored  up  in  it,  like  the  potential  energy  of  a 
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stretched  spring.  On  breaking  the  circuit,  the  e.m.f.  of  self-induction  keeps 
the  current  flowing  just  long  enough  to  give  back  this  store  of  energy.  As 
a  rule  it  is  all  transformed  into  heat,  a  large  part  of  which  is  often  evident 
in  the  spark.  If  the  coil  contains  iron,  only  a  part  of  the  expended  energy 
is  given  back,  the  remainder  being  converted  into  heat  by  the  hysteresis 
of  the  iron. 

We  shall  now  consider  more  closely  the  manner  in  which  the  current 
changes  from  zero  to  its  final  steady  value  when  a  constant  potential  dif- 
ference V  is  applied  to  a  coil  or  circuit  having  a  resistance  R  and  inductance 
L.  At  any  moment  we  have  ^^ 


V- 


^■dt" 


■iR, 


where  i  is  the  value  of  the  current  at  the  moment.   Let  /  =  -5 ;  then  I  is  the 

XV 

steady  value  finally  reached  by  the  current,  and  the  above  formula  may  be 
written 


R  di 

R 


di 


I 


/  2 

Fig.  86 


Fig.  87 


Integrating,  we  have 

-^.t  =  loge  (7  -  i)  +  log,  k  =  loge  [k  (7  -  i)l 
where  k  is  some  constant,  depending  on  the  initial  conditions.  In  our  case 
we  assume  that  when  t  =  o,  i-=o  which  makes  ^  =  j ,  and 


-i 


7     /  T  -S  l    —   i  » 


where  e  =  2'7i828,  the  base  of  the  natural  system  of  logarithms.  Hence 
the  value  of  the  current  at  any  moment  t  after  closing  the  switch  is  given 
by  the  equation 


« =  7  (I 


r  •6 


)■ 


If  the  time  be  plotted  horizontally  and  the  current  vertically  we  obtain  the 
curve  shown  in  Fig.  86.  When  the  time  which  has  elapsed  is  equal  to  = ,  we 
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have  i  =  I(x-  e"^)  =  0-637.    Thus  the  ratio  5  for  any  coil  is  really  a  time, 

viz.  the  time  required  for  the  current  to  reach  63  per  cent,  of  its  final  value; 
this  ratio  is  therefore  called  the  time  constant  of  the  coil  or  circuit. 

If  a  coil,  in  which  a  current  is  flowing,  be  suddenly  short-circuited,  the 
current  will  die  away  according  to  a  very  similar  law.  We  have  simply  to 
put  F  =  o,  for  there  is  now  no  p.d.  between  the  terminals  of  the  coil.  Our 
formula  is  therefore  n  ^^ 

■^r  .dt=  — - . 

By  integrating  we  have  ^ 

-j^-t  =  loge  {k .  i) 

and  e  -^    =  k  A. 

Now,  when  t  =  o;  i  =  I:  which,  as  before,  gives  k  =  j, 

so  that  i  =  I .e  ^     . 

This  result  is  shown  graphically  in  Fig.  87,  in  which,  as  also  in  Fig.  86, 

7  =  5  and  ^=x.    When  ^=  „,  »  =  -=  0-377.    In  this  case,  therefore,  the 
K  K  € 

time  constant  is  the  interval  which  elapses  before  the  current  falls  to  37  per 

cent,  of  its  initial  value. 

36.    Eddy  Currents. 

The  name  of  eddy  or  Foucault  currents  is  given  to  those  currents  which 
do  not  flow  along  a  particular  prescribed  path,  but,  following  the  line  of 
least  resistance,  flow  where  they  will  in  the  material.  Such  currents  are 
induced,  for  example,  when  a  massive  conductor  is  cut  by  a  magnetic  field, 
but  their  exact  path  and  intensity  cannot  generally  be  accurately  deter- 
mined. We  know,  however,  that  they  flow,  in  a  general  way,  at  right  angles 
both  to  the  magnetic  field  and  to  the  direction  of  motion.  If,  for  example, 
a  turn  of  rectangular  copper  strip  be  wound  on  a  massive  iron  cylinder,  as 
shown  in  Fig.  88,  and  the  cylinder  be  rotated  so  that  the  upper  part  in  the 
figure  comes  out  from  the  paper,  the  direction  of  the  induced  e.m.f.  will 
be  as  shown  by  the  arrow.  An  equal  e.m.f.  will,  however,  be  induced  in  the 
iron  below  the  copper  strip.  In  consequence  of  the  large  cross-section  and 
therefore  the  small  resistance  of  the  iron,  the  current  produced  by  this 
latter  e.m.f.  will  be  very  considerable.  The  heat  thus  generated  will  cause 
a  prohibitive  temperature  rise  in  the  iron,  besides  representing  a  great  waste 
of  power.  The  iron  in  Fig.  88  may  be  looked  upon  as  a  short-circuited 
dynamo  and  work  must  be  done  in  turning  it,  because  the  induced  currents 
oppose  the  motion  to  which  they  are  due. 

The  energy  consumed  by  eddy  currents  can  be  demonstrated  in  a  very 
simple  manner  by  means  of  a  pendulum  with  a  bob  of  sheet  copper,  so 
arranged  that  the  latter  can  swing  freely  through  the  narrow  gap  between 
the  poles  of  an  electromagnet.  On  closing  the  exciting  circuit  of  the  magnet, 
the  pendulum  is  brought  rapidly  to  rest,  as  if  the  bob  were  immersed  in  a 
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viscous  fluid.  The  energy  of  the  pendulum  is  used  up  in  overcoming  the 
opposing  forces  due  to  the  induced  eddy  currents  in  the  copper  sheet,  and 
the  energy  is  converted  into  heat  in  accordance  with  Joule's  law.  It  is 
evident  that  eddy  currents  represent,  under  all  circumstances,  a  loss  of 
energy,  and  to  avoid  this  loss  the  armatures  of  machines  are  always  built  up 
of  sheet  iron  stampings  or  discs,  as  shown  in  the  lower  half  of  Fig.  88.  The 
plates  are  insulated  from  one  another  by  means  of  varnish  or  thin  paper, 
or  sometimes  by  nothing  more  than  the  oxide  on  the  surface.  The  iron 
must  evidently  be  laminated  in  a  plane  perpendicular  to  the  armature 
conductors,  so  as  to  break  up  the  path  along  which  the  eddy  currents 
would  flow. 

When  the  armature  winding  is  placed  in  open  slots  it  is  often  necessary 
to  laminate  the  pole-shoes,  as  the  lines  of  force  go  mainly  through  the  teeth, 
and  cross  to  the  pole-face  in  tufts  as  shown  in  Fig.  152.  The  flux-density 
in  the  pole-shoe  is  greater  opposite  a  tooth  than  opposite  a  slot,  so  that, 
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as  the  armature  rotates,  each  point  of  the  pole-face  is  subjected  to  a  rapidly 
varying  field.  In  this  way,  electromotive  forces  are  induced  in  the  pole-shoe, 
necessitating  its  lamination. 

Eddy  currents  can  also  occur  in  the  copper  bars  or  wires  of  the  armature 
winding  itself;  especially  if  these  be  very  massive,  as  shown,  in  a  very 
exaggerated  way,  in  Fig.  89,  which  may  be  regarded  as  a  section  through 
Fig.  88.  In  the  position  shown,  one  edge  of  the  bar  is  moving  in  a  strong 
field  while  the  other  edge  is  outside  the  pole  and  therefore  in  a  weak  field. 
The  electromotive  force  induced  in  the  part  under  the  pole  will  drive  current 
principally  through  the  end  connections,  and  thus  through  the  external 
circuit,  but,  at  the  same  time,  it  will  drive  current  back  along  the  other 
edge  as  shown  by  the  dotted  lines  in  the  small  side-view  of  the  conductor. 
These  eddy  currents  are  diminished  by  rounding  off  the  edges  of  the  poles 
or  by  making  the  air-gap  larger  towards  the  edges  than  at  the  centre,  thus 
causing  a  more  gradual  change  in  the  field  strength.  They  are,  however, 
almost  entirely  avoided  by  using  toothed  armatures,  in  which  the  lines 
pass  almost  entirely  through  the  teeth,  as  shown  in  Fig.  152.  The  field  in 
the  slot  is  therefore  very  weak  and  the  e.m.f.  induced  by  the  motion  of 
the  conductor  through  this  field  is  small.    The  main  part  of  the  e.m.f. 
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induced  in  the  armature  coils  is  due  to  the  change  in  the  flux  passing 
through  them  by  way  of  the  teeth. 

Although,  in  all  the  cases  above  mentioned,  eddy  currents  were  posi- 
tively harmful,  there  are  cases  in  which  they  are  turned  to  account  with 
great  advantage.  In  one  form  of  tramcar  brake,  an  iron  disc,  keyed  to  the 
axle,  revolves  between  the  poles  of  an  electromagnet.  When  the  latter  is 
excited  the  eddy  currents  induced  in  the  disc  oppose  its  motion,  and  the 
kinetic  energy  of  the  moving  car  is  converted  into  heat  in  the  disc. 

Eddy  currents  are  also  used  for  damping  galvanometers,  the  needles  of 
which  move  in  a  hollow  block  of  copper.  The  instrument  is  thus  made 
aperiodic,  that  is,  it  takes  up  its  new  position  without  swinging  about.  If 
the  instrument  is  of  the  moving  coil  t3rpe,  as  so  many  mirror  galvanometers 
are,  the  coil  is  rapidly  brought  to  rest  by  short-circuiting  it.  The  currents 
induced  in  it,  as  it  swings  between  the  poles  of  the  permanent  magnet,  oppose 
the  motion  producing  them;  these  currents  are  not  eddy  currents,  however, 
as  they  flow  in  the  windings  of  the  coil. 


CHAPTER  V 

37.  The  units  of  length,  mass,  and  time  in  the  absolute  system. — 38.  Dimensions  and 
units  of  velocity,  acceleration,  and  force. — 39.  Dimensions  and  units  of  pole- 
strength,  field-strength,  and  magnetic  flux. — ^40.  Dimensions  and  units  of  pressure, 
current  strength,  quantity  of  electricity,  and  resistance.^41.  Dimensions  and 
units  of  energy,  heat,  and  power. — 42 .  Dimensions  and  units  of  the  coefficient  of 
self-induction,  and  of  capacity. 

37.    The  Units  of  Length,  Mass,  and  Time  in  the 
Absolute  System. 

The  unit  of  length  in  the  absolute  system  is  the  centimetre.  This  is 
defined  as  the  hundredth  part  of  the  standard  metre  preserved  in  Paris. 
The  standard  metre  is  approximately  a  ten-millionth  part  of  the  length  of 
a  quadrant  of  the  earth,  taken  through  Paris. 

The  absolute  unit  of  mass  is  the  gramme.  This  is  defined  as  the  mass  of 
a  cubic  centimetre  of  water  at  4°  C,  or  better,  as  the  mass  which  weighs  as 
much  as  i  cubic  centimetre  of  water.  Hence,  the  weight  of  a  body  in 
grammes  gives  its  mass  directly  in  absolute  units.  The  student  must  be 
careful  to  distinguish  between  mass  and  weight.  The  mass  of  a  cubic  centi- 
metre of  water  represents  a  certain  quantity  which  is  the  same  at  any  point 
on  the  earth's  surface,  or  in  space.  Its  weight,  on  the  other  hand,  will  vary 
from  point  to  point,  and  will  be  appreciably  different  at  the  poles  to  what 
it  is  on  the  equator.  The  weight  of  a  given  mass  is  the  force  with  which  it 
is  attracted  by  the  earth.  Since  this  force  of  gravity  is  found  experimentally 
to  be  strictly  proportional  to  the  mass,  for  any  given  point  on  the  earth's 
surface,  the  mass  of  a  body  is  generally  determined  from  its  weight  and 
expressed  in  the  same  units.  We  shall  represent  masses  in  grammes  by  the 
letter  M. 

The  second  is  chosen  as  the  absolute  unit  of  time.  It  is  defined  as  the 
86,400th  part  of  the  mean  solar  day.  A  time  expressed  in  seconds  is  repre- 
sented by  the  letter  t. 

Most  of  the  other  quantities  with  which  we  shall  be  concerned,  such  as 
velocity,  energy,  etc.,  can  be  expressed  as  functions,  or  dimensions,  of 
length,  mass,  and  time.  As  the  expression  "dimension,"  used  in  this  way, 
is  apt  to  prove  a  difiiculty  to  beginners,  we  will  make  its  meaning  plainer 
by  means  of  a  few  simple  examples.  Area  or  surface  is  the  second  dimension 
of  length,  while  volume  is  the  third  dimension  of  length.  Area  and  volume 
are  thus  dimensions  or  functions  of  length,  that  is,  they  are  quantities 
which  can  be  calculated  from  measurements  of  length.  Velocity  is  similarly 
a  function  or  dimension  of  length  and  time,  since  its  magnitude  can  be 
determined  by  dividing  a  length  by  a  time.  In  this  way,  the  majority  of  our 
physical  conceptions  are  capable  of  expression  in  terms  of  length  {L),  mass 
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{M),  and  time  (T).  The  dimensions  of  area,  for  example,  are  L^,  of  volume 
L^,  and  of  velocity  LT-^. 

It  follows  that  the  units  for  these  various  quantities  in  the  absolute 
system  of  units  can  no  longer  be  chosen  at  random,  but  are  necessarily 
determined  from  the  three  fundamental  units,  viz.  the  centimetre,  the 
gramme,  and  the  second.  Thus,  the  unit  of  area  is  necessarily  the  square 
centimetre,  that  of  volume  the  cubic  centimetre,  while  the  unit  of  velocity 
must  be  one  centimetre  per  second.  Units  derived  in  this  way  from  these 
three  fundamental  units  are  known  as  c.G.s.  units  from  the  initial  letters 
of  the  three  units  chosen.  We  proceed  now  to  determine  the  dimensions  of 
the  various  quantities,  together  with  their  absolute  units,  and  to  compare 
the  latter  with  the  practical  units. 

38.    Dimensions  and  Units  of  Velocity,  Acceleration, 

and  Force. 

{a)    Velocity. 

Velocity  is  defined  as  the  ratio  of  the  distance  travelled  to  the  time 
taken,  or  as  the  distance  moved  through  in  unit  time.   We  have  therefore 

Dimensions  of  velocity  •.=.  =  L.  T-^. 

If  V  be  the  velocity  in  absolute  units,  we  have 

leva. 

'=1^.    (69). 

The  absolute  unit  of  velocity  is  one  centimetre  per  second,  or  i  cm/sec.  The 
word  "per"  signifies  as  much  as  "divided  by,"  so  that  the  term  "centi- 
metre per  second"  indicates  at  once  the  dimensions  of  velocity  and  the 
method  of  calculating  the  velocity  from  the  length  and  the  time. 

Example:  The  armature  of  an  alternator  has  a  diameter  of  i-6  metres 
and  runs  at  300  revolutions  per  minute.  What  is  its  peripheral  speed  in 
absolute  units? 

We  have    circumference  of  armature  =  1-6.77  =5  metres, 

distance  per  minute  =  5 .  300  =  1500  metres, 

or,  expressing  length  in  centimetres  and  time  in  seconds, 

I  =  1500.100  =  150,000  cm. 
t  =  60  seconds. 
The  peripheral  speed  is  therefore 

I     150,000  cm 

"^r  —6^  =  ^500  j^  =  2500  C.G.S  units. 

(ft)    Acceleration. 

Acceleration  is  the  increase  of  velocity  in  unit  time,  or  the  ratio  of  in- 
crease of  velocity  to  time : 

.       ,      , .         Increase  of  velocity 

Acceleration  = ^i ^  . 

time 
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The  dimensions  of  an  increase  in  velocity  are  the  same  as  those  of  velo- 
city, viz.  LT-i.   We  get  therefore 

L   T-^ 
Dimensions  of  acceleration :  — '-= —  =  L  .  T-^. 

If  v^  be  the  initial  velocity  and  v^  the  final  velocity,  we  have  for  the 
acceleration,  if  uniform,  in  absolute  units, 

a  = -^^-^-^  c.G.s.  units   (70). 

b 

A  body  has  unit  acceleration  when  its  speed  increases  in  one  second  by 
the  absolute  unit,  i.e.  one  centimetre  per  sec. 

Example:  A  body  starts  from  rest  and  attains  in  3  seconds  a  speed  of 
29-43  metres  per  second.  What  is  its  acceleration  in  absolute  units? 

We  have        v^  =0,  v.^  =  29-43  .  100 ,  <  =  3- 

Wherefore       a  =  "^^^  =  ?943  _  gg ^  _E31  =  ggi  c.g.s.  units. 
t  3  sec. 

We  see,  at  once,  that  this  is  an  example  of  a  body  falling  freely  under 
the  action  of  gravity.  The  result  is  obtained  in  absolute  units  by  putting 
each  individual  quantity  in  the  calculation  in  absolute  units.  It  is  evident, 
moreover,  that  acceleration,  whether  due  to  gravity  or  not,  can  be  expressed 
neither  in  cm  nor  in  cm  per  second,  but  only  in  cm  per  sec.  per  sec.  An 
acceleration  can  no  more  be  expressed  in  units  of  velocity  than  can  an  area 
in  centimetres.  Similarly  a  horse-power  is  not  equal  to  76  metre-kilogrammes 
or  550  foot-pounds,  but  to  550  foot-pounds  per  second.  Carelessness  in  the 
expression  of  units  leads  to  great  confusion.  Only  those  quantities  can  be 
compared  which  have  the  same  dimensions,  and  an  error  in  calculation  has 
often  been  discovered  through  a  want  of  agreement  between  the  dimensions 
of  the  two  sides  of  an  equation.  It  is  therefore  very  important  to  master 
the  principles  of  dimensions,  and  to  gain  that  confidence  in  their  applica- 
tion, which  is  the  result  of  frequent  use. 

(c)    Force. 
Force  is  defined  in  mechanics  as  the  product  of  mass  and  acceleration : 

Force  =  Mass .  Acceleration. 
We  have  therefore 

Dimensions  of  force:  M.L.T-^  =  L.M.T-^*. 

*  The  mechanical  idea  of  force  differs  from  the  astronomical.   In  its  simplest  form 
the  law  of  gravitation  is  expressed  by  the  equation 

_  m  .m 

J    ~         yi        ' 

where  /  is  the  force,  m  the  mass,  and  r  the  distance.  The  dimensions  of  force  in  astro- 
nomical units  are  therefore  M^.L-^.  Dimensions  of  force  in  the  two  different  systems 
cannot  be  equated,  resembling  in  this  respect  the  dimensions  of  quantity  of  electricity 
in  absolute  and  in  electrostatic  units.  The  difference  in  the  dimensions  of  force  proves 
that  the  dimensions  of  a  quantity  are  not  based  a  priori  on  the  nature  of  the  quantity 
or,  at  any  rate,  only  represent  one  point  of  view. 
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If /be  the  force,  and  M  the  mass  in  absolute  units,  then 

/=M.« ...(71). 

Hence,  the  absolute  unit  of  force  causes  the  absolute  unit  of  mass,  that 
is  a  cubic  centimetre  of  water,  to  move  with  an  acceleration  of  i  cm/sec.^ 
This  force  is  called  a  dyne. 

Example:  With  what  force  does  the  earth  attract  a  i  kilogramme 
weight? 

We  have  mass  =  1  kilogramme  =  1000  grammes, 

acceleration  =  9-81  met. /sec. ^  =  981  cm/second^. 
Wherefore  M  =  1000,  a  =  981, 

and  /=  1000.981  =  981,000  c.G.s.  units  or  dynes. 

Thus,  the  kilogramme  weight,  which  is  the  practical  metric  unit  of  force, 
is  equal  to  981,000  dynes.  If  we  represent  a  weight  or  force  of  i  kilogramme 
by  kg*  we  get      j  kg*  =  981,000  dynes. 

I  dyne  =  -K kg*=  i'02  milligrammes* (72). 

Similarly         i  pound*  =  453-6  grammes*  =  445,000  dynes. 

•    39.    Dimensions  and  Units  of  Pole-strength,  Field-strength, 

and  Magnetic  Flux. 

{a)    Pole-strength. 

The  strength  of  a  pole,  or  the  quantity  of  "free  magnetism"  on  a  pole, 
is  measured  by  the  force  exerted  by  the  pole  under  certain  conditions. 
According  to  Coulomb's  law  the  force  exerted  by  one  pole  on  another  is 
given  by  the  equation 

A  =  — 

J  y1  > 

where  m^  and  m^  are  the  strengths  of  the  two  poles  and  r  is  the  distance 
between  them.  If  we  are  not  concerned  with  numerical  values,  we  can  omit 
the  indices  and  write  ,^  ^ 

or  w  =  y  Vf. 

Hence,  to  find  the  dimensions  of  pole-strength  we  must  take  the  square 
root  of  the  dimensions  of  force  and  multiply  the  result  by  the  dimensions 
of  the  distance  r,  i.e.  by  a  length.  We  have  therefore 

Dimensions  of  pole  strength :  L .  VljUTT^  =  LKM^.  T-^. 

From  Coulomb's  law  it  follows  that  that  pole  has  unit  strength  which  exerts 
a  force  of  i  dyne  on  a  similar  pole  placed  i  cm  away  from  it.  It  has  been 
proposed  to  call  this  unit  a  Weber,  but  the  proposal  has  not  been  generally 
adopted. 

*  See  note,  p.  44. 
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(6)    Field-strength. 

The  force  exerted  on  a  pole  by  a  magnetic  field  is,  according  to  equation 

(26)  on  page  45,  proportional  to  the  strength  of  the  pole  and  to  the  strength 

of  the  field,  or  r  rr 

J  =  m.H. 

Hence  H=  — . 

m 

The  student  should  accustom  himself  to  reading  equations,  such  as  this, 
in  words.  The  field-strength  H  is  the  force  per  unit  pole,  or  the  force  exerted 
on  a  pole  of  strength  i.  Its  dimensions  are  therefore  obtained  by  dividing 
the  dimensions  of  force  by  those  of  pole-strength.   We  have  therefore 

T     i\/r    7^—2 

Dimensions  of  field-strength  :  ^-^ — ^ =  L-^  .  M* .  T-^. 

That  field  has  unit  strength  which  exerts  a  force  of  i  dyne  on  a  pole  of 
strength  i. 

Example :  The  force  on  a  north  pole  of  loo  absolute  units  in  a  magnetic 
field  is  found  to  be  20  dynes.  What  is  the  strength  of  the  field? 

f         20 

We  have  H  =  —  = =  02  c.g.s.  unit. 

m     100 

(c)    Magnetic  Flux. 

We  have  seen  in  Section  21  that  the  number  of  lines  of  force  per  square 
centimetre  is  equal  to  the  strength  of  the  field.  The  total  number  of  hnes, 
or  the  magnetic  flux,  is  therefore  obtained  by  multiplying  field-strength 
by  area:  O  =  H.4. 

The  dimensions  of  magnetic  flux  can  thus  be  found  by  multiplying  the 
dimensions  of  field-strength  by  those  of  area.   We  have  therefore 

Dimensions  of  magnetic  flux :  L^.L-KM^.T-^  =  L^.Mi.T'K 

It  is  rather  striking  that  the  dimensions  of  magnetic  flux  should  be  the 
same  as  those  of  pole-strength.  This  is,  however,  in  accordance  with  equa- 
tion (28)  on  page  47,  that  is,  with  the  fact  that  the  total  magnetic  flux  from 
a  pole  is  found  by  multiplying  the  strength  of  the  pole  by  477 : 

3>  =  4Trm. 

If  the  values  of  pole-strength  and  magnetic  flux  only  differ  by  a  constant 
factor  477,  their  dimensions  must  be  the  same.  A  line  of  force  can  be  defined 
as  the  47rth  part  of  the  flux  emanating  from  a  unit  pole. 

40.    Dimensions  and  Units  of  Electromotive  Force,  Current, 
Quantity  of  Electricity,  and  Resistance. 

(a)    Electromotive  Force. 

Electromotive  force  can  be  defined  as  the  number  of  lines,  or  the  mag- 
netic flux,  cut  per  second.  We  have  then 

Dimensions  of  electromotive  force:  L^.M^.T"^. 

7—2 
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The  absolute  unit  of  electromotive  force  is  induced  when  one  line  of  force 
is  cut  per  second.  The  volt  is  lo*  absolute  units. 

I  volt  =  10^  hues  cut  per  second  ='  lo^  c.g.s.  units. 
If  e  be  the  electromotive  force  in  volts  induced  in  a  coil  of  T  turns  by 
the  introduction  of  d^  lines  in  t^he  time  dt,  we  have 

or,  from  equation  (62)  on  page  81, 

e  =  H.l.v.io~^. 

(b)   Current. 

The  force  /  experienced  by  a  conductor  of  length  I,  which  carries  a 
current  I'  in  a  field  H,  is  given  by  the  equation 

f^H.I'.l, 
f 
wherefore  /'  =  j^ . 

The  dimensions  of  current  can  therefore  be  found  from  those  of  force, 
field-strength,  and  length,  thus 

L  M .  r-2 

Dimensions  of  current :  — 5-^ — 7-- ~  T^  Afi  T-i 

That  current  has  unit  strength,  which  experiences  a  force  of  i  dyne  per 
cm  of  length  in  a  field  of  unit  strength.  The  tenth  part  of  this  unit  has  been 
chosen  as  the  practical  unit  and  called  an  ampere,  wherefore 
I  ampere  =  ^  c.g.s.  unit. 

The  number  of  amperes  is  therefore  always  10  times  the  number  of 
absolute  units  in  the  same  current. 

The  legal  definition  of  the  ampere  is  based  on  the  fact  that  it  deposits 
i-ii8  mg  of  silver  per  second  from  a  solution  of  silver  nitrate. 

(c)    Quantity  of  Electricity. 

Since  the  current  is  defined  as  the  quantity  of  electricity  that  flows 
through  any  cross-section  of  the  conductor  in  one  second,  quantity  of  elec- 
tricity must  be  the  product  of  current  and  time.  Hence,  we  have 

Dimensions  of  quantity  of  electricity: L^.M^.T-^.T  =  L^.M^. 
An  absolute  unit  of  electricity  flows  in  one  second  through  any  cross- 
section  of  a  conductor  carrying  unit  current.  The  tenth  part  of  this  quantity 
is  the  practical  unit  corresponding  to  the  ampere,  and  is  called  a  coulomb. 

I  coulomb  =  yiy  C.G.S.  unit  of  quantity. 
If  Q  represents  the  quantity  of  electricity  in  coulombs,  then 

Other  units  of  quantity  of  electricity  are  as  follows : 

I  microcoulomb  =  — j  coulomb  =  10-^  coulomb, 
10^  ' 

I  ampere-hour  =  3600  coulombs. 
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The  dimensions  of  quantity  of  electricity  in  the  electrostatic  system  are 
not  the  same  as  in  the  above  electromagnetic  system.  According  to  Cou- 
lomb's law  for  electricity,  the  force  between  two  charges,  or  quantities  of 
electricity,  is  given  by  the  formula 

f_  mi .  m^ 

where  m^  and  m^  are  the  quantities  expressed  in  electrostatic  units.  In  this 
system,  the  unit  is  that  quantity  which  exerts  a  force  of  i  dyne  on  a  similar 
quantity  at  a  distance  of  i  cm.  This  unit  is  very  small,  a  coulomb  being 
3 .  10^  times  as  large,  while  an  absolute  electromagnetic  unit  of  quantity  is 
equal  to  3 .  lo^"  electrostatic  units.  The  dimensions  of  quantity  of  electricity 
in  the  electrostatic  system  are  the  same  as  those  of  pole-strength,  since  both 
are  derived  from  the  formula,  m  =  ry/f. 

The  units  of  quantity  of  electricity  in  the  electrostatic  and  electro- 
magnetic systems  do  not  differ  merely  by  the  factor  3 .  10^",  but  also  in  their 
dimensions  by  the  factor  L.T~^,  i.e.  by  the  dimensions  of  velocity. 

The  importance  of  this  is  shown  by  an  experiment  due  to  Rowland.   If 

a  ring  with  a  static  charge  of  i  electrostatic  unit  per  centimetre  of  periphery 

cixi                   Icm 
is  rotated  with  a  velocity  of  3  .  10" =300,000 ,  the  magnetic  effect 

is'  exactly  the  same  as  if  the  ring  were  at  rest,  but  carried  a  current  of  i 
absolute  electromagnetic  unit.  It  is  worthy  of  note  that  300,000  km  per 
second  is  the  velocity  of  light  and  of  the  electromagnetic  waves  used  in 
wireless  telegraphy. 

(d)    Resistance. 
Resistance  is  defined  as  the  ratio  of  electromotive  force  to  current, 

From  this  we  have 

Dimensions  of  resistance :  -^ — r- =  L  .  T'^. 

i,*.M*.r-i 

Resistance  has  therefore  the  same  dimensions  as  velocity,  and,  strange 
though  it  may  seem,  the  absolute  unit  of  resistance  is  equal  to  i  centimetre 
per  second.  This  is  the  resistance  through  which  the  very  small  absolute 
unit  of  electromotive  force  sends  the  relatively  large  absolute  unit  of  current. 
The  practical  unit  of  resistance,  the  ohm,  is  lo*  times  as  large  as  this  abso- 
lute unit.  This  is  the  resistance  through  which  i  volt  sends  a  current  of 
I  ampere.  ^  ^j^^  ^  ^^9  ^^  ^  ^^^j^^  ^^  resistance. 

Legally,  the  ohm  is  the  resistance  of  a  thread  of  mercury  i  sq.  mm  in 
cross-section  and  106-3  cm  long. 

The  legal  volt  is  that  pressure  which  produces  a  current  of  i  ampere  in 
a  resistance  of  i  ohm,  or  inversely,  a  volt  is  the  potential  difference 
between  the  ends  of  i  ohm  resistance  when  a  current  of  i  ampere  is  passed 
through  it. 
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41.    Dimensions  and  Units  of  Energy,  Heat,  and  Power. 

{a)    Energy  and  Work. 

Mechanical  work  is  defined  as  the  product  of  force  and  distance.  Hence 

Dimensions  of  work:  L^.M .T~'^. 

The  absolute  unit  of  work  is  done  when  a  force  of  i  dyne  is  overcome 
through  a  distance  of  i  cm.  This  unit  of  work  or  energy  is  called  a  centi- 
metre-dyne or  an  erg.  If  W  represents  the  work  done,  in  ergs,  in  overcoming 
a  force  of/ dynes  through  a  distance  of  s  centimetres,  we  have 

W=f.s {7Z). 

Example:  How  many  ergs  of  work  are  done  in  lifting  a  kilogramme  a 
height  of  I  metre? 

We  have  i  kg*  =  981,000  dynes, 

I  metre  =  100  cm. 
/  =  981,000,  s  =  100. 

W  =f.s  =  981,000.100  =  9-81 .  10'' ergs. 

Hence,  the  practical  unit  of  work  in  the  metric  system,  viz.  a  metre-kilo- 
gramme, is  equal  to  9-81 .  10'  ergs.  Similarly  the  British  unit,  a  foot-pound> 
is  equal  to  i'36.io'  ergs. 

Since  we  saw  in  Section  10  that  the  product  E.I  A  represents  the  elec- 
trical work,  its  dimensions  must  be  the  same  as  those  found  above  for 
mechanical  work.  By  multiplying  together  the  dimensions  of  electromotive 
force,  current  and  time,  we  find  that  this  is  so.  This  absolute  unit  of  elec- 
trical energy  is  also,  of  course,  the  erg. 

Now,  a  volt  is  10*  c.g.s.  units,  and  an  ampere  is  10-^  c.G.S.  units,  from 
which  it  follows  that  the  joule,  which  is  the  product  of 

I  volt. I  ampere. I  second 

must  be  equal  to  lo^.io"^  =  10'  absolute  units  of  energy,  i.e.  10'  ergs. 

I  joule  =  10'  ergs. 

We  saw  above  that  .      ■,  07 

I  metre-kg  =  9-81 .  10'  ergs, 

and  I  foot-pound  =  1-36.10''  ergs. 

Therefore  i  metre-kilog.  =  9-81  joules, 

and  I  foot-pound  =  1-36  joules. 

[h]    Heat. 

Since  heat  is  a  form  of  energy  its  dimensions  are  necessarily  the  same  as 
those  of  energy.  Seeing,  however,  that  the  scale  of  the  thermometer  has 
been  chosen  quite  arbitrarily,  it  is  but  natural  that  a  numerical  coefficient 
has  to  be  introduced  into  the  expression  of  Joule's,  law,  whereas,  by  a  suit- 
able choice  of  units,  such  coefficients  have  been  ehminated  from  the  laws 
of  Ohm,  Coulomb,  and  Laplace.  In  choosing  as  the  unit  of  heat  the  quantity 
of  heat  necessary  to  raise  the  temperature  of  i  grainme  of  water  through 
1°  C,  we  are  taking  a  step  quite  outside  the  absolute  system  of  units.  This 
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unit,  of  heat  is  called  the  gramme-calorie.  Its  relation  to  the  unit  of  mech- 
anical work  is  what  is  known  as  the  mechanical  equivalent  of  heat,  and  was 
first  determined  by  Joule. 

I  gramme-calorie  =  0-427  metre-kilog. 
Similarly,  i  British  thermal  unit  (F.°)  =  778  foot-pounds. 

Since  i  metre-kilog.  =  9-81  joules,  we  have 

I  gramme-calorie  =  o-  427 . 9-81  = joules 

or  I  joule  =  0-24  gramme-calorie. 

This  is  only  another  way  of  expressing  Joule's  law,  according  to  which 
the  quantity  of  heat  in  gramme-calories  is  given  by  the  equation : 

Qj,  =  o-24E.I.t. 

(c)    Power. 
Power  is  the  rate  of  doing  work,  i.e.  the  work  done  in  a  given  time. 

_  work 

Power  =  7^ —  . 
time 

We  have  therefore 

Dimensions  of  power:  L^.M.T-^. 

The  absolute  unit  of  power  is  i  erg  per  second.  This  is  an  exceedingly 
small  power,  and  a  practical  unit  10'  times  as  large  is  used;  it  is  called  a 

I  watt  =  10'  ergs  per  second  =  i  joule  per  second. 

Since  the  electrical  work  in  joules  is  equal  to  the  product  E.I .t,  the 
electrical  power  in  joules  per  second,  or  in  watts,  must  be  equal  to  E.I. 
If  P  represents  the  power  in  watts,  we  have 

P=E.I. 

Example:   How  many  watts  are  equivalent  to  one  horse-power? 

We  know  that 

I  horse-power  =  550  foot-pounds  per  sec, 

and  I  foot-pound  per  second  =  1-36  joules  per  second; 

therefore  i  horse-power  =  550.1 -36  =  746  watts. 

42.  Dimensions  and  Units  of  the  Coefficient  of  Self- 

Induction  and  of  Capacity. 

[a)    The  Coefficient  of  Self-Induction. 
In  Section  35  we  saw  that  the  coefficient  of  self-induction  in  absolute 
units  was  equal  to  /^w  .T^ .  it.  .A 

I  ■ 

As  477,  T,  and  /^  are  mere  numbers,  we  have 

Dimensions  of  coefficient  of  self-induction :  -^  =  L. 
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Hence,  the  dimension  is  simply  a  length,  and  the  unit  is  a  centimetre.   If, 
however,  in  calculating  the  self-induction,  the  pressure  be  expressed  in  volts 
and  the  current  in  amperes,  we  get  from  equation  (67),  on  page  88, 
Air.T^.ix.A       _^  di         J    di 

'  =  -' — r—'^'^'-jr-^-Jt' 

where  L  =  ^"-^/^-^ -IQ-'    (74)- 

This  gives  the  coefficient  of  self-induction  in  practical  units  or  henries. 
Since  the  number  of  henries  is  10*  times  as  small  as  the  number  expressing 
the  same  self-induction  in  absolute  units,  the  henry  must  be  10'  times  as 
large  as  the  absolute  unit. 

I  henry  =  10*  c.G.s.  units  =  10*  cm. 

Now,  10*  cm  or  10,000  kilometres  is  the  length  of  a  quadrant  of  the  earth. 
For  this  reason  the  practical  unit  of  self-induction  was  formerly  called  a 
quadrant.   According  to  equation  (74)  that  coil  has  a  self-induction  of 

I  henry  for  which  the  value  of  ^^ '      "  ^ "     .  10"*  is  equal  to  i,  or  in  which 

an  electromotive  force  of  i  volt  is  induced  when  the  current  increases  steadily 
at  the  rate  of  i  ampere  per  second. 

(6)    Capacity. 

A  condenser  consists  of  two  metal  plates  very  near  together,  but  yet 
separated  by  a  thin  sheet  of  insulating  material  known  as  the  dielectric. 
When  the  two  plates  are  connected  up  to  the  terminals  of  any  source  of 
electricity,  the  condenser  becomes  charged  by  positive  electricity  flowing 
into  one  plate  and  negative  into  the  other.  This  flow  of  electricity  continues 
until  the  back  pressure  of  the  condenser  exactly  balances  the  terminal 
pressure  of  the  supply.  The  quantity  of  electricity  passing  into,  say,  the 
positive  plate  of  the  condenser  is  greater,  the  greater  the  pressure  applied, 
and  also  the  greater  the  capacity  of  the  condenser.  This  capacity  is  pro- 
portional to  the  area  of  the  plates  and  inversely  proportional  to  the  distance 
between  them.  It  is  also  dependent  on  the  nature  of  the  dielectric. 

We  have  therefore 

Quantity  of  electricity  =  pressure  x  capacity. 

The  dimensions  of  capacity  are  therefore  obtained  by  dividing  the 
dimensions  of  quantity  of  electricity  by  those  of  electrical  pressure  or  e.m.f. 

Dimensions  of  capacity :  — r — '- =  L~^ .  T^. 

A  condenser  has  unit  capacity  when  a  pressure  of  i  absolute  unit  charges 
it  with  an  absolute  unit  of  quantity,  or  when  unit  quantity  of  electricity 
charges  it  to  a  pressure  of  i  absolute  unit.  We  have  seen  that  the  absolute 
unit  of  pressure  is  exceedingly  small,  viz.  a  hundred-millionth  part  of  a  volt, 
while  the  absolute  unit  of  quantity  of  electricity  is  very  large,  viz.  10  cou- 
lombs. A  condenser  with  a  capacity  of  one  absolute  unit  would  therefore 
have  enormous  dimensions,  in  order  that  such  a  small  pressure  might  pro- 
duce such  a  large  charge.   For  this  reason  the  absolute  unit  of  capacity  is 
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not  used  in  practice,  but  is  replaced  by  a  practical  unit  called  a  farad.  This 

is  the  capacity  of  a  condenser  which  is  charged  with  i  coulomb  by  a  pressure 

of  I  volt,  or,  in  which  a  charge  of  i  coulomb  causes  a  back-pressure  of  i  volt. 

If  the  capacity  in  farads  be  represented  by  C,  and  the  quantity  of  electricity 

in  coulombs  by  Q,  then  n      ^  rr       ^      x. 

^  ^  Q  =  C.V  coulombs, 

or  ^^v  ^^^^^^ (75)- 

The  relation  between  the  farad  and  the  absolute  unit  of  capacity  can 
be  found  as  f oUows : 

,      J      I  coulomb      io~i  c.G.s.  unit  „ 

I  farad  = =-—  =  — ^ =  io~*  c.G.s.  unit. 

I  volt         10*  c.G.s.  units 

The  farad  is  thus  the  thousand-miUionth  part  of  the  absolute  unit. 
Even  the  farad  is  too  large  a  unit  for  ordinary  practice,  and  a  microfarad, 
i.e.  a  millionth  of  a  farad,  is  used. 

I  microfarad  =  — =  farad  =  io~®  farad  =  io~^^  c.G.s.  unit. 
10* 

It  was  seen  on  p.  loi  that  the  c.G.s.  unit  of  quantity  in  the  e.s.  (electro- 
I 
3  X 10^ 

system.  Since  the  product  of  quantity  and  potential  difference  gives  energy, 
the  unit  of  which  is  the  erg  in  either  system,  it  follows  that  the  c.G.s.  unit 
of  potential  difference  in  the  e.s.  system  is  equal  to  3  x  10^"  c.G.s.  units  in 
the  e.m.  system,  that  is,  to  300  volts.  Hence  i  e.m.  unit  of  capacity  is  equal 
to  9  X  10^"  e.s.  units  of  capacity,  and 

I  microfarad  =  io~^'  e.m.  unit 

=  9  X  10^  e.s.  units. 

When  the  capacity  of  a  condenser  is  calculated  from  its  dimensions,  the 
result  is  in  e.s.  units  and  requires  division  by  900,000  to  convert  it  to 
microfarads. 


static)  system  is  ^  ^^  ^q  of  the  c.G.s.  unit  in  the  e.m.  (electromagnetic) 
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43.  Bipolar  ring-winding. — 44.  Bipolar  drum-winding. — 45.  Multiple-circuit  ring- 
winding. — 46.  Multiple-circuit  drum-winding. — 47.  Two-circuit  ring-windiiig. — 
48.  Two-circuit  drum-winding. — 49.  Series-parallel  ring-winding. — 50.  Series' 
parallel  drum-winding. 

43.    Bipolar  Ring-winding*. 

The  principles  of  electromagnetic  induction,  and  especially  the  induction 
of  electromotive  force  by  the  movement  of  a  conductor  in  a  magnetic  field) 
were  first  established  by  Faraday  and  published  in  1831  and  1832  in  his 
celebrated  Experimental  Researches.  The  first  machines  which  were  made 
consisted  of  a  coil  of  insulated  copper  wire  wound  in  two  diametrically 
opposite  slots  in  an  iron  cylinder.  The  ends  of  the  wire  were  connected  to 
two  insulated  slip-rings  carried  on  the  armature  spindle.   For  the  sake  of 


Fig.  90 


clearness,  these  rings  are  shown  one  over  the  other  in  Fig.  90,  instead  of 
side  by  side.  Two  fixed  brushes  are  held  by  springs  against  the  slip-rings 
and  maintain  the  connection  between  the  coil  and  the  external  circuit. 

On  rotating  the  iron  cyUnder  or  armature  between  the  poles  of  a  magnet, 
the  wires  in  the  slots  cut  through  the  lines  of  force  and  induce  electromotive 
force.  In  Fig.  90  the  bunch  of  wires  constituting  a  coil-side  is  shown  under 
the  middle  of  the  pole.  With  a  clockwise  direction  of  rotation,  an  application 

*  For  a  fuller  discussion  of  armature  windings  see  E.  Arnold's  Armature  Windings, 
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of  either  the  swimming  or  the  right-hand  rule  shows  the  induced  electro- 
motive force  in  the  wires  under  the  north  pole  to  be  directed  away  from  the 
observer.  Since  the  electromotive  force  in  the  wires  under  the  south  pole  is, 
at  the  same  moment,  directed  towards  the  observer,  the  electromotive  forces 
in  the  two  sides  of  the  coil  can  be  added  together.  In  a  similar  manner,  the 
electromotive  forces  induced  in  each  individual  turn  of  the  coil  are  added 
together.  If  the  brushes  are  joined  by  means  of  an  external  resistance,  a 
current  flows  in  the  direction  indicated  in  the  figure.  This  current  leaves 
the  machine  and  enters  the  external  circuit  by  the  outer  slip-ring  and  brush, 
which  is  therefore  marked  positive.  After  flowing  through  the  external 
circuit,  the  current  re-enters  the  machine  through  the  inner  brush  and  slip- 
ring,  which  can  therefore  be  called  the  negative  terminal. 

The  lines  of  force  leaving  the  north  pole  cross  the  gap  normally  or  radially 
into  the  iron  of  the  armature  and  the  strength  of  the  field  H  is  practically 
constant  over  the  whole  gap.  So  long  as  the  side  of  the  coil  moves  under 
the  pole,  the  electromotive  force  induced  in  it  can  be  found  from  equation 

(62)  on  page  81:  r,      „  ,  o      ,, 

t  =  H.l.v.iQ-^  volts. 
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Fig.  92 


I  here  represents  the  total  length  of  wire  under  both  poles,  in  centi- 
metres, while  V  is  the  peripheral  speed  in  cm  per  second.  The  wire  not 
actually  under  the  poles,  such  as  the  end  connection  of  the  coil,  is  inactive 
and  must  hot  be  included  in  I. 

As  sobii'as The  coil-side  /leaves  the  pole- tip  B,  the  electrornotive  force 
drops  rapidly  to  zero  and  remains  there  as  long  as  the  coil-side  moves 
between  the  pole-tips  B  and  C.  Directly  it  passes,  however,  under  the  south 
pole  at  C  (Fig.-  91)  an  electromotive  force  is  induced  in  it  towards  the  ob- 
server, and  the  direction  of  the  current  is  reversed.  Since  the  polarity  of 
the  brushes,  and  the  direction  of  the  current  in  the  external  circuit  are  also 
reversed  at  the  same  time,  the  machine  gives  an  alternating  current.  The 
changes  in  the  current  can  best  be  represented  by  plotting  the  circumference 
A  BCD  as  abscissae  and  the  electromotive  forces  induced  when  the  coil-side 
is  at  these  various  points,  as  ordinates  (Fig.  92) .  The  current  at  any  moment 
can  be  found  by  dividing  the  electromotive  force  at  that  moment  by  the 
total  resistance  of  the  circuit.  It  is  evident  that  the  machine  gives  current 
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which  not  only  reverses  its  direction,  but  which  is  also  intermittent,  that 
is,  it  ceases  altogether  for  certain  intervals. 

The  transition  from  the  above  machine  to  the  modern  dynamo  is  shown 
in  Fig.  93,  where  the  ends  of  the  coil  are  connected  to  the  two  insulated 
halves  of  a  single  slip-ring.   In  Fig.  93  the  direction  of  the  current  in  the 


Fig.  93 


Fig.  94 


wires  is  such  that  the  right-hand  brush  is  positive,  the  current  leaving  the 
machine  by  this  brush.  It  remains  positive,  however,  when  the  coil-side  / 
has  passed  from  the  north  to  the  south  pole,  and  the  current  in  the  coil  has 
been  reversed  (Fig.  94).  To  obtain  this  result  the  brushes  must  be  placed 
in  the  neutral  zone,  that  is,  they  must  touch  the  commutator  at  the  ex- 
tremities of  a  diameter  perpendicular  to  the  magnetic  field.   We  have  as- 


J? 


Fig.  95 


sumed  that  the  insulation,  which  divides  the  slip-ring  into  two  parts,  is  in 
the  plane  of  the  coil.  On  passing  through  the  neutral  zone,  the  direction  of 
the  current  in  the  coil  is  reversed,  as  before,  but  its  connections  with  the 
brushes  and,  therefore,  with  the  terminals  of  the  external  circuit  are  reversed 
at  the  same  time.  The  current  in  the  external  circuit  flows  now  in  one  direc- 
tion only,  and  instead  of  an  alternating  current  we  have  an  intermittent 
direct  current  (Fig.  95). 

In  order  that  the  external  current  may  remain  constant  in  magnitude  as 
well  as  direction,  the  slip-ring  must  be  divided  into  a  greater  number  of 
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parts,  becoming  thus  transformed  into  the  ordinary  commutator  with  many- 
segments.  This  arrangement  was  invented  by  Pacinotti  in  i860,  but  was 
little  used  until  taken  up  by  Gramme.  The 
Gramme  ring  armature  consists  of  a  hollow 
iron  cylinder,  through  which  a  continuous 
spiral  of  insulated  copper  wire  is  wound. 
We  must  not  imagine  that  the  axial  length 
of  the  armature  is  small,  for  it  is  quite 
considerable,  and  the  armature  is  far  more 
a  hollow  cylinder  than  a  ring.  In  Fig.  96 
the  winding  consists  of  8  coils  each  of 
2  turns.  In  an  actual  machine,  however, 
the  number  of  coils  is  much  greater,  the 
whole  ring  being  closely  covered  with 
winding.  Every  spiral  must  be  wound  in 
the  same  direction. 

The  collector  or  commutator  is  mounted 
on  the  armature  spindle.  This  is  divided 
by  planes  passing  through  the  axis  into  as 
many  insulated  copper  segments  as  there 
are  coils  on  the  armature.  As  in  Figs.  93 
and  94  the  insulation  between  the  segments  is  shown  opposite  the  coils. 

The  coils  are  now  joined  and  a  tap  taken  from  each  connecting  wire 
down  to  a  commutator  segment  (Fig.  97).  The  figure,  thus  obtained,  is  very 
simple  and  brings  out  clearly  the  continuous  endless  spiral.    In  actual 


Fig.  96 


Fig.  97  Fig-  98 

practice,  however,  the  number  of  soldered  T-joints  in  the  armature  winding 
would  be  disadvantageous,  and  it  is  preferable  to  bring  the  end  of  each  coil 
down  to  the  commutator  segment  and  to  connect  it  there  to  the  beginning 
of  the  next  coil.  The  commutator  segment  itself  constitutes,  then,  the  con- 
nection between  two  adjacent  coils. 

If  the  ring  is  rotated  between  the  poles  of  a  powerful  electromagnet,  the 
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wires  on  the  periphery  of  the  armature  cut  through  the  lines  of  force.  Elec- 
tromotive forces' are  induced  in  them,  the  direction  of  which  can.be  found 
by  either  of  the  rules  already  given..  Since  the  lines  of  force  pass  from  the 
north  to  the  south  pole  through  the  iron  of  the  armature,  and  leave  the 
internal  air  space  almost  free  from,  magnetic  field,  only  those  wires  cut 
through  the  lines  of  force  which. are  situated  on  the  external  periphery  of 
the  ring.  For  a  clockwise  rotation  the  induced  electromotive  force  at  A  in 
Fig.  97  is  found  to  be  away  from  the  observer.  Instead  of  indicating  the 
direction  of  e.m.f.  or  current  by  means  of  dots  and  crosses  we  can  put 
corresponding  arrows  on  the  end  connections.  We  see,  therefore,  that, 
for  clockwise  rotation,  the  current  in  the  end  connections  facing  the 
observer  flows  away  from  the  south  pole  towards  the  north  pole. 

This  current  can  only  flow,  however,  if  suitable  arrangements  are  made 
whereby  it  can  leaye  the  armature  and  flow  through  the  external  circuit. 
We  see  from  the  arrows  in  Fig.  97  that  in  both  the  upper  and  lower  halves 
of  the  armature  the  electromotive  forces  act  towards  the  point  B.  It  is  as 
if  two  equal  forces  opposed  each  other  at  B  and  mutually  neutraUsed  each 
other.  If,  however,  brushes  be  placed  on  the  commutator  at  B  and  C,  and 
connected  through  an  external  resistance,  current  will  leave  the  machine 
at  B,  flow  through  the  external  circuit,  and  enter  the  machine  again  at  C, 
where  it  will  divide  between  the  two  parallel  halves  of  the  armature  winding 
and  flow  back  to  B.  B  is  therefore  the  positive  and  C  the  negative  brush. 
The  brushes  lie,  as  before,  on  a  diameter  at  right  angles  to  the  magnetic 
field,  that  is,  they  are  in  the  neutral  zone.  As  before,  we  assume  here  that 
the  insulation  between  two  commutator  segments  is  opposite  the  corre- 
sponding armature  coil. 

As  in  the  previous  example,  the  electromotive  force  of  the  machine  can 
be  found  from  the  equation  ^ 

E  =  H  .l.v  .io~^  volts. 

Since  the  electromotive  forces  in  the  two  halves  of  the  armature  cannot 
be  added,  but  are  in  parallel,  I  must  represent  the  length  of  active  conductor 
under  one  pole.  If  the  number  of  conductors  on  the  periphery  is  very  large, 
the  number  under  one  pole  will  be  constant  and  the  electromotive  force  will 
be  practically  constant.  The  advantages  possessed  by  the  Gramme  machine 
with  its  commutator  of  many  segments,  compared  with  the  earlier  machines, 
is  self-evident. 

The  electromotive  force  is  not  decreased  when,  in  consequence  of  the 
rotation,  the  brush  makes  contact  simultaneously  with  two  adjacent  seg- 
ments (Fig.  98).  At  such  a  time  the  two  coils  lying  in  the  neutral  zone  are 
cut  out  of  the  circuit  since  each  one  is  short-circuited  by  a  brush.  The 
current  flows,  for  example,  directly  from  the  points  D  and  E  in  Fig.  98  to 
the  positive  brush.  The  electromotive  force  is  not  decreased,  since  the  short- 
circuited  coils  are  cutting  absolutely  no  lines  of  force,  assuming  that  the 
brushes  are  in  their  theoretically  correct  position.  If  the  number  of  coils 
or  commutator  segments  is  very  large,  the  change  of  armature  resistance 
produced  by  short-circuiting  a  coil  at  the  brush  is  quite  neghgible. 

If  D  =  diameter  of  armature  in  centimetres, 

i  =  axial  length  ,      „  „ 
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j8  =  ratio  of  pole-arc  to  pole-pitch, 
O  =  total  flux  leaving  one  north  pole, 
Z  =  total  number  of  wires  on  external  periphery, 
n  =  revolutions  per  second, 
then  we  have  v  =  D.ir.n. 

Z    B 

The  number  of  conductors  under  one  pole  is  — '— . 

The  length  I  of  active  wire  under  one  pole  is  therefore 

2 

Substituting  these  values  for  v  and  I  in  the  equation  for  E,  we  get  the 
electromotive  force  of  the  machine 

£  =  if  . -^JL^  .£).  ^  .„.  10-8  volts. 

2 

In  this  equation     '"^      is  the  length  of  the  polar  arc,  and  — '^      .  L 

is  therefore  the  area  of  a  pole,  which,  when  multipUed  by  the  flux-density 
H,  must  give  the  flux  O  leaving  one  north  pole.  Introducing  the  term  <1)  in 
the  above  equation,  we  have 

E  =  <b.n.Z  .  10-8  volts  (76). 

If,  for  example,  $  =  3 .  10*,  Z  =  200,  and  the  speed  be  iioo  revs,  per 

minute,  then  ^^„„ ^ 

E  =  3.10^ . y: .  10-8  =  no  volts. 

•^  60 

To  find  the  armature  resistance  we  must  remember  that  the  two  halves 
of  the  winding  are  in  parallel.   If 

/  =  total  length  of  wire  on  armature  in  metres, 
and  A  =  cross-section  of  wire  in  square  millimetres, 

then  the  resistance  of  each  half  of  the  winding  is  p  .  -^ .  The  resistance  of 
the  two  halves  in  parallel  will  be  a  half  of  this,  viz. 

pJ/2       pJ 

^^       2A       4^     ■■■^77)- 

The  specific  resistance  p  of  warm  copper  can  be  taken  approximately 
as  0-02. 

44.    Bipolar  Drum-winding. 

The  ring  armature,  already  described,  possesses  the  advantage  of  a 
simple  winding,  in  which  a  single  coil  can  be  repaired  without  unwinding  the 
whole  armature.  Since,  moreover,  the  pressure  between  two  adjacent  wires 
is  only  a  small  fraction  of  the  terminal  pressure  of  the  machine,  the  insula- 
tion can  be  easily  and  efficiently  provided  for.  On  the  other  hand,  the  ring 
armature  has  the  disadvantage  of  requiring  a  large  amount  of  inactive 
winding.  The  armature  resistance  and  the  weight  of  wire  required  are  there- 
fore both  relatively  large. 
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We  have  now  to  examine  the  drum  armature  of  Hefner- Alteneck,  which 
is  an  improvement  on  the  ring  armature  so  far  as  the  proportion  of  active 
armature  wire  is  concerned.  Here,  however,  two  wires  having  a  large 
difference  of  potential  may  be  very  close  together.  In  the  drum-winding, 
after  a  wire  has  passed  along  the  external  cylindrical  surface  under  a  north 
pole,  it  passes  right  across  the  end  surface  to  a  point  diametrically  opposite, 
where  it  then  passes  along  the  armature  under  the  south  pole.  The  two 
diametrically  opposite  wires  constitute  the  sides  of  an  armature  coil.  The 
end  of  the  first  coil  is  connected  to  the  beginning  of  the  next  coil,  care  being 
taken  that  the  winding  is  distributed  uniformly  over  the  whole  periphery. 

To  ensure  this  we  divide  the  armature  periphery  into  a  suitable  number 
of  parts  (in  Fig.  99  we  have  taken  8),  and  number  the  points  successively 
I,  2,  3,  etc.  These  are  the  starting  points  of  the  armature  coils.  To  wind  the 


first  coil  we  start  at  i,  pass  down  the  armature,  that  is,  away  from  the 
observer,  and  should  then  pass  across  the  back  to  a  point  diametrically 
opposite.  This  point  is,  however,  already  taken  up  by  the  beginning  of  coil 
5,  and  we  therefore  take  the  back  end-connection  of  coil  i,  as  shown  by  the 
dotted  line,  to  a  point  i'  Ipng  near  point  5.  The  wire  is  then  brought  up  to 
the  front  along  the  surface  of  the  armature  at  i'.  The  wires  i — i'  together 
with  their  end-connections  constitute  one  turn  of  the  first  coil.  From  i' 
we  pass  across  the  front,  back  to  i,  and  wind  another  turn  i — i',  repeating 
this  until  the  first  coil  is  completely  wound.  For  the  sake  of  simplicity  the 
coils  in  Fig.  99  consist  of  a  single  turn.  There  is,  however,  no  reason  why 
each  turn  in  the  figure  should  not  represent  a  coil  of  many  turns. 

After  completely  winding  the  first  coil,  we  pass  across  the  front  to  the 
beginning  of  the  second  coil  at  the  point  2.  After  passing  down  the  armature, 
at  point  2  we  should  cross  the  back  end  to  point  6,  but  as  this  is  already 
occupied  we  go  to  the  neighbouring  point  2',  as  shown  by  the  dotted  line. 
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The  coil  2 — 2'  is  then  wound  in  exactly  the  same  way  as  coil  i — x',  and  whem 
it  is  finished  we  pass  to  coil  3,  and  so  on  round  the  whole  armature. 

The  winding  can  be  represented  in  tabular  form  in  the  following  manner  r 

8'  4' 

/  / 

i-i'  5-5' 

/  / 

2—2'  6—6' 

/,  /. 

3—3'  7^- 

/  / 

4—4'  8—8' 

The  horizontal  hues  represent  connections  at  the  back  of  the  armature, 
such  as  I — 1',  while  the  slanting  hues  represent  connections  at  the  front  or 
commutator  end,  such  as  i' — 2. 

When  completely  wound  in  this  way  there  will  be  sixteen  wires  or  coil- 
sides  on  the  periphery,  dividing  it  into  sixteen  equal  parts,  of  which  each 
coil  spans  7.  In  winding  coil  i,  for  example,  we  started  at  the  point  i  and 
stepped  forward  over  7  divisions  to  the  point  i'.  The  forward  step,  which 
we  shall  call  y-^,  is  therefore  equal  to  7,  or 

yi  =  7- 
From  I'  we  step  back  over  5  divisions  to  the  point  2,  whence  the  back- 
ward step  jVa  is  equal  to  5,  or  _ 

y^  —  5- 

If  the  sixteen  wires  had  been  consecutively  numbered  from  i  to  16  as  in 
Fig.  loi,  the  steps  y-^  and  y2  would  still  have  been  7  and  5,  and  starting 
from  I,  the  first  coil  would  have  gone  to  i  -f-  7  =  8  and  have  stepped  back 
to  8  —  5  =  3.    The  winding  table  for  Fig.  loi  would  be  as  follows: 

6  14 

/  / 

1—8  9—16 

/  / 

3 — 10  II — 2 

/  / 

5—12  13—4 

/  / 

7—14  15—6 

If  the  coils  have  many  turns  the  end-connections  of  the  coil  last  wound 
will  lie  over  the  end-connections  of  the  coils  already  wound,  and  the  resist- 
ances of  the  various  coils  will  be  unequal.  This  can  be  avoided  by  winding 
a  half  of  the  first  coil,  a  half  of  the  second  and  a  half  of  the  third,  then  all 
the  fourth  coil,  and  finally  the  remaining  halves  of  the  third,  second,  and 
first  coils.  In  modern  armatures,  however,  the  coils  are  usually  all  aUke, 
being  wound  on  formers  in  such  a  way  that  they  can  be  sUpped  one  over 
the  other. 

After  completing  the  last  coil,  its  end  must  be  connected  to  the  beginning 
of  the  first  coil,  thus  completely  closing  the  winding,  as  shown  in  Fig.  100 
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and  the  following  figures.  We  have  then  to  connect  the  wires  joining  suc- 
cessive coils  to  the  commutator  segments.  It  is  simplest  to  draw  the  insula- 
tion between  the  segments  opposite  to  the  corners  of  the  regular  octagon 
formed  by  the  front  end-connections.  Each  front  end-connection  is  then 
joined  to  the  nearest  segment. 

It  is  interesting  to  notice  that  the  drum-winding  is  identically  the  same 
in  principle  as  the  ring-winding.  The  end  of  each  coil  is  connected  to  the 
beginning  of  the  next  or  adjacent  coil.  In  the  drum- winding,  however, 
space  is  left  between  the  beginnings  of  successive  coils  for  the  ends  of  other 
coils.  The  agreement  becomes  plainer  when  we  notice  that,  except  for  the 
negUgibly  small  lack  of  symmetry,  the  coil-sides  i',  2',  etc.  in  Fig.  100  are 
exactly  equivalent  to  the  coil-sides  1,  2,  3,  etc.  They  have  the  same  position 
relatively  to  the  poles  and  have  the  same  electromotive  force  induced  in 
them  at  any  moment.  In  considering  the  drum- winding  we  could  therefore 


Fig.  101  Fig.  102 

neglect  the  coil-sides  i',  2',  3',  etc.,  and  in  their  place  imagine  the  number  of 
wires  in  the  coil-sides  i,  2,  3,  etc.,  to  be  doubled.  In  this  way  we  obtain  a 
number  of  coil-sides  around  the  periphery  of  the  armature,  connected 
successively  in  series,  as  in  the  ring  armature. 

In  order  to  trace  out  the  path  of  the  current  in  the  drum-winding  we 
will  consider  in  the  first  place  the  position  of  the  armature  shown  in  Fig.  loi. 
We  saw  in  the  previous  section  that  for  clockwise  rotation  of  the  armature 
the  current  in  the  front  end-connections  flows  from  the  south  pole  towards 
the  north.  If  arrows  are  drawn  in  accordance  with  this  rule,  as  in  the  figure, 
it  is  evident  that  the  electromotive  forces  in  the  turns  of  any  coil,  and  also 
in  the  various  coils,  act,  in  general,  in  the  same  direction  and  can  be  added. 
In  the  end-connection  5 — 10,  however,  the  two  forces  oppose  each  other, 
and  a  brush  must  therefore  be  placed  on  the  corresponding  segment.  When 
the  external  circuit  is  closed,  current  will  leave  the  machine  by  this  brush, 
which  must  therefore  be  marked  +.  Similarly,  the  negative  brush  must  be 
placed  on  the  segment  connected  to  the  end-connection  2 — 13. 


44'  Bipolar  Drum-winding  115 

The  current  enters  the  machine  at  the  negative  brush,  divides  and  flows 
through  two  parallel  paths  to  the  positive  brush.  At  the  moment  represented 
in  Fig.  loi  the  paths  of  the  current  through  the  armature  can  be  shown  in 
the  following  manner: 

2     II     16     9     14    7     12      5 
13      4     15     6      18      3     10 

We  will  now  consider  the  case  when  each  brush  touches  two  segments 
simultaneously  (Fig.  102).   At  this  moment  the  coils  2— 11  and  3—10  are 


+ 


Fig.  103 

short-circuited  by  the  negative  and  positive  brushes  respectively,  and  are 
thereby  cut  out  of  the  circuit.  No  arrows  are  drawn,  therefore,  to  indicate 
the  current  in  the  end-connections  of  the  wires  2,  ir,  3  and  10.  The  paths 
of  the  current  through  the  armature  are  as  follows : 

16    9     14    7     12    5 
13    4    15     6      18 

As  before,  we  see  that  the  short-circuited  coils  lie  in  the  neutral  zone, 
if  the  brushes  are  in  their  correct  position. 

The  path  of  the  current  is  clearly  shown  by  developing  or  unwinding 
the  periphery  of  the  armature  and  spreading  it  out  flat,  as  is  done  in  Fig.  103 


-I- 
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for  the  moment  represented  in  Fig.  loi  when  each  brush  touches  one  seg- 
ment only.  We  must  imagine  the  winding  to  move  in  the  direction  of  the 
upper  arrow  in  front  of  the  stationary  poles  N  and  S,  while  the  commutator 
shdes  along  the  fixed  brushes.  A  sixteenth  of  a  second  later  each  brush 
will  touch  two  segments  and  short-circuit  two  coils  lying  in  the  neutral 
zone. 

In  modern  armatures  the  ends  of  the  coils  are  not  taken  across  the  ends 
of  the  armature  as  shown  in  Figs.  loi  and  102,  but  are  arranged  on  a  cyUn- 
drical  prolongation  of  the  armature  surface.  A  good  idea  of  the  arrange- 
ment is  obtained  by  imagining  Fig.  103  to  be  wrapped  round  the  cyhndrical 
armature  surface. 

The  electromotive  force  of  a  drum  armature  is  naturally  the  same  as 
that  of  a  ring  armature  with  the  same  number  of  external  wires.  We  see 
the  advantage  of  introducing  the  number  of  external  wires,  instead  of  the 
number  of  turns  or  coils,  into  the  formula  for  the  electromotive  force.  We 
have  then  for  the  bipolar  drum  armature 

E  =  a).w.Z.  10-8  volts. 

The  formula  for  the  armature  resistance  is  also  exactly  the  same  as  for 
the  ring  armature. 

45.    Multiple-circuit  Ring-winding. 

We  have  previously  mentioned  that  the  electromotive  force  is  a  funda- 
mental characteristic  of  the  ordinary  machine,  depending  on  its  construction 
and  the  speed  of  rotation.  The  current,  on  the  other  hand,  is  dependent  on 
the  external  resistance,  which  is  entirely  in  the  hands  of  the  consumers. 
A  limit  is  set  to  the  current,  however,  by  the  amount  of  heat  allowable  in 
the  armature  without  endangering  the  insulation.  Machines  for  large 
currents  must  therefore  have  a  low  armature  resistance  and  a  sufficiently 
large  cooling  surface.  This  leads  to  conductors  of  large  cross-section,  and 
copper  strips  or  bars  are  used  instead  of  round  wire. 

The  losses  due  to  eddy  currents  in  massive  copper  bars  would  be  very 
considerable.  Moreover,  in  machines  of  large  size  the  bipolar  magnets  would 
be  very  clumsy  and  unfavourable  to  ventilation.  Finally,  if  the  current  in 
each  armature  coil  is  too  large,  the  short-circuiting  of  the  coils  at  the  brushes 
leads  to  sparking.  Large  machines  are  therefore  made  multipolar  and  the 
armature  winding  has  as  many  parallel  paths  as  there  are  poles.  The  sim- 
plest form  of  such  a  winding  is  the  continuous  spiral  ring-winding.  It  is 
exactly  the  same  as  for  the  bipolar  machine.  The  magnet  system  is  arranged 
so  that  the  poles  are  alternately  north  and  south.  If  the  armature  is  turned 
in  the  clockwise  direction,  we  know  that  the  current  in  the  front  end-con- 
nections flows  towards  the  north  poles  and  away  from  the  south  poles. 
We  see  that  the  current  flows  from  both  sides  towards  the  points 
A  and  B,  and  from  here,  by  means  of  the  commutator,  to  the  positive 
brushes.  Both  positive  brushes  are  connected  together  and  to  the  positive 
terminal  of  the  external  circuit.  In  the  same  way  the  two  negative 
brushes  are  connected  together  and  to  the  negative  terminal  of  the 
external  circuit. 
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The  armature  winding  is  thus  divided  into  four  parallel  paths,  so  that  if 
I  =  total  length  of  wire  on  armature  in  metres, 
p  =  number  of  pairs  of  poles,  and 
A  =  cross-section  of  wire  in  sq.  mm, 
the  resistance  of  one  path  between  two  brushes  of  opposite  sign  will  be 

^'   . .    Since  there  are  2p  such  paths  in  parallel  the  resistance  of  the  whole 

armature  will  be  2p  times  as  small,  that  is, 

p. I 


R.= 


.(78). 


4P^-A    • 

This  multiple-circuit  or  parallel  winding  has,  thus,  the  advantage  of 
giving  a  very  small  armature  resistance.  Since  the  external  current  divides 
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Fig.  104 

in  2p  parts,  the  current  in  each  coil  is  relatively  small,  viz.  Ijzp.  Let  us. 
consider,  as  an  example,  a  4-pole  machine  for  no  volts  and  100  amperes 
armature  current.  If  the  total  length  of  wire  on  the  armature  is  200  metres 
and  its  cross-section  10  sq.  mm  we  have,  since  p  =  2, 

p. I    _  0'02  . 200 


^''~  4PKA 


=-  0'025  ohm. 


4.4.10 

The  heating  or  so-called  copper  loss  is  therefore 

la^Ra  =  1002.0-025  =  250  watts. 

This  is  about  2-5  per  cent,  of  the  output  of  the  dynamo.  The  pressure 

drop  in  the  armature  is 

laRa  =  100.0-025  =  2-5  volts, 

and  the  current  density  in  the  armature  winding 

/„  100 

— 5_  = =  2-5  amps,  per  sq.  mm. 

2p.A      4 .  10         -^       *^    ^ 
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To  calculate  the  electromotive  force  of  armatures  with  parallel  winding 
we  observe  that  the  number  of  lines  of  force  cut  by  a  conductor  in  one  re- 
volution is  p  times  as  great  as  in  a  bipolar  machine  having  the  same  number 
of  lines  per  pole.  On  the  other  hand,  the  number  of  wires  connected  in 
series  is  p  times  as  small  as  in  a  bipolar  machine  with  the  same  total  number 
of  wires.  The  electromotive  force  of  a  multipolar  dynamo  with  parallel 
winding  and  <1>  lines  leaving  each  north  pole  is  therefore 

£:  =  a).w.Z.  10-8  volts 
as  in  the  bipolar  machine. 

With  regard  to  the  number  of  brushes  we  see  that  there  is  a  brush  in 
each  neutral  zone,  which  gives  a  total  of  2p  brushes.  This  number  can  be 
reduced  to  2  by  interconnecting  all  segments  separated  by  an  angle  of 

- —  degrees.   These  connections  can  easily  be  placed  on  the  end  of  the  com- 


Fig.  105 

mutator  towards  the  armature.  They  are  shown  in  Fig.  105  for  the  com- 
mutator of  a  six-pole  parallel  wound  machine  (/>  =  3).  In  this  case  every 
three  segments  separated  by  ^^  =  120°  are  connected  together,  the  con- 
nection thus  made  replacing  that  which  would  otherwise  be  made  between 
the  three  brushes  of  like  sign.  If  the  connecting  strips  are  cut  from  sheet 
copper  and  bent,  so  that  the  parts  shown  by  heavy  lines  lie  in  a  different 
plane  to  those  shown  by  light  ones,  contact  between  the  various  strips  is 
easily  avoided. 

In  this  way  we  have  not  only  connected  the  three  segments  on  which  the 
brushes  would  lie  at  any  moment,  but  also  all  the  other  segments  in  groups 
of  three.  Since,  however,  all  interconnected  points  have  always  the  same 
potential,  their  connection  will  have  no  effect  on  the  distribution  of  current 
in  the  armature,  and  no  current  will  flow  through  any  connection  except 
those  of  the  segments  under  the  brushes  at  the  given  moment.  This  is, 
perhaps,  more  evident  from  Fig.  106,  in  which  the  equipotential  connections 
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are  made  on  the  wires  leading  from  the  armature  to  the  commutator  seg- 
ments. These  connections  were  first  introduced  by  Mordey. 

A  reduction  in  the  number  of  brushes  is,  of  course,  only  permissible 
when  the  current  density  under  the  brushes  is  small.  Equipotential  con- 
nections are  used  to  a  large  extent  in  modern  dynamos,  not  for  the  purpose 
of  reducing  the  number  of  brushes,  but  for  equahsing  the  distribution  of 
current  in  the  armature,  and  between  the  various  brushes,  so  as  to  prevent 
sparking  at  the  commutator  due  to  any  one  brush  being  heavily  overloaded. 
It  is  for  this  reason  that  they  are  generally  known  as  equalising  connections. 

46.    Multiple-circuit  Drum-winding.    (Lap-winding.) 

In  a  multipolar  lap-winding,  the  wire,  after  passing  under  a  north  pole, 
returns  under  the  adjacent  south  pole,  passes  across  the  end  to  the  point 
from  which  it  started  and  repeats  the  process  until  the  first  coil  is  completely 


r%=#n 


Fig.  107 

wound.  The  wire  then  passes  to  a  point  very  near  the  starting  point  of  the 
first  coil,  and  the  second  coil  is  wound  in  exactly  the  same  way,  its  position 
being  but  slightly  displaced  from  that  of  the  first  coil.  If  the  return  wires 
under  the  south  pole  be  neglected  the  similarity,  in  principle,  of  the  lap- 
and  ring-windings  can  be  seen,  and  it  is  evident  that,  like  the  ring-windmg, 
the  lap-winding  must  lead  to  multiple-circuit  or  parallel  connection.  We 
shall  first  consider: 

(a)  Lap-winding  with  Long  Coils. 
In  this  winding  each  coil  spans,  at  least,  the  pole  pitch.  Assume,  for 
example,  that  there  are  4  poles  and  8  armature  coils.  As  shown  in  Fig.  107 
the  periphery  is  divided  into  8  parts  and  the  points  at  which  the  8  coil- 
sides  wiU  commence  are  numbered  i,  2,  3,  etc.  A  wire  is  passed  from  front 
to  back  at  i,  bent  round,  and  brought  up  from  back  to  front  at  a  corre- 
sponding point  under  the  south  pole.  As  this  point  3  is  already  taken  for 
the  beginning  of  the  third  coil,  the  return  side  of  the  first  coil  must  come  up 
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at  a  point  near  it  such  as  i'.  When  the  coil  i— i'  is  completely  wound  we 
pass  across  the  front  from  the  end  i'  to  the  beginning  of  the  second  coil  at  2. 
Proceeding  in  this  way  the  successive  coils  are  all  in  series,  and  finally  the 
end  of  the  eighth  coil  is  joined  up  to  the  beginning  of  the  first.  The  wires 
joining  successive  coils,  such  as  i' — 2,  are  connected  to  the  commutator 
segments.  Since  there  are  8  coils,  there  are  8  segments. 

The  step  from  i  to  i'  is  equal  to  5,  while  that  from  i'  back  to  2  is  equal 
to  3.  If,  as  before,  y^  represents  the  forward  step  and  3/3  the  backward  step, 

tlien  Ji  =  5  and  y^  =  3. 

In  general,  if  there  are  2p  poles,  the  forward  step  should  theoretically 
be  equal  to  the  2^th  part  of  the  periphery,  but  practically  i  division  greater 
or  less  than  this.  Hence,  if  there  are  U  coil-sides  on  the  periphery,  for  a 
lap-winding  with  long  coils  we  have 

U  U 

■where y^  and 3/3  refer  to  coil-sides  and  not  to  separate  conductors;  each  coil 
may  consist  of  several  turns. 

U  must  evidently  be  divisible  by  2p  in  order  thatji  and  3/3  may  be  whole 
numbers,  and,  in  addition  to  this,  y^  and  3/2  must  be  odd  numbers.  The 
necessity  for  this  last  condition  is  evident  if  we  number  the  coil-sides  suc- 
cessively from  I  to  16  as  shown  in  Fig.  108  and  write  down  the  corresponding 
winding  table,  thus : 

/  / 

1—6  9—14 

/  / 

3—8  II— 16 

/  / 

5—10  13—2 

/  / 

7—12  15—4 

Had  the  step  been  even,  commencing  at  i,  we  should  have  arrived  at 
uneven  numbers  only,  and  the  winding  would  have  closed  without  using 
the  evenly  numbered  coil-sides. 

As  before,  it  is  easily  seen  that  for  clockwise  rotation  the  currents  in  the 

front  end-connections  flow  towards  the  north  poles  and  away  from  the 

south  poles.    The  path  of  the  current  in  Fig.  108  can  be  represented  as 

follows : 

7    12      9    14 

TO        <       8        q 
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Figures  107  and  108  represent  smooth  armatures  or  toothed  armatures 
with  a  single  coil-side  per  slot.  Smooth  armatures  are  now  little  used,  since 
the  number  of  wires  which  can  be  placed  on  the  periphery  is  very  limited. 
In  addition  to  this,  it  is  much  cheaper  to  wind  the  coils  on  formers  and  lay 
them  in  the  slots  than  to  wind  the  smooth-cored  armatures.    Another 
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advantage  is  the  reduction  of  loss  due  to  eddy  currents  as.  pointed  out  in 
Section  36.  Modern  machines  have  therefore,  almost  exclusively,  toothed 
armatures  and  several  coil-sides  in  each  slot.  There  is  no  reason,  however, 
why  Fig.  108  and  the  winding-step  which  we  have  given  for  it  should  not 
represent  such  an  armature.  We  have  merely  to  imagine  the  coil-side  2 
placed  below  coil-side  i  instead  of  beside  it,  and  in  finding  the  step  to  count 
both  upper  and  lower  coil-sides  in  each  slot. 


It  is  simpler,  however,  to  count  the  step  by  the  number  of  slots  and  not 
by  the  number  of  coil-sides.  We  assume,  as  is  practically  always  the  case, 
that,  of  the  two  sides  i  and  i'  of  a  coil,  one  occupies  the  top  of  a  slot  and 
the  other  the  bottom  of  another  slot  (Fig.  109).  With  the  winding  arranged 
in  two  layers,  the  step  with  respect  to  coil-sides  is  therefore  necessarily  odd. 
We  see  then  that  for  toothed  armatures  we  need  not  calculate  the  step  at 
all  but  need  only  make  the  coils  equal  to  the  pole  pitch  in  width.  After 
finishing  coil  i — i'  we  go  back  to  slot  2,  to  the  coil  occupying  the  same 
position  in  this  slot  as  the  previous  coil  occupied  in  slot  i.  This  is  shown  in 
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Fig.  109  for  a  4-pole  machine  with  12  slots.  Comparison  with  Fig.  107  will 
show  that  both  are  the  same  in  principle  and  in  the  method  of  numbering. 
For  the  sake  of  clearness  the  back  end-connections  are  drawn  outside  the 
armature. 

(6)    Short-chord  Lap-winding. 

The  width  of  the  armature  coils  need  not  be  so  great  as  the  pole  pitch. 
By  making  them  considerably  narrower  we  obtain  the  short-chord  winding 


Fig.  no 

of  Swinburne.  For  a  smooth  armature  the  winding-step  with  respect  to  the 
consecutively  numbered  coil-sides  can  be  found  at  once  from  the  following 
formulae :  U  —b  U  —b 

where  b  is  any  even  number  giving  odd  whole  numbers  for  y^  and  y^.  The 
larger  we  choose  b'  the  narrower  are  the  coils.  If,  for  example,  U  =  22, 
p  =  2,  and  &  =  6,  we  get  the  winding  shown  in  Fig.  no,  for  which  we  have 

yi  =  5.  yi  =  3. 
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The  position  of  the  brushes  can  be  determined  by  putting  arrows  on  the 
front  end-connections  to  indicate  the  direction  of  the  current.  We  see  that 
current  flows  from  the  wires  11  and  14  towards  the  right-hand  commutator 
segment,  and  we  therefore  place  the  positive  brush  on  this  segment  and 

arrange  the  other  brushes  every  ^  degrees.    The  left-hand  brash  short- 

circuits  the  coil  21—4,  which  hes  in  the  neutral  zone.    The  path  of  the 
current  through  the  armature  is  as  follows : 


5     10      7    12      9 
8361 
20    15    18    13     16 
17    22    19      2 


+ 


In  this  case,  only  one  coil  is  short-circuited  at  the  same  time.  This  is 
always  so  if  the  number  of  segments  is  not  divisible  by  the  pairs  of  poles. 
Generally  speaking,  this  would  be  an  advantage  from  the  point  of  view  of 
sparkless  commutation,  but  a  disadvantage  if  the  number  of  coils  in  the 
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different  armature  branches  is  thereby  made  to  differ  considerably.  The 
number  of  segments  should  preferably  be  divisible  by  the  number  of  pairs 
of  poles;  if  still  indivisible  by  the  number  of  poles,  all  the  positive  brushes 
will  short-circuit  coils  at  the  same  time,  and  all  the  negative  brushes  at 
another  time. 

The  advantage  of  the  short-chord  winding  hes  in  the  fact  that  adjacent 
wires  in  the  neutral  zone  carry  currents  in  opposite  directions  and  thus  have 
no  demagnetising  effect  (see  Section  54).  This  is  seen  very  clearly  in  the 
slot- winding  shown  in  Fig.  iii,  which  also  shows  the  simphcity  of  this 
type  of  winding.  No  calculation  of  the  winding-step  is  required,  and  it  is 
only  necessary  to  stipulate  that,  of  the  two  sides  of  a  coil,  one  shall  occupy 
the  upper  and  the  other  the  lower  position  in  a  slot.  For  a  total  number  of 
slots  S  =  20  and  4  poles,  we  have  a  slot-step  of  5  forwards  and  4  backwards. 
If,  however,  we  choose  a  short-chord  winding  with  slot-steps  of  3  and  2,  we 
obtain  the  winding  shown  in  Fig.  iii.  The  wires  in  the  neutral  zone  are 
seen  to  carry  currents  in  opposite  directions.  The  shortening  of  the  coils 
is  here,  however,  carried  too  far  and  would  cause  a  decrease  in  the  electro- 
motive force. 

47.    Two-circuit  Ring-winding. 

In  multipolar  machines  with  two-circuit  or  series  winding  the  current 
passes  through  the  armature  by  two  parallel  paths  as  in  bipolar  machines. 
If  O  represents,  as  before,  the  magnetic  flux  leaving  one  north  pole,  the 
induced  electromotive  force  for  the  same  number  of  wires  Z  and  the  same 
speed  n  will  be  -p  times  as  great  as  that  of  a  two-pole  machine.  We  have  thus 
for  two-circuit  winding, 

It  is  convenient  to  have,  if  possible,  the  same  formula  for  the  electro- 
motive force  for  both  series  and  parallel  windings.  If  now  we  let  a  represent 
the  number  of  pairs  of  parallel  paths  through  the  armature,  we  have  in  both 
cases, 

£:  =  ^  .(D.w.Z.io-8 (79). 

The  resistance  of  a  series-wound  multipolar  armature  is,  of  course,  the 
same  as  if  it  were  bipolar,  viz. 

where  I  is  the  total  length  of  wire  in  metres,  and  A  is  its  cross-section  in  sq. 
mm.  It  is  easy  to  see  from  the  formulae  for  electromotive  force  and  resist- 
ance that  the  series  winding  is  specially  suitable  for  machines  with  a  high 
pressure  and  small  current. 

The  principle  of  the  series  ring- winding  is  as  follows:  A  coil  under  a 
north  pole  is  connected  in  series  with  the  coil  similarly  situated  under  the 
next  north  pole  and  this  again  with  the  similar  coil  under  the  next  north 
pole,  and  so  on.  After  making  p  steps,  we  have  been  once  round  the  arma- 
ture and  must  come  to  a  coil  next  to  that  from  which  we  started.  Thus, 
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if  there  are  U  coils  on  the  armature  and  each  step  is  equal  to  y,  we 
have, 

py=U±i, 


or 


y^ 


U±z 


In  order  that  the  winding  may  close  on  itself  after  the  whole  armature 
is  wound,  y  and  U  must  have  no  common  factor.  The  number  of  coils  U 
must  always  be  odd. 


In  the  bipolar  winding  each  coil  was  connected  to  its  neighbour.  This 
is  also  true  for  the  multipolar  winding,  except  that  the  corresponding  coils 
under  the  other  similar  poles  are  connected  between  them.  The  considera- 
tion of  the  multipolar  winding  can  thus  be  referred  to  that  of  the  bipolar 
winding.  In  every  complete  circuit  round  the  armature  the  winding  creeps 
forward  or  backward  by  one  coil.  Hence,  there  are  p  coils  connected  between 
two  adjacent  commutator  segments.  If,  for  example,  p  =  2  and  U  =  13, 
then  y  must  be  7  or  6.  In  Fig.  112,  we  have  chosen  3/  =  6.  Commencing  at 
any  segment,  the  beginning  of  a  coil  passes  across  the  front  of  the  armature, 
while  the  end  of  the  coil  is  brought  up  to  the  front  through  the  interior  of 
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the  ring  and  connected,  at  the  commutator  segment,  to  the  beginning  of  the 
corresponding  coil  under  the  next  similar  pole.  The  winding  can  be  tabu- 
lated as  follows : 

1—7  II— 4 

/  / 

13 — 6  10 — 'i 

/  / 

-LT.—^  9—2 

/  / 

II  8—1 

We  now  draw  the  arrows  on  the  front  end-connections  in  the  usual 
manner,  omitting  those  on  coils  i  and  4  in  which  no  electromotive  force  is 
induced.  There  can  be  no  doubt  as  to  the  direction  of  the  current  in  the 
other  coils,  even  coil  7  being  safely  considered  as  under  a  south  pole. 

The  direction  of  the  current  in  coil  11  shows  that  the  negative  brush 
must  be  placed  on  segment  I,  while  from  coil  8  we  see  that  the  positive 
brush  must  be  on  segment  II.    The  brushes  are  thus  not  diametrically 

opposite,  but  subtend  an  angle  of  90°  or  ^—r-  degrees.    The  direction  of  the 

current  in  coils  i  and  4  can  now  be  seen,  and  the  path  of  the  current  through 
the  armature  may  be  represented  as  follows : 


II      5     12      6    13      7 
4    10      3      9      2      8 


-^ 


The  small  want  of  symmetry  in  the  two  halves  of  the  armature  is  of  no 
practical  importance. 

It  is  easily  seen  that  the  brushes  might  have  been  placed  on  segments 
diametrically  opposite  to  those  on  which  we  have  placed  them.  The  current 
in  the  coils  i  and  4,  which  lie  in  the  neutral  zone,  would  thereby  have  been 
reversed.  In  general,  there  are  p  possible  positions  for  each  brush,  separated 

by  an  angle  of  ^3—  degrees.    We  can,  however,  go  a  step  further  and  place 

brushes  on  the  commutator  at  each  of  these  points  and  thus  have  p  positive 
and  p  negative  brushes.  The  coils  lying  in  the  neutral  zone  will  then  be 
short-circuited  through  pairs  of  similar  brushes.  With  series  windings, 
however,  multipolar  machines  can  be,  and  often  are,  run  with  two  brushes 
only. 

A  moment  later  than  that  represented  in  Fig.  112,  the  positive  brush 
will  make  contact  with  two  segments  and  thereby  short-circuit  the  coils  i 
and  7  connected  in  series.  Since,  from  the  nature  of  the  series  ring-winding, 
we  start  at  any  segment  and  pass  through  p  coils  to  get  round  the  armature 
to  the  adjacent  segment,  it  follows  that  p  coils  in  series  must  be  short- 
circuited  whenever  a  brush  touches  two  segments  simultaneously. 

If  we  wish  the  brush  to  short-circuit  one  coil  at  a  time,  instead  of  p  coils 
in  series,  we  must  make  the  number  of  segments  p  times  as  large  as  the 
number  of  coils.  The  number  of  coils  can  then  be  kept  relatively  small. 
The  beginning  and  the  end  of  every  coil  are  connected  to  separate,  but 
adjacent,  segments.  The  connection  of  the  coils  in  series  is  effected  by  the 
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interconnection  of  the  commutator  segments,  every  set  of  p  equally  spaced 
segments  being  connected  together.  The  result  is  the  same  as  if  the  coils 
had  been  connected  together  in  accordance  with  the  formula 

In  Fig.  113,  for  example,  U  =  j  and^  =  3.  The  commutator  has,  there- 
fore, 21  segments,  which  are  connected  together  in  sets  of  three,  separated 
from  each  other  by  120  degrees.  Only  a  few  of  these  connections  are  shown 
in  the  figure,  the  remainder  being  indicated  by  letters. 


Fig.  113 

At  the  moment  shown  in  the  figure  the  coil  6  is  exactly  in  the  neutral 
zone,  and  is  short-circuited  by  the  positive  brush.  The  negative  brush  lies 
60°  away  from  it.  The  path  of  the  current  is,  then,  as  follows: 

7241, 

5311 

This  shows  very  clearly  that  p  positive  and  p  negative  brushes  can  be  used, 
since  the  p  segments  are  interconnected  and  equivalent  to  one  large  seg- 
ment. 

It  is  important  to  notice  the  positions,  with  regard  to  the  poles,  of  the 
coils  constituting  one  of  the  two  paths  through  the  armature.   Coil  4,  for 
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example,  lies  partly  under  the  beginning  of  a  south  pole,  coil  2  lies  wholly 
under  a  south  pole,  while  coil  7  lies  partly  under  the  end  of  a  south  pole. 
The  three  coils  are  therefore  equivalent  to  a  single  coil  with  three  times  as 
many  turns,  spread  out  over  a  whole  pole-pitch. 

48.    Two-circuit  Drum-winding. 

In  the  series  or  two-circuit  drum-winding,  a  coil  consists  of  a  coil-side 
under  a  north  pole  and  a  coil-side  in  a  somewhat  similar  position  under  the 
adjacent  south  pole.  The  end  of  the  coil  is  not  brought  back  to  a  point  near 


the  beginning,  but  is  connected  to  the  beginning  of  a  coil  occupying  a 
corresponding  position  under  the  next  pair  of  poles.  After  proceeding  round 
the  armature  in  this  way  and  commencing  to  continue  round  a  second  time, 
the  coil-sides  are  found  to  lie  next  but  one  to  the  corresponding  coil-sides 
of  the  first  round.  If  each  coil-side  consists  of  a  single  wire  or  bar,  the  com- 
plete coils  disappear  and  the  winding  becomes  a  simple  wave-winding 
(Fig.  114). 

From  these  considerations  the  formula  for  a  series  drum-winding  should 
be  p{yi+y2)  =  U±2, 

U±2 

or  yi  +  y2  =  —T~  ■ 


48.  Two-circuit  Drum-Ending  129 

Both  winding-steps  are  continuously  in  one  direction  and  there  is  no 
backward  step.  Both  3/1  and  y^  must  be  odd  since,  otherwise,  beginning 
with  coil-side  i  we  should  either  come  to  odd  coil-sides  only,  or  find  the 
winding  impossible.  As  in  all  drum-windings  U  must  be  an  even  number. 
If  the  winding-steps  y-^  and  y^  be  made  equal,  we  have 

y  = -^p- ov  2py  =  V ±2. 

where  U  is  even  and  y  is  odd. 

The  choice  of  unequal  values  for  y^  and  y^  may  be  due  to  two  causes.  If 
the  number  of  wires  or  coil-sides  is  .fixed,  it  may  be  necessary  to  make  y^ 
and  y^  unequal  in  order  to  make  them  odd.  If,  for  example,  U  =  214  and 
p  =  6,  we  have 

214  +  2       , 
3'i  +  3'2=  -^ —  =  36. 

Now,  we  cannot  take  y^=  y^  =  18,  as  the  winding  would  then  close  on 
itself  before  the  armature  was  completely  wound.  We  should  therefore 
make  ji  =  19  andy^  =  17.  By  making  ^/j  and  3^2  widely  different  we  obtain 
a  similar  result  to  that  obtained  by  Swinburne's  short-chord  winding,  viz. 
a  reduced  armature  reaction. 

A  series  drum-winding  is  shown  in  Fig.  114  in  which  U  =  14  and  p  =  2. 
We  have 

y.  +  3'.=  ^=^^=8or6. 

We  choose  Ji  -I-  3^2  =  6  and  make  3/^=3/2  =  3. 

The  winding  scheme  is  then  simply  i — 4 — 7 — 10 — 13 — 2,  etc.  Starting 
from  the  front  at  i  we  pass  down  the  armature  under  the  north  pole,  across 
the  back-end  to  4,  up  to  the  front  and  then  across  the  front  to  7,  making 
connection  with  the  commutator  on  the  way.  The  back  end-connections 
are  drawn  dotted  in  the  figure. 

We  put  in  the  arrows  to  indicate  the  direction  of  current  in  the 
front  end-connections,  omitting,  for  the  present,  those  for  wires  13 
and  6,  which  lie  in  the  neutral  zone.  Because  of  the  direction  of  the 
current  in  wire  9,  we  place  the  negative  brush  on  segment  I,  and  the 
positive  brush,  because  of  the  current  in  wire  10,  we  place  on  segment  II. 
This  settles  the  current  in  wires  13  and  6,  and  the  current  path  through 
the  armature  is  as  follows : 


9    12      1      4      7    10 
14    II      8      5      2     13 


-f- 


The  odd  number  of  coils  causes,  at  times,  a  slight  dissymmetry  between 
the  two  armature  paths. 

Here  again  4  brushes  could  be  used,  or,  in  general,  2p  brushes  separated 

by  ^-T  degrees.    In  Fig.  114,  for  example,  two  more  brushes  are  shown 
2p 

dotted,  lying  diametrically  opposite  to  those  on  segments  I  and  II.  Since 

the  brushes  of  like  sign  will  be  connected  together,  the  coils  3 — 6  and  2 — 13, 

lying  more  or  less  in  the  neutral  zone,  will  be  short-circuited  at  the  moment 

T.  E.  9 
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represented  in  the  figure.   The  path  of  the  current  through  the  armature 
will  then  be  as  follows : 


+ 


9     12      I      4      7    10 
14    II      8      5 

As  in  the  series  ring-winding  p  coils  are  connected  in  series  between  two 
neighbouring  segments.  This  can  be  obviated,  with  a  view  to  improving 
the  commutation,  by  niaking  the  number  of  segments  p  times  the  number 


of  coils.    Those  segments  which  are  separated  by  ^v-  degrees  are  then  inter- 
connected. In  Fig.  115,  for  example,  C7  =  16  and  p  =  3,  whence 

16  +  2 

The  winding  proceeds  as  follows :  i^ — ^4 — 7 — 10,  etc.  Of  the  connections 
within  the  commutator,  only  those  are  shown  which  are  of  importance  at 
the  moment.  The  others  are  clearly  indicated  by  means  of  the  letters  on 
the  segments. 

The  arrows  are  now  drawn  on  the  front  end-connections.  Assuming  that 
the  coils  I — /[  and  9 — 12,  lying  in  the  neutral  zone,  are  short-circuited  at  the 
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moment  chosen,  we  get  the  position  for  the  brushes  shown  in  the  figure.  The 
path  of  the  current  is  then  as  follows : 

6      3     16    13     10      7 
15      2      5      8    II    14 
Naturally,  as  the  segments  are  connected  in  groups  of  p,  the  number  of 
brushes  can  be  increased  to  2p. 


As  before,  the  slot-winding  with  two  coil-sides  per  slot  is  extremely 
simple.  After  going  once  round  the  armature,  that  is,  after  zp  steps,  we 
arrive  at  the  slot  next  to  that  from  which  we  started.  The  result  is  the 
same  as  when,  in  a  smooth-cored  armature,  we  arrive  at  the  coil-side  next 
but  one  to  that  from  which  we  started.  If  ^^si  and  3/82  represent  the  winding- 
steps  with  regard  to  the  slots,  and  the  number  of  slots  be  5,  then  the  above 
consideration  leads  to  the  formula 

S±i 
or  3'si  +  3's2=— r— ■ 


9—2 
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If,  for  example,  S  =  15  and  />  =  2,  we  have 

We  choose  3/si  =  y^^  =  4  and  obtain  the  winding  shown  in  Fig.  116. 


AAAAAA 

IT 

lAAAAAAl 


49.    Series-parallel  Ring-winding. 

Up  to  the  present  we  have  divided  armature  windings  into  parallel  or 
multiple-circuit  windings  and  series  or  two-circuit  windings.  Of  these,  the 
former  are  suitable  for  machines  for  large  currents,  and  the  latter  for 
machines  for  high  pressures.  As  a  general  rule,  that  type  of  winding  is 
chosen  which  gives  a  suitable  current  in  the  armature  wires.  If,  for  example, 
the  armature  current  be  300  amperes,  a  series  winding  would  give  a  current 
of  150  amperes  in  each  armature  path.  Experience  shows  this  to  be  a  suit- 
able value,  requiring  a  copper  strip  of  large  cross-section  and  wasting  little 
space  in  insulation.  A  series  winding  would  therefore  be  chosen  in  such  a 
case.  If,  on  the  other  hand,  the  armature  current  be  600  amperes,  the  cur- 
rent per  armature  wire  would  be  too  heavy  with  a  series  winding,  and  it 
would  be  necessary  to  adopt  a  parallel  winding. 

A  difficulty  which  occurs  with  all  the  parallel  windings  already  described 
is  due  to  the  fact  that  each  branch  of  the  armature  winding  lies  entirely 

under  one  pair  of  poles.  If  now  the 
various  pairs  of  poles  have  different 
numbers  of  lines  of  force,  the  electro- 
motive forces  induced  in  the  different 
branches  will  be  different.  This  may 
cause  great  differences  between  the 
currents  in  the  various  branches.  As 
an  example,  let  us  assume  that  an 
electromotive  force  E^  of  115  volts  is 
induced  in  the  upper  half,  consisting 
of  two  parallel  branches,  in  Fig.  117. 
As  the  result  of  inequality  in  the 
magnetic  flux,  let  the  electromotive 
force  £2  in  the  lower  half  be  114  volts.  Let  the  resistance  R'  of  each  double 
branch  be  0-05  ohm.  What  will  be  the  current  in  each  branch  when  the 
total  current  is  100  amperes? 

Since  the  terminal  pressure  is  the  same  for  each  branch,  we  have 

E^  -  I^R'  =  £,  -  I^R'  =  V. 
or  115  -  A-o-05  =  114  - /g.o-os. 

Wherefore  /^  -  /^  =  20. 

As  the  total  current  is  200  amperes,  we  have 
/j  =  60  amperes, 
1 2  =  40  amperes. 


AAAAAA 
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Fig.  117 
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The  greater  load  and  therefore  the  greater  currents  under  some  pole- 
pairs  may  lead  to  destructive  sparking  at  the  commutator.  It  is  therefore 
best  to  provide  such  armatures  with  equalising  connections  by  means  of 
which  these  differences  between  the  currents  in  the  different  branches  are 
equalised  within  the  armature  itself,  and  the  same  current  is  carried  by  each 
brush. 

The  difficulty  can,  however,  be  overcome  to  a  large  extent  by  using 
Arnold's  series  parallel  windings.  Each  branch  of  the  armature  winding  is 
distributed  around  the  whole  armature,  so  that  any  inequality  between  the 


poles  acts  in  a  similar  manner  on  every  branch.  The  winding  progresses  in 
one  direction  only,  and,  after  finishing  a  coil,  passes  to  the  corresponding 
coil  under  the  next  pair  of  poles. 

Up  to  this  point  the  winding  does  not  differ  from  the  series  windings 
already  described.  These  latter  were,  however,  two-circuit  windings,  where- 
as Arnold's  winding  has  more  than  two  parallel  paths.  This  result  is 
obtained  by  so  arranging  the  winding  that,  after  going  once  round  the 
armature,  we  arrive  at  the  coil  next  but  one,  or  next  but  two,  as  the  case 
may  be,  to  the  coil  from  which  we  started;  in  the  two-circuit  winding  we 
arrived  at  the  next  coil. 

To  make  this  plain,  we  shall  consider  a  bipolar  machine  and  examine  the 
effect  of  winding  successively  every  other  coil,  so  that  it  is  necessary  to  go 
twice  round  the  armature  to  complete  the  winding.  This  is  shown  in  Fig.  118, 
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where  the  step  is  2,  and  the  number  of  coils  15.  U  and  y  have  no  common 
factor,  and  the  winding  is  therefore  simply  closed  on  itself,  although  elec- 
trically it  is  divided  into  four  parallel  paths.  The  brushes  iriust  be  wide 
enough  to  cover  more  than  one  segment.  In  general,  a  winding-step  of  a 
gives  a  winding  with  2a  parallel  paths. 

In  this  way  we  are  led  to  the  following  rule  for  multipolar  machines  with 
ring- windings :  If,  after  passing  once  round  the  armature,  we  come  to  the 
ath  coil  from  that  at  which  we  started,  the  winding  will  be  divided  into  20 


Fig.  119 

parallel  paths.  It  is  easy  to  see  that  the  series  ring-winding  previously 
described  was  merely  a  special  case  of  the  series-parallel  winding,  in  which  a 
was  made  equal  to  i. 

We  shall  confine  ourselves  to  the  more  important  Case  in  which  the 
number  of  parallel  paths  is  equal  to  the  number  of  poles,  oxp  =  a.  In  a  ring 
armature  with  series-parallel  winding,  after  going  once  round  the  armature, 
that  is,  after  making j^  steps  each  equal  toy  coils,  we  must  arrive  at  the^th 
coil  from  that  at  which  we  started.  We  have,  therefore, 

py=U±p, 

U±p      U  , 

p        p 


or 
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In  this  formula  U  may  be  odd  or  even  according  to  circumstances.  If 
the  winding  is  to  be  singly  closed  U  and  y  must  have  no  common  factor. 
In  Fig.  119,  for  example,  fj  =  16  and  p  =  2.  That  gives  :y  =  9  or  7.  We 
have  chosen  7,  and  the  winding  scheme  is  simply  i — 8 — 15' — 6 — etc. 

The  connections  between  the  coils  themselves  and  with  the  commutator 
are  made  at  the  front  of  the  armature  by  means  of  connectors  in  two  planes. 

Putting  in  arrows  to  show  the  direction  of  the  current  in  the  front  end- 
connections  of  the  coils,  we  see  that  it  flows  towards  the  point  joining  coils  8 
and  15,  and  also  towards  the  point  joining  coils  16  and  7.  This  determines 
the  position  of  the  positive  brushes,  and  gives  us  the  following  path  for  the 
armature  current: 

11  2      9     16 

4    13      6     15 

12  5     14      7 
3     10      I      8 

A  moment  later  each  of  the  four  brushes  will  make  simultaneous  contact 
with  two  segments.  The  negative  brushes,  for  example,  will  short-circuit 
the  coils  3  and  11,  the  short-circuited  path  being  as  follows: 

I,  II,  3,  HI,  IV,  II,  I. 

Thus,  the  coils  3  and  11,  lying  in  the  neutral  zone,  are  short-circuited 
at  the  given  moment  by  the  negative  brushes.  In  general,  both  the  positive 
and  negative  brushes  short-circuit  p  coils  in  series.  Since  a  closed  circuit 
can  be  broken  at  one  point  without  destroying  the  electrical  connection 
between  all  the  paths  of  the  circuit,  it  is  possible  to  remove  one  of  the  posi- 
tive and  one  of  the  negative  brushes.  The  remaining  brushes  must  be  wider 
than  one  segment.  Each  brush  is  connected  to  the  segment,  from  which 
the  other  similar  brush  has  been  removed,  through  the  coil  lying  in  the 
neutral  zone. 

50.    Series-parallel  Drum-winding. 

We  have  already  drawn  attention  to  the  similarity  in  principle  between 
ring-  and  drum-windings,  and  we  will  now  use  this  fact  to  find  a  formula  for 
the  winding-step  of  series-parallel  drum-windings.  We  saw  in  the  last  section 
that,  for  a  ring-winding  to  have  2a  parallel  paths,  it  is  necessary  that  a  com- 
plete circuit  round  the  armature  should  bring  us  to  the  ath  coil  from  that 
at  which  we  started.  Now,  the  space  occupied  by  a  coils  on  the  ring  is 
represented  by  2a  coil-sides  on  the  drum.  In  a  complete  circuit  of  the  drum 
armature  we  make  p  double  steps  of  y^  +  y^  coil-sides.  For  a  pure  parallel 
winding  (^  =  a)  we  have,  therefore, 

P  {y-L  +  ^'2)  =  t^  ±  2^- 
Since  the  two  sides  of  a  coil  always  embrace  an  even  number  of  other 
coil-sides,  the  steps 3^1  and^^a  must  both  be  odd.  The  sum^Vi  4-  y^  is  therefore 
even,  and  y-^^  -f  y.^,  and  TJ  have  always  the  common  factor  2.  Except  for 
this  they  must  have  no  common  factor  if  the  winding  is  to  be  singly 
closed. 
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If  the  winding-step  is  the  same  both  back  and  front,  we  have 

U  , 

Here  U  and  y  must  have  no  common  factor.  If,  for  example,  C7  =  24 
and  ^  =  3,  we  get  3^  =  5  or  3.  The  latter  value,  i.e.  3/  =  3,  would  not  give 
a  singly  closed  winding,  since  U  and  y  would  have  a  common  factor  3. 
Starting  at  i,  we  would  only  make  eight  steps  before  arriving  again  at  i, 
and  the  winding  would  thus  be  closed  after  only  a  third  of  the  armature 


had  been  wound.  The  complete  armature  winding  would  thus  be  triply 
closed,  that  is,  it  would  consist  of  3  distinct  windings.  If,  on  the  other  hand, 
we  choose  the  value  y  =  5,  we  get  the  winding  1—6— 11— 16— etc.,  which 
is  singly  closed. 

This  winding  is  shown  in  Fig.  120,  in  which  the  back  end-connections 
are  shown  dotted,  while  those  at  the  front  are  arranged  in  two  planes  in 
the  usual  way.  The  number  of  segments  is  half  the  number  of  coil-sides. 
Putting  in  the  arrows  to  show  the  direction  of  the  current  in  the  front 
connections,  we  find  the  position  of  the  brushes.  Positive  brushes  are  placed 
where  the  currents  flow  together  from  both  sides,  while  negative  brushes  are 
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placed  where  the  currents  flow  away  in  both  directions.  The  paths  followed 
by  the  current  are  as  follows : 
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Fig.  121 

A  moment  later  the  brushes  will  make  simultaneous  contact  with  two 
segments,  and  the  negative  brushes,  for  example,  will  short  the  following 
circuit  and  cut  it  out  of  the  main  armature  circuit : 

I,  II,  14,  19,  III,  IV,  22,  3,  V,  VI,  6,  II,  I. 

Three  coils  will  be  short-circuited  at  the  same  time  by  the  positive 
brushes.  The  coils  short-circuited  in  this  way  lie  in  the  neutral  zone.  In 
general,  p  coils  or  2p  coil-sides  in  series  are  short-circuited  by  both  the 
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positive  and  negative  brushes.  What  was  said  concerning  the  leaving  off  of 
some  of  the  brushes  in  the  ring  armature  holds  equally  well  in  the  case  of 
drum  armatures. 

As  in  other  cases,  this  winding  is  very  simple  when  applied  to  toothed 
armatures  with  the  slots  numbered  consecutively  and  each  containing  two 
coil-sides.  The  rule  for  a  series-parallel  winding  is  then :  If,  after  going  once 
round  the  armature,  we  come  to  the  ath  slot  from  that  at  which  we  started, 
the  armature  will  have  2,a  parallel  paths.  If  y^^  and  y^^  are,  as  before,  the 
winding-steps  with  regard  to  the  slots,  we  have,  for  a  pure  parallel  winding 
(^  =  «),  the  formula  p  iy,,+ y,,)  ^  S  ±  p, 

S 

If,  for  example,  as  in  Fig.  121,  the  number  of  coil-sides  is  24,  so  that  the 
number  of  slots  S  is  12  and  the  pairs  of  poles  p  =  2,  then  we  have 

3'si+J's2  =  ^±i  =  7or5- 

We  have  chosen  >'si  =  3,  ysi  =  2  and  obtain  the  winding  shown  in 
Fig.  121. 

It  is  found  in  practice,  however,  that  sparkless  commutation  is  difficult 
to  obtain  with  series-parallel  windings,  especially  when  the  winding  is  such 
that,  commencing  on  the  neutral  zone,  and  passing  once  round  the  armature, 
we  arrive  at  a  coil-side  under  a  pole-tip.  To  ensure  successful  operation, 
the  use  of  equalising  connections  is  to  be  recommended.  If  the  number  of 
segments  is  divisible  by  the  number  of  pairs  of  poles,  which  is  desirable  for 
the  sake  of  symmetry  and  sparkless  commutation,  there  can  be  no  difficulty 
in  determining  which  segments  should  be  interconnected.  It  is  by  no  means 
necessary  that  all  the  segments  should  be  so  connected,  since  a  small 
fraction  of  the  total  number  of  possible  connections  is  generally  found  to 
suffice. 


CHAPTER  VII 

51.  The  excitation  of  dynamos. — 52.  The  field  magnets. — 53.  Position  of  the  brushes. — 
54.    Armature  reaction. — 55.    Sparkless  commutation. — 56.    Three-wire  dynamos. 

51.    The  Excitation  of  Dynamos. 

The  earliest  machines  in  which  electromotive  force  was  induced  by  the 
motion  of  a  wire  in  a  magnetic  field  were  provided  with  permanent  magnets 
of  hardened  steel.  They  were  built  up  of  laminations  which  gave  much 
stronger  magnets  than  could  be  obtained  from  massive  steel.  Even  these 
compound  magnets,  liowever,  gave  a  relatively  small  magnetic  flux,  so 
that  the  electromotive  force  and  current  of  a  machine  of  reasonable  di- 
mensions were  small. 


Fig.  122 


It  was  a  great  advance,  therefore,  when  Dr  Wilde  of  Manchester  passed 
the  current  obtained  from  the  two-part  commutator  of  a  small  permanent-r 
magnet  dynamo  around  the  wrought-iron  poles  of  a  second  dynamo.  Since 
wrought-iron  has  a  high  permeability,  it  follows  that  the  magnetic  flux  in 
this  latter  machine,  and  therefore  also  the  electromotive  force  induced,  were 
very  large.  An  arrangement  similar  to  that  of  Wilde  is  shown  in  Fig.  122, 
in  which  N^  and  S^  represent  the  steel  magnet  of  the  exciting  machine.  The 
current  taken  from  this  machine  is  passed  through  the  field  coils  of  a  larger 
dynamo  with  magnets  of  wrought-iron.  The  coils  must  be  wound  in  such 
a  way  that  one  pole  is  north  and  the  other  south.  When,  for  example,  the 
bottom  end  of  the  left-hand  coil  lies  in  front,  the  bottom  end  of  the  right- 
hand  coil,  to  which  it  is  connected,  must  be  behind.  The  substitution  of 
electromagnets  for  permanent  magnets  had  been  proposed  and  carried  out 


140 


Electrical  Engineering 


by  Wheatstone  and  Coolie  in  1845,  the  exciting  current  being  obtained  from 
batteries. 

One  of  the  greatest  factors  in  the  enormous  progress  made  by  electrical 
engineering  during  the  latter  years  of  the  nineteenth  century  was  the  dis- 
covery of  the  self-exciting  power  of  a  dynamo  with  wrought-iron  magnets. 
This  discovery  was  made  almost  simultaneously  by  several  workers  in 
different  countries,  and  the  name  of  dynamo  was  coined  by  Werner  von 
Siemens  in  1866  in  his  paper  describing  such  a  machine.  This  discovery, 
together  with  that  of  the  commutator  with  a  large  number  of  segments, 
laid  the  foundation  of  modern  electrical  engineering. 

The  word  dynamo  is  now  used  in  a  broader  sense  to  signify  all  machines 
for  generating  electromotive  force  by  electromagnetic  induction,  whether 
these  machines  be  self-exciting  or  not.  It  is  usually  confined,  however,  to 
direct-current  generators,  and  is  rarely  applied  to  alternators. 

The  process  of  self-excitation  in  a  direct-current  dynamo  is  as  follows. 
On  starting,  the  armature  conductors  cut  the  hnes  of  force  due  to  the  re- 


Fig.  123 

manent  magnetism,  and  thereby  induce  a  small  electromotive  force.  If  the 
circuit  is  closed  as  in  Fig.  123  this  produces  a  small  current,  which,  passing 
round  the  field  coils,  strengthens  the  remanent  magnetism.  The  electro- 
motive force  is  thereby  increased,  and  with  it  the  current,  and  so  on.  In 
this  way  the  machine  gradually  builds  up  its  field.  The  strength  of  field  and 
electromotive  force  finally  reached  depend  on  the  construction  of  the 
machine  and  on  the  conditions  under  which  it  is  working.  It  might  appear 
at  first  sight  that  the  magnetic  field  would  increase  until  the  iron  was  com- 
pletely saturated.  This  is,  however,  not  the  case,  quite  apart  from  the  fact 
that  the  saturation  of  the  iron  is  a  very  indefinite  idea.  As  a  matter  of  fact, 
the  current  increases  until  the  product  of  current  and  resistance  of  circuit 
is  equal  to  the  electromotive  force  induced  by  the  corresponding  flux. 

This  increases  the  difficulty  of  understanding  the  action  of  the  dynamo, 
since  the  flux,  which  produces  the  electromotive  force,  is  itself  dependent 
on  the  current.  We  are  thus  led  to  the  conclusion  that  although  the  current, 
in  accordance  with  Ohm's  law,  is  dependent  on  the  electromotive  force  and 
the  resistance,  yet,  on  the  other  hand,  the  electromotive  force  itself  is 
dependent  on  the  current  and  therefore  on  the  resistance.  We  must  therefore 
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give  up  our  previous  view,  according  to  which  the  electromotive  force  and 
the  resistance  of  the  circuit  are  the  given  quantities,  from  which  we  can 
calculate  the  current.  The  electromotive  force  of  a  dynamo  is  not  merely 
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Fig.  124 

a  function  depending  on  constants  of  the  machine  such  as  flux,  speed,  or 
number  of  wires  on  the  armature.  Over  and  above  all  these,  it  is  dependent 
on  the  conditions  under  which  it  is  run,  that  is,  on  the  resistance  between  its 
terminals,  or  the  current  taken  from  it. 
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Fig.  125 


Fig.  126 


There  are  several  ways  in  which  the  magnet  winding  of  a  self-excited 
dynamo  may  be  arranged.  In  the  series  dynamo  (Fig.  123)  it  consists  of  a 
few  turns  of  thick  wire,  through  which  the  main  current  passes.  Hence  the 
armature,  field  and  external  circuit  are  all  connected  in  series. 

In  the  shunt  dynamo  (Fig.  124)  the  field  winding  consists  of  a  large 


142  Electrical  Engineering 

number  of  turns  of  fine  wire.  This  winding  is  connected  directly  to  the 
brushes,  and  is  thus  in  parallel  with  the  external  circuit.  Since  the  resistance 
of  the  field  winding  is  large,  the  current  through  it  is  very  small  compared 
with  the  normal  current  in  the  external  circuit. 

In  the  compound  dynamo  (Figs.  125  and  126)  the  field  winding  consists 
of  a  combination  of  shunt  and  series  windings.  It  is  really  a  shunt  dynamo, 
the  magnetic  field  of  which  is  strengthened  by  means  of  a  few  series  turns. 
The  coils  must  be  wound  in  such  a  way  that  the  currents  in  the  two  windings 
are  in  the  same  direction.  In  Fig.  125  the  shunt  winding  is  connected  directly 
to  the  brushes,  and  is  thus  in  parallel  with  the  series  winding  and  the  ex- 
ternal circuit.  This  is  known  as  the  short-shunt  arrangement.  In  Fig.  126 
the  shunt  winding  is  connected  to  the  terminals  of  the  machine,  and  is 
simply  in  parallel  with  the  external  circuit.  This  is  known  as  the  long-shunt 
arrangement.  The  object  of  the  compound  winding  is  to  maintain  a  constant 
or  even  rising  pressure  at  the  terminals  of  the  machine  in  spite  of  the  in- 
creasing drop  in  the  armature  with  increasing  current. 

It  is  of  special  interest  to  determine  the  conditions  under  which  a 
machine  may  refuse  to  excite.  They  are  as  follows : 

I.  If  the  initially  induced  electromotive  force  is  too  small,  i.e. 
(i)    with  too  little  remanent  magnetism, 

(2)    at  too  low  a  speed. 

II.  If  the  magnetising  current  produced  is  too  small,  i.e. 

(i)  with  large  brush-contact  resistance, 

(2)  with  large  external  resistance  on  series  dynamos, 

(3)  with  large  field-circuit  resistance  on  shunt  dynamos, 

(4)  with  very  small  external  resistance  on  shunt  dynamos,  such  as  a 

short-circuit,  which  would  cause  the  terminal  pressure  to  sink 
to  zero  and  the  magnetising  current  to  vanish. 

III.  If  the  flux  produced  either  does  not  strengthen  the  remanent 

magnetism  at  all  or  not  sufficiently,  i.e. 

(i)    with  large  air-gaps  between  poles  and  armature, 

(2)  with  wrong  field  connections  for  a  given  direction  of  rotation, 

(3)  with  a  wrong  direction  of  rotation  for  given  field  connections. 
A  reversal  of  the  polarity  of  a  machine  does  not  prevent  its  excitation, 

but  simply  reverses  the  polarity  of  the  brushes. 

52.    The  Field  Magnets. 

As  a  rule  the  field  magnets  consist  of  a  number  of  parts  of  different 
material  bolted  together.  The  materials  used  are  stampings,  wrought-iron, 
cast-iron,  cast-steel,  and  ingot-iron. 

Wrought-iron  could  be  used  throughout  for  the  magnets  of  separately 
excited  dynamos  or  for  motors,  and  would  be  preferable  in  some  cases  on 
account  of  its  high  permeability.  It  could  not  be  used  throughout  in  a  self- 
exciting  dynamo  on  account  of  its  small  remanent  magnetism,  which  would 
probably  be  insufficient  to  enable  the  field  to  build  up.  Its  use  might  there- 
fore be  confined  to  the  pole-cores,  which  must  be  kept  as  small  as  possible. 
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not  only  to  save  iron,  but  to  make  the  length  of  each  turn  of  the  field  coil 
as  short  as  possible  and  thus  save  copper. 

Stampings  of  sheet-iron  are  used  for  the  pole-shoes  in  order  to  diminish 
the  eddy  losses  caused  in  them  by  the  armature  teeth. 

Cast-iron  was  formerly  largely  used  for  the  field  magnets  of  dynamos 
and  motors.  On  account  of  its  low  permeability,  it  is  now  little  used  except 
for  small  machines,  in  which  the  magnet  frame  and  bed-plate  are  cast  in 
one.  In  this  case  the  cheapness  of  construction  and  the  low  price  of  the 
cast-iron  more  than  compensate  for  the  increased  weight  of  copper  and  iron 
due  to  the  low  permeability. 

In  large  modern  machines,  however,  cast-iron  has  been  replaced  by  cast- 
steel.  It  possesses  the  twofold  advantage  of  a  high  remanent  magnetism 
and  a  high  permeabihty,  hardly  differing  from  that  of  wrought-iron.  The 
flux-density  can  be  carried  much  higher  than  in  cast-iron,  while  requiring 
relatively  few  ampere-turns  on  the  poles. 
Whereas  it  was  formerly  common  to  find  a 
half  of  the  total  number  of  ampere-turns 
used  up  in  driving  the  flux  through  the 
cast-iron  field  magnet,  it  is  now  common  in 
large  machines  for  the  whole  path  in  iron, 
including  armature  core  and  teeth,  to  require 
no  more  than  a  quarter  of  the  total  ampere- 
turns*.  The  weights  of  iron  and  of  copper 
on  the  field  magnets  are  thus  both  reduced 
by  the  use  of  cast-steel.  This  makes  the 
machine  lighter  and  less  clumsy  in  appear- 
ance and  improves  the  ventilation.  More- 
over, the  higher  flux-densities  which  can  be 
use"d  have  an  appreciable  influence  on  the 
commutation,  as  we  shall  see  later  on. 
Against  these  advantages  we  have  to  place 

the  higher  price  of  cast-steel  and  the  probable  increase  in  cost  of  manu- 
facture due  to  the  magnet  frame  being  no  longer  in  one  piece  with  the 
bed-plate. 

Turning  now  to  the  shape  of  the  field  magnets,  we  find  that  the  early 
machines  were  of  the  horse-shoe  type.  It  was  soon  seen  that  the  long  pole- 
cores,  first  introduced,  were  quite  unnecessary  and  only  lengthened  the  path 
of  the  magnetic  lines.  It  was  further  found  that  the  best  form  from  a 
magnetic  point  of  view  was  a  well-rounded  type  following  the  path  of  the 
lines  of  force.  So  long  as  a  line  of  force  remains  in  the  same  medium  it 
never  forms  a  sharp  corner,  and  the  sharp  edges  in  Fig.  127  only  add  to  the 
weight  of  the  machine.  The  edges  should  be  rounded  off  as  shown  in  Fig.  122. 

The  Manchester  type  shown  in  Fig.  128  is  of  special  historical  interest. 
The  two  field  coils  are  connected  so  that  their  magnetomotive  forces  act 
in  parallel.  The  Unes  of  force  flow  upward  in  both  cores  and  produce  at  N 

*  This  depends,  however,  on  the  purpose  for  which  the  machine  is  designed.  In 
machines  which  have  to  light  glow  lamps  without  a  battery  connected  in  parallel,  a  half 
of  the  total  ampere-turns  may  be  required  for  the  iron  and  for  armature  reaction.  (See 
Section  59.) 
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a  so-called  consequent  pole.  In  calculating  the  necessary  ampere-turns,  it 
is  best  to  divide  the  machine  into  two  parts  by  a  vertical  plane  through 
the  spindle  and  calculate  the  ampere-turns  for  each  half  separately.  Each 
core  carries  a  half  of  the  armature  flux.  The  ampere-turns  so  calculated 
must  be  placed  on  each  core,  since  the  magnetic  effects  of  the  two  cores  are 
in  parallel  and  cannot  be  added. 
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Fig.  128 


Fig.  129 


The  arrangement  shown  in  Fig.  129  is  commonly  known  as  the  Lahmeyer 
type,  and  is  now  very  largely  used.  The  winding  is  completely  enclosed  by 
the  iron.  Practically  all  multipolar  machines  are  built  on  this  principle, 
each  pole  carrying  a  field  coil  (see  Fig.  151) .  In  Fig.  130  is  shown  an  arrange- 
ment whereby  a  four-pole  machine  can  have  two  field  coils.  This  arrange- 
ment has  been  used  in  traction  motors  where  space  in  one  direction  is  very 
limited.  The  unsymmetrical  arrangement  may,  however,  lead  to  sparking 
at  the  commutator. 
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Fig.  130 

A  great  number  of  machines  were  made  in  Germany  with  the  poles 
inside  the  armature.  Mechanical  difficulties  with  the  rotating  external  ring 
armature  caused  this  type  to  be  abandoned.  The  usual  type  of  large  alter- 
nating current  generator  consists  of  an  external  stationary  armature  and 
an  internal  rotating  field  magnet  system. 

We  must  now  compare  these  various  types  of  machines  with  respect  to 
magnetic  leakage. 
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By  the  term  leakage  flux  we  mean  those  hnes  of  force  which  pass  from 
pole  to  pole  through  the  air  instead  of  going  through  the  armature.  As  a 
result  of  this  leakage,  the  flux  through  the  magnet  cores  is  much  greater 
than  that  through  the  armature,  and  it  is  only  this  latter  which  is  usefully 
employed.  The  uselessly  increased  flux  through  the  poles  and  yoke  neces- 
sitates a  greater  number  of  ampere-turns  in  the  field  coils. 

•'■*  O     =  the  flux  entering  the  armature  from  a  north  pole, 

0[  =  the  flux  leaking  from  the  pole  on  all  sides, 

O^  =  O  -t-  O;  =  the  total  flux  in  the  pole  core, 

then  V  = -^  =  the  leakage  coefficient    (80). 

To  determine  this  leakage  coefficient  experimentally,  a  small  secondary 
coil  is  wound  round  the  pole-core  as  shown  at  the  bottom  of  the  right-hand 
core  in  Fig.  127.  The  ends  of  this  coil  are  connected  to  a  ballistic  galvano- 
meter. When  the  exciting  circuit  is  broken  the  field  collapses,  and  the  lines 
of  force  cut  through  this  secondary  coil.  The  swing  of  the  ballistic  galvano- 
meter is  a  measure  of  the  flux  which  has  collapsed  in  this  way.  The  experi- 
ment is  repeated  with  the  secondary  coil  wound  round  the  armature  so  as 
to  enclose  the  armature  flux.  The  ratio  of  the  swings  obtained  in  the  two 
cases  gives  the  leakage  coefficient  v. 

As  average  values  we  find  that 

V  =  I-5  for  the  Manchester  type, 

V  =  1*36  for  the  horse-shoe  type, 

V  =  i-i  to  1-2  for  the  Lahmeyer  and  multipolar  types. 

The  leakage  is  greatest  in  the  Manchester  type,  because  the  field  coils 
are  on  the  part  of  the  magnetic  circuit  most  remote  from  the  armature,  and 
the  top  and  bottom  masses  of  iron  are  of  large  extent  and  have  the  full  differ- 
ence of  magnetic  potential  between  them.  It  has  little  effect  to  cut  away  the 
metal  at  A  (Fig.  128),  and  so  follow  a  little  more  closely  the  natural  path  of 
the  lines. 

The  leakage  of  the  horse-shoe  type  is  considerable,  since  the  magnet 
cores  run  close  together  and  the  polar  surfaces  are  large  and  cause 
a  lot  of  external  leakage.  Rounding  the  poles,  as  shown  in  Fig.  122, 
reduces  the  leakage  by  causing  the  leakage  paths  to  be  longer  and  less 
convenient. 

The  Lahmeyer  type  (Fig.  129)  is  more  favourable,  since  the  field  coils 
are  close  to  the  armature  and  the  leakage  paths  have  consequently  a  small 
cross-section. 

We  must  remember,  however,  that  the  values  given  above  for  v  are  only 
rough  approximations,  and  that  the  leakage  coefficient  for  machines  of  the 
same  type  may  vary  considerably.  The  leakage  will  be  greater,  for  example, 
with  rectangular  poles  than  with  round  poles  under  the  same  conditions, 
and  greater  when  unlike  poles  are  near  together  than  when  they  are  far 
apart.  The  leakage  coefficient  is  greatly  influenced  by  the  magnetic  re- 
luctance of  the  path  of  the  useful  flux.  If,  for  example,  the  air-gap  between 
poles  and  armature  is  specially  large,  a  great  number  of  ampere-turns 

T.E.  1° 


146  Electrical  Engineering 

will  be  required  to  drive  the  main  flux  through  this  reluctance.  This 
causes  a  correspondingly  large  leakage  flux,  and  therefore  a  high  leakage 
coefiicient. 

This  becomes  clearer  if  we  look  upon  the  leakage  and  useful  fluxes  as 
two  parallel  currents  of  strengths  inversely  proportional  to  the  magnetic 
resistances  of  the  paths.  The  ratio  of  the  leakage  to  the  useful  flux  is  thus 
equal  to  the  ratio  of  the  reluctance  of  the  main  path  to  -that  of  the  leakage 
path.  It  is  evident  that  machines  of  the  same  type  may  have  very  different 
leakage  coefficients. 

On  the  other  hand,  the  value  of  v  may  vary  for  the  same  machine  with 
the  conditions  of  load,  etc.,  since  the  flux  through  the  armature  is  not 
always  the  same.  For  the  same  reason  the  saturation  of  the  teeth,  and  there- 
fore their  reluctance,  varies  with  the  load  on  the  machine.  In  addition  to 
this,  the  ampere-turns  on  the  armature  itself  represent  a  magnetic  back 
pressure  equal  to  Xj,  ampere-turns,  as  we  shall  see  in  Section  54.  These  back 
ampere-turns  increase  with  the  load  and  necessitate  an  increased  number 
of  ampere-turns  on  the  field,  which  leads,  as  we  have  already  seen,  to  an 
increased  leakage.  , 

This  can  be  taken  into  account  by  calculating  the  magnetic  reluctance 
of  the  leakage  path,  if  the  shape  of  the  machine  lends  itself  to  simple  geo- 
metrical measurement.  If  A  j  and  li  are  the  cross-section  and  length  of  the 
leakage  path,  we  have  seen  in  Section  29  that  its  reluctance  is 

Ri  =  j-^     (8i). 

If  Xa  +  Xf  +  Xg  ampere-turns  are  necessary  to  overcome  the  re- 
luctance of  core,  teeth  and  gap,  and  X^  ampere-turns  are  required  to  over- 
come the  back  ampere-turns  of  the  armature,  then  the  magnetomotive 
force  between  the  poles  will  be 

M.M.F.  =  0-477  (X„  +  Xt  +  Xg-\-  Xj,). 

From  the  formula  for  the  magnetic  circuit,  we  have  for  the  leakage  flux 
^^^UM^^         X,+  X,  +  X,  +  X, 

The  total  flux  in  the  pole-cores  is  then  0„  =  O  +  Oj.  An  example  of 
such  a  calculation  of  the  leakage  is  given  in  Section  29.  Too  much  reliance, 
however,  must  not  be  placed  on  such  calculations,  since  they  are  only 
roughly  approximate. 

When  the  machine  does  not  lend  itself  to  geometrical  measurement  the 
matter  is  more  complicated  and  the  results  even  less  trustworthy.  In 
multipolar  machines  it  is  safe  to  assume  that  the  polar  arc  is  70  per  cent, 
of  the  pole-pitch,  so  that  the  interpolar  space  is  30  per  cent,  of  the  pitch. 
The  length  /,  of  the  leakage  path  is  accordingly  proportional  to  the  pitch 

—  .    The  cross-section  ^j  of  the  leakage  path  is  certainly  proportional  to 

2p 

the  axial  length  L  and  roughly  proportional  to  the  radial  length  of  the  pole. 

This  latter  may  be  taken  as  approximately  proportional  to  the  pole-pitch, 

so  that  the  cross-section  of  the  leakage  path  is  roughly  proportional  to 
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2^ 


2*  ■    -^"^  the  same  way  as  we  find  the  electrical  resistance  from  the 


formula  p  -j  ,  we  get  the  magnetic  reluctance  to  be 

Ci  is  here  a  factor  having  different  values  depending  on  the  type  of 
machine.  It  might  be  called  the  specific  reluctance  of  the  leakage  path. 
Kapp  uses  the  geometrical  mean  of  the  armature  length  and  the  pole-pitch 
instead  of  the  armature  length  L.  This  alters  the  above  formula  to  the 
following : 

'-7P "'■ 

where  c  is  a  constant  for  which  Kapp  gives  the  following  values : 

Manchester  type c  =  0'i5, 

Horse-shoe  type c  =  0-36, 

Multipolar  or  Lahmeyer  type    ...     c  =  0-35 — 0-55. 
If,  for  example,  the  diameter  of  the  armature  is  60  cm,  its  length  40  cm, 

the  pairs  of  poles  2,  and  the  value  of  c  be  estimated  at  0-35,  we  get 

r>  c  0-35 

Ri  =  — : =     ,  ^^    =  o-oi. 


,      Viaoo 


V  p' 

If  the  number  of  ampere-turns  required  to  drive  the  main  flux  from  pole 
to  pole  be  10,000,  we  get  for  the  leakage  flux 

-  10,000  -       » ,. 

O,  =  o-dn =  r-20 .  10®  Imes. 

^      o-oi 

We  must  remember  here  again  that  such  calculations  of  the  leakage 
are  only  rough  approximations,  but  are  generally  sufficiently  accurate  for 
ordinary  design. 

53.    Position  of  the  Brushes. 

We  saw  in  Section  43  that  the  current  in  each  division  of  the  armature 
flowed  towards  the  neutral  zone.  The  brushes  must  therefore  be  placed  in 
the  neutral  zone,  or  rather,  since  the  commutator  connections  are  often 
bent,  in  such  a  position  that  a  coil  passes  from  one  division  of  the  armature 
to  another  while  it  is  in  the  neutral  zone.  If  the  brushes  are  placed  in  the 
wrong  position  the  individual  coils  of  a  branch  of  the  armature  winding  lie 
under  opposite  poles  and  are  therefore  the  seat  of  opposing  electromotive 
forces,  which  neutralise  each  other  and  lower  the  electromotive  force  of  the 
machine.  The  correct  position  of  the  brushes  is  on  the  diameter  at  right 
angles  to  the  lines  of  force  through  the  armature.  This  is  called  the  neutral  axis. 

If  the  brushes  are  displaced,  not  only  is  there  a  loss  of  electromotive 
force,  but  the  coil,  or  coils,  short-circuited  by  the  brush  are  moving  in  a 
magnetic  field  and  are  therefore  the  seat  of  an  induced  e.m.f.  The  resistance 
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of  the  short-circuited  coil  is  very  small,  and  the  current  produced  may  be 
very  large.  When  the  short-circuit  is  broken  by  one  of  the  segments  leaving 
the  brush  there  is  a  vicious  spark  which  rapidly  destroys  the  commutator. 
Hence,  to  obtain  sparkless  commutation,  it  is  necessary  that  the  brushes 
be  placed  more  or  less  in  the  neutral  axis. 

We  find,  however,  that  when  the  armature  carries  a  current,  the  mag- 
netic flux  through  it  is  distorted  and  twisted  round  in  the  direction  of 
rotation.  The  neutral  axis  found  at  no-load,  which  we  may  call  the  geo- 
metrical neutral  axis,  since  it  is  geometrically  symmetrical,  is  no  longer  the 
rnagnetic  neutral  axis  or  the  point  where  no  e.m.f.  is  induced  in  the  moving 
armature  coil.  This  true  magnetic  neutral  axis  is  twisted  round  with  the 
field  in  the  direction  of  rotation  This  is  shown  in  Fig.  131 ;  it  can  be  shown 
experimentally  by  means  of  iron  fiUngs. 


Fig.  132 


The  direction  of  the  magnetic  neutral  axis  can  be  found  by  considering 
that  the  armature  itself  is  an  electromagnet  tending  to  drive  hnes  of  force 
through  its  interior  in  the  direction  of  the  diameter  through  the  brushes. 
The  resultant  flux  O  is  compounded  of  the  flux  Og  produced  by  the  armature 
and  the  flux  <b^  produced  by  the  field  magnets. 

By  applying  either  the  swimming  or  the  screw  rule,  the  direction  of  O2 
is  found  to  be  BA,  while  that  of  O^  is  evidently  BD  (Fig.  132).  Since,  for 
the  correct  position  of  the  brushes,  the  brush-axis  is  perpendicular  to  the 
resultant  flux  $,  and  $2  acts  necessarily  along  the  brush-axis,  it  follows  that 
the  angle  ^5C  is  a  right  angle. 

If  a  represents  the  double  displacement  angle  (Fig.  131),  the  angle 

through  which  the  brush  is  moved  is  - ,  and  we  have 

sm-  =  ^. 
2     Oi 
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With  the  brushes  in  this  position  the  machine  gives  its  highest  terminal 
pressure  for  the  given  armature  current.  It  is  important  to  notice  that  the 
reluctance  of  the  path  of  the  hues  generated  by 
the  armature  is  very  different  to  that  of  the  lines 
generated  by  the  field-magnets.  A  calculation 
of  the  theoretically  correct  position  of  the  brushes 
by  means  of  the  above  formula  is  practically 
impossible.  In  practice,  however,  the  brushes 
are  pushed  forward  until  they  are  almost  under 
the  pole-tip.  The  current  in  the  coil  under  the 
brush  has  to  reverse  its  direction  during  the 
time  of  short-circuit.  This  reversal  is  retarded 
by  the  self-induction  of  the  coil  (see  Section  35). 
The  brushes  of  a  dynamo  are  therefore  moved 
beyond  the  magnetic  neutral  axis  (Fig.  133),  so 
that  an  e.m.f.  is  induced  in  the  short-circuited 
coil  in  such  a  direction  as  to  neutrahse  the 
effect  of  self-induction  and  make  the  commutation  sparkless. 
loss  of  E.M.F.  thus  caused  is  quite  negligible. 


The  small 


54.    Armature  Reaction. 

If  the  brushes  are  placed  in  the  neighbourhood  of  the  pole-tip,  the  whole 
armature  winding  may  be  looked  upon  as  consisting  of  two  parts,  of  which 
the  first  lies  within  the  angle  a  (Fig.  131)  and  the  second  within  the  remaining 
angle  i8o°—  a.  The  windings  constituting  the  first  part  lie  within  the  neutral 
zone  while  those  of  the  second  part  lie  mainly  under  the  poles.  As  can  be 
seen  from  Fig.  134  the  windings  in  the  neutral  zone  are  directly  opposed  to 
the  field  magnets  and  tend  to  produce  a  flux  in  the  direction  of  the  dotted 
arrows.  This  can  also  be  seen  from  Fig.  132  where  the  armature  flux  O2  has 
a  component  acting  in  the  opposite  direction  to  the  magnet  flux  <I>i.  The 
actual  resultant  flux,  which  passes  from  pole  to  pole  through  the  armature, 
is  due  to  the  difference  between  the  field  ampere-turns  and  these  back 
ampere- turns  X^  of  the  armature.   If  Z  is  the  total  number  of  wires  on  the 

Z  a 

armature,  the  number  of  wires  included  in  the  angle  a  is  —^  (Fig-  I34). 

This  is  therefore  the  number  of  back  armature  turns.  If  there  are  2a  parallel 
paths  through  the  armature,  the  current  in  each  armature  wire  is  —  ,  and 
for  the  back  ampere-turns  we  have 

X^  = 


2a 


2a 


Z  .a 
360 


.(84). 


This  equation  is  equally  applicable  to  series  or  parallel  windings,  drum 
or  ring  armatures.  In  the  ring  armature  shown  in  Fig.  135  the  coils  in  each 
neutral  zone  embrace  the  single  cross-section  of  the  ring,  and  a  pair  of 
opposite  coils  could  be  replaced  by  a  single  coil  embracing  the  whole  arma- 
ture as  in  a  drum-winding.  In  either  case  two  external  wires  represent  one 
turn  opposing  the  field  magnets.  The  effect  of  the  armature  back  ampere- 
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turns  is  to  decrease  the  flux  as  the  load  comes  on  the  dynamo,  and  thus 
cause  a  decrease  in  the  electromotive  force.  In  calculating  the  necessary 
ampere-turns  for  the  field  magnets  when  designing  a  machine,  it  is  necessary 
to  add  the  back  ampere-turns  X^  to  those  required  to  overcome  the  reluctance 
of  the  iron  and  air-gap.  As  a  rule  X,,  is  from  lo  to  15  per  cent,  of  the  total 
excitation,  but  as  modern  dynamos  work  with  highly  saturated  iron,  that  is, 
on  the  flat  part  of  the  magnetisation  curve  (Fig.  150),  a  large  number  of 
back  ampere-turns  causes  but  a  small  drop  in  the  electromotive  force.  The 
demagnetising  effect  is  largely  reduced  by  the  use  of  short-chord  windings 
(p.  122). 

We  turn  now  to  the  remaining  windings  lying  within  the  angle  180°  —  a 
and  practically  all  under  the  poles.  These  produce  what  are  known  as  cross 
ampere-turns,  since  they  tend  to  produce  a  flux  through  the  armature  at 
right  angles  to  the  main  flux.  These  lines  of  force  may  be  looked  upon  as 
leakage ;  they  follow  paths  through  the  air-gap  and  pole  as  shown  in  Fig.  136. 
They  have  their  greatest  density  under  the  pole-tips,  since  the  lines  which 
cross  the  gap  at  this  point  link  all  the  coils  lying  under  the  pole.  At  the  point 


where  the  armature  passes  under  the  pole  they  oppose  the  main  flux,  while 
at  the  point  where  the  armature  leaves  the  pole  they  act  in  the  same  direc- 
tion as  the  main  flux.  The  cross  ampere-turns  do  not  therefore  directly 
either  strengthen  or  weaken  the  armature  flux,  but  merely  distort  it,  as 
shown  in  Fig.  131.  Now,  the  pole-tip  at  which  the  armature  passes  under 
the  pole  is  of  special  importance,  since  it  is  in  this  neighbourhood  that  the 
short-circuited  coil  has  to  find  a  suitable  external  field  to  reverse  its  current 
and  give  sparkless  commutation  (see  Section  55) .  If,  then,  the  cross-magnet- 
isation is  too  strong,  the  field  under  this  pole-tip  will  be  too  weak,  or  may 
even  become  negative,  making  sparkless  commutation  impossible.  As  a 
rough  approximation,  it  may  be  assumed  that  a  flux  density  of  1500  lines 
per  sq.  cm  is  necessary  in  the  case  of  drums  and  2500  in  the  case  of  ring- 
armatures  to  ensure  sparkless  commutation. 

The  fact  that  a  stronger  field  is  required  for  the  commutation  of  a  ring- 
armature  does  not  indicate  that  the  cross-magnetisation  is  greater  in  this 
case.  The  reason  is  to  be  found  in  the  greater  self-induction  of  the  ring- 
winding.    To  overcome  this- greater  self-induction  during  the  interval  of 
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short-circuit  the  ring-armature  requires  a  stronger  commutating  field  than 
the  drum-armature.  ■ 

If  Bg  represents  the  mean  flux-density  in  the  air-gap  and  B„  the  flux- 
density  under  the  pole-tips  due  to  the  cross-magnetisation,  then  the  resultant 
flux-density  under  the  commutating  tip  is 

B  =  B,-  B,. 


Now,  the  ampere-turns  of  cross-magnetisation  are 

X  -^-P  ^« 


2      2a 


.{85)- 


Fig.ji36 


The  principal  reluctance  in  the  path  of  the  cross  ampere-turns  is  that 
due  to  the  air-gap,  and,  neglecting  the  reluctance  of  the  iron,  we  have  from 
equation  (43)  on  page  61  ^.^^  ^^ 

Bc=  — 7 -, 

where  Ig  is  double  the  air-gap  in  cm. 
Combining  this  with  the  equation 

0-477    ■   Xg 


B„  = 


h 


we  have  for  the  actual  strength  of  the  commutating  field 
B  =  Bg-B,  =  o-4'r .  ^'~^'' 


The  empirical  conditions  for  sparkless  commutation,  which  were  men- 
tioned above,  may  therefore  be  expressed  as  follows : 


X  —  X 

0-477 .  — ^-= °  i  1500  for  drum-armatures 

'■9 


.(86), 


0-477 . 


X„  —  X, 


:  1:500  for  ring-armatures (87) . 


152  Electrical  Engineering 

We  see  from  these  equations  that  the  influence  of  the  cross  ampere-turns 
increases  with  the  armature  current,  and  that  we  have  here  a  hmit  to  the 
overload  capacity  of  the  dynamo.  This  Umit  is  not  merely  due  to  the  fact 
that  very  large  loads  would  cause  a  prohibitive  temperature  rise  in  the 
armature,  but  is  fixed  by  the  number  of  cross  ampere-turns  beyond  which 
sparkless  commutation  is  impossible.  In  designing  a  dynamo  it  is  necessary 
above  all  things  to  keep  the  cross-magnetisation  small,  and  to  this  end  the 
following  means  are  adopted: 

1.  From  equation  (85)  it  can  be  seen  that  a  small  value  of  the  ratio  j3 
is  an  advantage.  As  a  rule  the  polar-arc  is  about  f  of  the  pole-pitch. 

2.  It  is  an  advantage  to  have  a  small  number  Z  of  wires  on  the  armature. 
To  obtain  the  necessary  electromotive  force,  this  will  necessitate  a  large 
magnetic  flux. 

3.  The  high  flux-density  in  the  air-gap  thereby  rendered  necessary 
(8000 — 10,000)  will  lead  to  a  large  value  of  Xg,  which,  again,  will  make  it 
easier  to  fulfil  the  equations  (86)  and  (87). 

4.  The  value  of  Xg  can  be  increased  by  increasing  the  air-gap,  the  two 
having  a  constant  ratio.  Since  X^  is  thereby  unaffected,  the  result  is  to 
increase  the  left-hand  side  of  equations  (86)  and  (87).  It  must  be  borne  in 
mind,  however,  that  large  fluxes  and  long  air-gaps  necessitate  a  great 
number  of  field  ampere-turns. 

5.  By  making  the  teeth  narrow,  so  that  their  flux-density  is  very  high 
(18,000 — 24,000),  their  permeability  is  largely  reduced.  This  is  practically 
equivalent  to  an  increase  in  the  air-gap,  and  its  effect  is  the  same  as  in 
number  4*.  The  common  idea  that  the  highly  saturated  teeth  reduce  the 
self-induction  of  the  short-circuited  coil  is  entirely  wrong,  since,  when  the 
coil  is  short-circuited,  the.  teeth  on  either  side  of  it  are  not  saturated. 

6.  Attempts  have  been  made  to  reduce  the  cross-magnetisation  by 
making  a  slit  across  the  pole  as  shown  in  Fig.  137.  These  attempts  have  not 
proved  successful  even  when  the  slit  was  extended  so  as  to  entirely  divide 
the  magnet  system.  The  failure  is  possibly  due  to  the  large  area  and  narrow 
width  of  the  slit,  whereby  its  reluctance  to  the  cross-flux  is  very  small. 

7.  The  cross-magnetisation  is  neutralised  in  a  very  effective  manner  by 
means  of  auxiliary  poles  placed  in  the  centre  of  the  neutral  zone.  These 
poles  are  excited  by  the  main  current,  and  produce  a  commutating  field 
the  strength  of  which  is  proportional  to  the  armature  current,  that  is,  to 
the  current  which  has  to  be  reversed  in  the  short-circuited  coil.  The  brushes 
can  therefore  be  fixed  in  the  geometrical  neutral  axis.  This  idea,  originally 
suggested  by  Menges,  has  been  developed  by  Swinburne,  Fischer-Hinnen, 
and,  latterly,  by  many  othersf.  In  Fig.  138  the  cross-magnetisation  acts 
from  right  to  left,  while  the  magnetomotive  force  of  the  auxiliary  poles  acts 
from  left  to  right.  Machines  of  this  type  can  be  very  heavily  overloaded 
without  causing  sparking  at  the  brushes,  and  the  maximum  output  is 
limited  solely  by  the  heating  of  the  armature.  The  use  of  auxiliary  poles 
is  extending  very  rapidly,  since  the  designer  can  then  economise  in  many 
directions  without  fear  as  to  the  commutation,  and  may  thus  more  than 
compensate  for  the  cost  of  the  auxiliary  poles. 

*  See  Fischer-Hinnen,  Gleichstrommaschinen,  5th  edit.,  1904. 

f  See  several  articles  in  the  Elektrotechnische  Zeitschrift,  1905-1906. 
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_  Another  method,  due  to  Deri,  is  theoretically  more  perfect  than  the  fore- 
going, but  is  more  diflacult  to  carry  out.   The  field  magnet  has  no  sahent 


Fig.  138 


Fig.  139 

poles,  but,  like  the  stator  of  an  induction  motor,  is  a  ring  carrying  a  drum- 
winding  (Fig.  139).  This  drum-winding  is  represented  by  the  outer  ring  in 
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the  figure,  and  produces  a  field  running  vertically  through  the  armature 
from  top  to  bottom.  In  the  same  slots  is  the  compensating  winding,  which 
carries  the  main  current,  and  which  would  produce  a  field  running  horizon- 
tally from  left  to  right.  This  field  is,  however,  exactly  equal  and  opposite  to 
that  which  would  be  produced  by  the  cross-magnetisation.  The  latter  is 
therefore  completely  neutralised.  By  making  the  axis  of  the  compensating 
winding  slightly  inclined  to  the  horizontal  in  the  direction  of  rotation,  it 
can  be  made  to  strengthen  the  main  field,  and  thus  to  counteract  the  drop 
of  pressure  with  increasing  load.   The  dynamo  is  therefore  compounded*. 

55.    Sparkless  Commutation. 

In  order  that  we  may  clearly  understand  the  process  of  commutation 
and  find  the  conditions  for  sparkless  running,  we  shall  confine  ourselves  to 
the  simplest  case,  in  which  a  brush  is  never  in  contact  simultaneously  with 
more  than  two  segments.  We  shall  also  neglect  the  influence  of  neighbouring 
wires  which  may  be  undergoing  commutation  at  the  same  time  under  an- 
other brush.  We  shall  consider 

1.  the  reversal  of  the  current  in  the  short-circuited  coil  under  the 
influence  of  the  brush  contact  resistance,  that  is,  neglecting  self-in- 
duction ; 

2.  the  effect  of  self-induction; 

3.  the  conditTons  for  sparkless  coriimutatioh^n  the  magnetic 
neutral  axis; 

4.  the  neutralisation  of  the  effect  of  self-induction  by  shifting 
the  brushes, 

I.  The  coil  is  assumed  to  have  no  self-induction,  and  commutation  is 
assumed  to  occur  in  the  magnetic  neutral  axis.  The  width  of  the  brush  is 
taken  to  be  that  of  one  segment,  and  the  resistance  of  the  coil  and  commu- 
tator connections  is  neglected  because  of  its  smallness.  We  shall  make  use 
of  the  following  symbols : 

I     the  current  in  one  branch  of  the  armature, 
t     the  time,  reckoned  from  the  moment  of  short-circuit, 
T    the  duration  of  short-circuit, 
i     the  short-circuit  current  at  the  moment  t, 
ii    the  current  in  the  segment  coming  under  the  brush, 
«2    the  current  in  the  segment  leaving  the  brush, 
R    the  contact  resistance  of  the  whole  brush, 
ri    the  resistance  between  brush  and  segment  coming  under  it, 
r^    the  resistance  between  brush  and  segment  leaving  it. 
If  we  neglect  the  variation  of  contact  resistance  with  current  density, 
the  resistances  r-^  and  r^  are  inversely  proportional  to  the  contact  surfaces. 
We  have  then  „  r.    t^ 

_    J  K.I 

r-,  =  R.-,         r^  = 


t'  '2     T-f 

*  See  Arnold,  Die  Gleichsirommaschine  (1902),  vol.  i.  p.  405. 
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The  current  flowing  through  the  resist- 


The  current  2/  flows  from  the  external  circuit  to  the  brush  and  there 
divides  into  two  unequal  portions, 
ance  r^  is  seen  from  Fig.  140  to 
be  made  up  of  the  current  /  of 
the  right-hand  half  of  the  arma- 
ture and  the  current  i  of  the 
short-circuited  coil.  We  have 
then 

ii  =  I  —  i   and   i^  =  I  -{■  i. 

These  equations  will  still 
remain  true  when  the  current  i 
has  been  reversed  and  become 
negative.  Applying  Kirchhoff' s 
second  rule  to  the  short  circuit, 
and  neglecting  the  small  resist- 
ance of  the  coil  itself,  we  have 

-  «>i  -I-  «2>'2  =  o- 

Substituting  the  values  found  above  for  i^,  i^,  r^  and  r^,  we  have 

By  solving  this  equation  for  i,  we  find  that 

t 


i  =  I-2l  . 


.{a). 


Fig,  141 

In  Fig.  141  the  time  t  is  plotted  along  the  horizontal  axis  OG,  while  the 
corresponding  values  of  the  short-circuit  current  i  are  set  up  as  ordinates. 
From  equation  (a)  we  see  that,  when 

t  =  o,  i  =  I, 


*~  2' 
t=T, 


1  =  0, 
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We  thus  get  the  straight  diagonal  line  shown  in  the  figure.  At  any  time  t 
from  the  commencement  of  short-circuit,  represented  by  OC,  we  have 
i  =  BC,    ii  =  I-i  =  AB,    i^=^I  +  i  =  BD. 

The  ordinates  measured  between  the  horizontal  hne  EF  and  the  dia- 
gonal represent  the  current  i^  in  the  traihng  tip  of  the  brush.  Now,  the  area 
of  contact  of  the  trailing  tip  is  proportional  to  T  —  t.  The  current  density 

under  this  brush  tip  is  therefore  proportional  to  „^      which  we  see  from 

2/ 

the  figure  is  a  constant  ratio  equal  to  -~: .   We  see,  then,  that  the  current 

density  under  the  brush  is  constant  at  every  stage  of  the  commutation. 
There  is  therefore  no  sparking  since  the  current  in  the  traiUng  tip  decreases 
proportionately  with  the  decreasing  area,  until  as  the  brush  leaves  the  seg- 
ment the  current  has  fallen  to  zero.  At  the  same  moment  the  current  in  the 
coil  is  —  I,  so  that  the  coil  passes  into  the  new  branch  of  the  winding  with- 
out undergoing  any  change. 

2.  As  a  matter  of  fact  the  conditions  are  not  nearly  so  favourable,  as 
the  short-circuited  coil  produces  a  flux,  which,  on  the  collapse  of  the  old 

current,  and  the  estabUshment 
■^  ^  of  the  new  reverse  current,  cuts 

the  coil  itself  and  induces  in  it 
an  E.M.F.  opposing  the  change 
of  current.  This  retardation  of 
the  process  of  commutation, 
due  to  the  self-induction  of 
the  coil,  causes  the  current  to 
depart  from  the  straight  hne 
or  uniform  rate  of  change,  and 
follow  a  curve  as  shown  in 
Fig.  142.  The  short-circuit 
current  no  longer  passes 
through  its  zero  value  at  the 

T 

time  — ,  but  much  later. 
2 

To  find  the  shape  of  the 
above  curve  we  apply  Kirch- 
hoff' s  second  law  to  the  short- 
circuit,  taking  into  account  its 
self-induction.  We  know  that 
the  E.M.F.  of  self-induction  E^  is  in  the  direction  of  the  decreasing  current, 
that  is,  at  the  moment  shown  in  Fig.  140,  in  the  direction  of  i^.  We  have 

Substituting  for  E^  the  equivalent  -L.-^  from  equation  (68)  on  page  88, 

and  putting  in  the  values  found  for  r^  and  r^  on  page  154,  we  have 

.    R.T      .    R.T 

\dt-'''-T-t~''^-~r- 
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It  follows  from  this  that 

di_      R.T/    i^        i^\ 

dt~    ~^r\T^ri) (*)' 

where  i^  =  I  +  i  and  i^  =  I  -  i.   The  solution  of  this  differential  equation 
has  been  given  by  Arnold.  We  shall  obtain  the  short-circuit  curve,  however, 
by  a  graphical  method*.   For  the  sake  of  simpHcity,  we  shall  assume  that 
r=io,     7  =  5,    £  =  i,     i?=j-V, 

so  that  r^il'  =  i. 

In  the  first  place  we  shall  determine  the  slope  of  the  curve  at  its  begin- 
ning, i.e.  for  t  =  o.  Assuming  that  this  part  of  the  curve  is  straight,  we  see 
from  Fig.  142  that  , . 

~  di~  1' 
Now,  when  t  =  o,  i^  =  2/  and  T  -t=T,so  that  equation  (6)  becomes 


L    \T      t)' 


h ?L^ 


t 

h_    

t      ^  /    .  R.T\ 


■(-¥) 


This  equation  gives  us  the  slope  of  the  curve  for  the  moment  t  =  o. 
In  our  case  we  have  .  , 

t      i-FtV-io      «• 

We  draw  then  from  the  point  H  in  Fig.  142,  a  straight  line  having  this 
inclination  to  the  horizontal  and  cutting  the  ordinate  t  =  i  in  the  point  K. 
HK  is  the  first  part  of  the  curve,  and  we  must  now  determine  the  next  part. 
When  t  =  J.,  we  have 

H  =  0-5,    »2  =  9'5.    t  =  '^,     T  -t  =  g. 
From  equation  (6)  we  have 

di  /Q-5     o"5\ 

^=-^9"  x)="°"^^^- 
This,  then,  is  the  trigonometrical  tangent  of  the  angle  made  with  the 
horizontal  by  the  geometrical  tangent  to  the  curve  at  the  point  K.  We  draw 
the  line  KM  having  this  slope,  and  have  now,  with  sufficient  approximation, 
got  the  curve  from  H  to  M.  At  the  point  M  we  have 

H  =  1-055.     h  =  8-945,     i  =  2,     T  -  f  =  8. 

di 
From  these  values  we  can  calculate  -jr  and  draw  the  next  portion  of  the 

curve,  and  so  on,  until  the  whole  curve  is  obtained.  At  any  given  moment 
we  have  AB  =  i^,  BC  =  i,  BD  =  i^-  The  value  of  i  finally  becomes  negative. 
It  is  evident  that  the  current  changes  very  rapidly  towards  the  end  of  the 
short-circuit. 

*  See  Rothert,  E.  T.  Z.,  1902,  p.  865. 


158  Electrical  Engineering 

3.  To  determine  the  conditions  for  sparkless  commutation  in  the  mag- 
netic neutral  axis  we  shall  find  the  current  density  under  the  trailing  brush- 
tip.  We  have  already  mentioned  that  the  current  density  is  inversely  pro- 
portional to  the  contact  area,  that  is,  to  T  —  if. 

We  have  then,  neglecting  a  constant  coefiicient. 


T-f 
where  c  is  the  current  density. 

During  the  last  moments  of  commutation,  when  t  is  nearly  equal  to  T, 
the  value  of  %  will  approach  2I,  since  practically  the  whole  current  passes 
through  the  new  segment.  If  we  assume  that  the  end  of  the  curve  is  a 
straight  hue  making  the  angle  a  with  the  horizontal,  we  have 

tana(,_j-)--^-j^— ^. 
At  this  final  moment         c  =  j^,  =  —  ji . 

or,  using  equation  {&)  and  putting  -f=-jr, 

R.T         2l\ 

c  = 


i.T  2l\ 


2I  R 
Solving  for  c,  we  have  c  =  „      '_  ^     (88). 

It  follows  from  this  equation  that  with  commutation  in  the  neutral  zone 
the  current  density  under  the  trailing  brush-tip  can  only  then  have  a  positive 

finite  value,  when  —jr-  is  greater  than  i.    This  result  is  found  to  agree  very 

well  with  the  conditions  for  sparkless  commutation  derived  from  actual 
practice  when  carbon  brushes  are  employed.  With  copper  brushes,  however, 
the  resistance  R  is  very  small  and  the  above  condition  cannot  be  fulfilled, 
but  yet  the  machines  run  sparklessly.  This  may  be  due  to  a  large,  increase 
in  the  contact  resistance  with  a  slight  and  inappreciable  amount  of  sparking. 

7?   T* 
From  the  condition  —j^  >  i, 

we  see,  in  the  first  place,  that,  to  obtain  sparkless  running,  it  is  advantageous 
to  have  large  brush  contact  resistance,  and  perhaps  even  to  increase  tfie 
resistance  of  the  short-circuited  coil  by  the  use  of  high-resistance  connectors 
between  armature  and  commutator.  Carbon  brushes  are  consequently  used 
in  almost  every  case  in  preference  to  those  of  copper.  In  electrolytic 
dynamos,  however,  where  the  currents  are  large  and  the  pressures  very 
small,  carbon  brushes  cannot  be  used  on  account  of  the  pressure  drop  they 
introduce. 

We  see  further  the  unfavourable  effect  of  high  speed  in  reducing  the 
time  available  for  commutation.  This  can  be  overcome  to  some  extent  by 
making  the  brush  wider  and  thus  lengthening  the  period  of  commutation. 
The  fact  that  several  neighbouring  coils  will  then  be  short-circuited  at  the 
same  time  considerably  complicates  the  problem. 
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The  effect  of  high  speed  is  specially  felt  in  designing  turbo-dynamos, 
where  the  great  frictional  loss  with  carbon  brushes  makes  the  use  of  copper 
brushes  desirable.  The  difficulties  have,  however,  been  largely  overcome 
by  the  use  of  commutating  poles  and  compensating  windings. 

It  is  of  prime  importance  to  reduce  the  self-induction  of  the  coils  as  much 
as  possible.  To  this  end  the  armature  slots  are  open  and  coils  of  a  single  turn 
used  wherever  possible. 

To  calculate  the  self-induction  of  the  coil,  it  is  necessary  to  multiply  the 
flux  produced  per  ampere  by  the  number  of  turns  in  the  coil  and  by  the 
number  of  such  coils  short-circuited  in  series.  Very  often  another  con- 
ductor in  the  same  slot  and  carrying  current  in  the  same  direction  is  short- 
circuited  at  the  same  time  under  a  brush  of  opposite  polarity.  This  has  the 
effect  of  doubling  the  inductance  of  the  part  of  the  coil  within  the  slot.  The 
calculation  is  greatly  simphfied  by  making  an  assumption  due  to  Hobart, 
who  showed  that  the  flux  produced  per  cm  per  ampere  was  about  4  lines 
within  the  slot  and  about  o-8  line  in  the  end-connections. 

The  effect  on  the  above  relations  of  making  the  brush  wider  than  a 
single  segment  can  hardly  be  followed  mathematically.  Hobart  assumes 
that  the  self-induction  increases  proportionately  with  the  number  of  coils 
simultaneously  short-circuited.  This,  however,  hardly  appears  compatible 
with  the  good  results  obtained  by  using  wide  brushes.  These  good  results 
are  due  to  the  lengthening  of  the  time  T  and  to  the  effect  of  a  neighbouring 
short-circuited  coil  in  reducing  the  self-induction  of  the  active  coil. 
This  latter  effect  is  due  to  the  currents  induced  in  the  neighbouring 
short-circuited  coil,  which  by  Lenz's  law  oppose  any  rapid  change 
of  flux. 

7?   T" 

If  the  inequality  — ^  >  i  be  multiplied  by  /,  we  get  the  condition 

7-     r>       27.L 

2I  .R>  —J,- . 

The  left-hand  side  represents  the  ohmic  pressure-drop  in  the  contact 
resistance  of  the  brush  when  the  current  is  uniformly  distributed,  while  the 
right-hand  side  is  equal  to  the  average  electromotive  force  of  self-induction 
of  the  short-circuited  coil  (see  p.  89).  The  condition  for  sparkless  commuta- 
tion is  therefore  that  the  ohmic  drop  should  be  greater  than  the  mean  e.m.f. 
of  self-induction. 

It  is  customary,  however,  to  discuss  the  problem  from  the  point  of  view 
of  another  e.m.f.,  the  so-called  reactance  voltage.  This  is  determined  by 
means  of  a  formula  which  we  shall  use  in  connection  with  alternating  cur- 
rents, viz. 

Er  =  W.L.I. 

I  is  the  current  in  one  branch  of  the  armature  winding,  and  od  =  277/  is 
the  angular  velocity  of  the  alternating  current  vector.  /  is  the  number  of 
complete  periods  per  second,  and  since  in  our  case  a  half-period  occupies 
the  time  T,  the  number  of  periods  per  second  is  given  by  the  equation 

f=- 
■'      2T- 
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The  reactance  voltage,  calculated  in  this  way,  should  not  exceed  i  volt 
for  sparkless  commutation  in  the  neutral  zone.  There  is,  however,  much 
uncertainty  in  such  predictions  as  to  whether  a  machine  will  run  sparklessly 
or  not,  and  we  shall  not  enter  into  an  actual  numerical  example. 

4.  The  conditions  just  established  for  sparkless  running  refer  to  machines 
with  their  brushes  in  the  neutral  zone,  such,  for  example,  as  reversible 
motors.  The  brushes  of  generators  are  displaced  in  the  direction  of  rotation, 
so  that  commutation  takes  place  in  a  field  of  suitable  strength  (Fig.  133). 
We  have  already  seen  that  this  commutating  field  induces  an  electromotive 
force  £j,  which  opposes  and  counteracts  the  electromotive  force  E^,  of  self- 
induction. 

To  show  the  effect  of  the  commutating  field  we  shall  consider  two  spe- 
cially simple  cases.  We  saw  above  under  (i)  that  a  constant  current  density 
under  the  brush,  that  is,  a  straight  line  short-circuit  curve,  is  advantageous. 
We  shall  assume  that,  under  the  joint  action  of  the  electromotive  forces 
£j  and  £j.,  the  current  curve  becomes  linear.   We  see  then  from  Fig.  141 

di       2,1 

that  the  constant  value  of  -37  is  •™- ,  and  we  have,  at  every  moment, 

E  =-L  ~=-L   - 

Hence,  to  obtain  a  straight  line  short-circuit  curve  and  constant  current 
density  under  the  brush,  the  externally  induced  electromotive  force  Sj, 
must  be  constant,  that  is,  the  short-circuited  coil  must  move  in  a  field  of 
constant  strength  during  the  whole  time  of  commutation.  If  this  is  so  it  is 
evident  that  the  self-induction  may  be  as  large  as  we  please.  As  a  matter 
of  fact,  however,  such  a  field  cannot  be  obtained,  and  the  strength  of  the 
field,  in  which  commutation  occurs,  varies  with  the  load,  owing  to  the  dis- 
tortion produced  by  armature  reaction. 

It  would  evidently  be  advantageous  if  the  current  density  under  the 
trailing  brush-tip  were  already  reduced  to  zero  at  the  moment  of  leaving 
the  segment.  To  find  the  condition  for  this  we  apply  Kirchhoff's  second  law : 

We  make  the  following  substitutions  from  our  previous  considerations : 
At  the  last  moment  of  short-circuit  we  have 


T-t  dt  t      T  ' 

Our  expression  of  Kirchhoff's  law  may  therefore  be  written  thus  : 

Solving  for  jj^  ,  which  is  the  current  density  s,  we  get 

2lR-E^ 
'=  R.T-L   (^9)- 
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This  equation  shows  that  the  current  density  is  infinitely  large  when 
RT 
-£—  =  I,  even  when  commutating  in  an  external  field.    There  is,  however, 

an  exception,  and  that  is  when  E,,  =  2IR. 

For  -j^  >  I  the  current  density  under  the  trailing  edge  of  the  brush  is 

zero,  if  the  externally  induced  electromotive  force  £j.  becomes  equal  to 
2IR,  that  is,  exactly  equal  to  the  pressure  drop  in  the  brushes.   Whether 

this  condition  can  also  be  obtained  when  -^  is  less  than  one  is  not  quite 

certain,  although  equation  (89)  certainly  points  to  this  conclusion*. 

The  whole  question  depends,  therefore,  on  the  production  of  a  commu- 
tating field  of  suitable  strength.  The  most  obvious  way  of  obtaining  this 
is  to  suitably  shape  the  pole-shoes.  The  passing  of  a  coil-side  from  the  neutral 
zone  into  the  active  field  must  be  gradual.  Bad  sparking  has  often  been 
cured  simply  by  rounding  the  edges  of  the  poles.  Skewing  the  sides  of  the 
pole  shoes  so  that  they  no  longer  lie  parallel  to  the  armature  slots  appears 
to  facilitate  the  correct  placing  of  the  brushes.  Dolivo-Dobrowolsky's  idea 
of  connecting  up  all  the  pole-shoes  by  means  of  an  iron  ring  encircling  the 
armature  appears  to  be  obsolete.  By  this  means  the  change  in  the  strength 
of  the  field  at  the  pole-tips  was  made  very  gradual,  but  the  commutating 
field  was  very  sensitive  to  armature  reaction.  It  was  therefore  very  satis- 
factory when  the  brushes  could  be  shifted  with  changing  load. 

The  requirements  of  modern  specifications,  whereby  machines  must  run 
sparklessly  from  no-load  up  to  25  per  cent,  overload  without  shifting  the 
brushes,  have  greatly  increased  the  difficulties.  As  a  fact,  most  machines 
will  work  sparklessly  at  half-load,  but  at  no-load  and  full  load,  with  the 
brushes  in  the  same  position,  the  commutation  depends  largely  on  the  effect 
of  the  cross-magnetisation  (see  page  152). 

56.    Three-wire  Dynamos. 

The  advantages  of  the  three-wire  system  of  distribution  were  pointed 
out  on  page  25.  At  the  same  time  we  mentioned  the  earhest  and  simplest 
method  of  obtaining  the  intermediate  pressure,  viz.  by  connecting  two 
dynamos  in  series.  Since,  however,  two  small  machines  are  dearer  than  a 
single  large  one,  a  number  of  other  methods  have  been  tried  and  are  in  use 
to-day. 

It  is  simple  to  obtain  an  intermediate  pressure  when  a  battery  works  in 
parallel  with  the  dynamo.  The  middle  or  neutral  wire  is  then  joined  to  the 
mid-point  of  the  battery.  This  arrangement  has,  however,  the  disadvantage 
of  unequally  working  the  two  halves  of  the  battery. 

The  method  most  commonly  adopted  is  to  connect  two  similar  motors, 
which  are  rigidly  coupled  together,  in  series  and  to  connect  the  neutral  wire 
to  their  common  terminal.  Such  a  set  is  called  a  balancer  (Fig.  143.).  When 
both  sides  of  the  system  are  equally  loaded,  the  two  machines  run  Ught, 
and  with  similar  construction  and  equal  excitation  the  pressure  across  the 

*  The  validity  and  meaning  of  the  above  equations  have  been  warmly  discussed  in 
the  E.  T.  Z.,  1906. 
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mains  will  be  equally  shared  between  them.  If  now  the  two  sides  of  the 
system  are  unequally  loaded,  as  shown  in  the  figure,  the  machine  I  will  act 
as  a  generator  and  deliver  the  extra  current  to  the  positive,  overloaded  side 
of  the  system.  The  motor  II  will  take  enough  current  to  drive  the  generator 
I  and  to  cover  its  own  losses.  To  make  the  action  of  the  set  as  clear  as 
possible  we  shall  assume  that  the  ohmic  resistance  of  the  machines  is  negli- 
gible. If  the  no-load  current  of  each  motor  is  Iq  and  the  pressure  across  each 
half  of  the  mains  e  volts,  then  the  no-load  power  taken  by  the  balancer  set 
is  26 .  /q.  If  now  the  machine  I  acts  as  a  generator  and  supplies  a  current  x, . 
the  load  on  it  is  e.x.  The  power  required  by  the  motor  II  is  therefore 
2,e.lQ  +  e.x.  The  current  through  it  will  be  2/0  +  x.  From  Kirchhoff's  first 
law  we  know  then  that  the  current  in  the  middle  wire  is  2/0  +  2x.  This  must 
be  the  difference  between  the  currents  I^  and  I^  in  the  outers.  We  have  then 

/i  -  -f  2  =  2/0  +  2a;, 


or 


X  = 


^-/„ 


'7)\^^v 


y.   ;:  ): 


•I„ta: 
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If,  for  example,  7^ 
generator  I  will  be 


200,  I2  =  150,  7o  =  5,  then  the  current  in  the 
200  — 150 


-  5  =  20. 


The  machine  II  will  take  the  current 

a;  -I-  2/0  =  20  -I-  10  =  30, 
and  the  current  in  the  main  dynamo  (Fig.  144)  will  be  180  amperes. 

As  we  shall  see  in  Section  64,  a  back  e.m.f.  is  induced  in  the  motor, 
which,  if  we  neglect  the  armature  resistance,  is  equal  and  opposite  to  the 
terminal  pressure.  Since  the  machines  I  and  II  are  similar,  and  have  the 
same  excitation  and  speed,  it  follows  that  their  electromotive  forces  are  the 
same.  Hence,  their  terminal  pressures  are  equal  and  the  balance  of  pressure 
is  perfect. 

As  a  matter  of  fact,  however,  the  result  wiU  be  affected  by  the  armature 
resistance,  which  is  not  negligible.  The  terminal  pressure  of  the  generator 
will  be  given  by  the  formula 

V  =  E-I,.R„ 
and  that  of  the  motor  by  the  formula 

V  =  E  +  I,.R^. 
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As  the  generator  is  connected  across  the  more  heavily  loaded  side,  this 
side  will  have  the  lower  pressure.  The  difference  can  be  diminished  by 
exciting  each  machine  of  the  balancer  set  off  the  opposite  side  of  the  system. 
The  field  coils  of  the  generator  would  then  be  supplied  from  the  pressure  of 
the  hghtly  loaded  side,  thus  increasing  its  e.m.f.,  while  the  e.m.f.  of  the 


Fig.  145 

motor  would  be  decreased.  The  same  result  can  be  obtained  by  passing  the 
•middle- wire  current  round  a  few  series-turns  on  the  fields  of  each  machine. 
A  simple  and  interesting  method  of  obtaining  a  middle  point  is  that  due 
to  Dolivo-Dobrowolsky  (Fig.  145).  Two  points  of  the  winding,  separated 
from  each  other  by  a  pole-pitch,  are 
connected  to  two  slip-rings.  By  means 
of  brushes  these  rings  are  connected  to 
the  terminals  of  a  so-called  choking  coil, 
a  coil  of  large  self-induction  wound  on 
an  iron  core.  An  alternating  current 
flows  through  this  coil  and  produces  lines 
of  force,  which  cut  through  the  turns 
of  the  coil  and  induce  electromotive 
forces  opposing  the  terminal  voltage. 
The  alternating  current  passing  through 
the  coil  is  therefore  only  large  enough 
to  produce  this  flux,  and  is  practically 
negligible.  The  coil  has  a  very  small 
resistance  to  continuous  currents.  If 
now  the  middle  wire  is  connected  to 
the  middle  point  of  the  coil,  the  pressure  difference  between  it  and  each 
of  the  outer  wires  is  a  half  of  the  terminal  pressure  of  the  dynamo.  A  more 
perfect  arrangement  was  proposed  by  Sengel,  who  connected  three 
points  of  the  winding,  separated  by  |  of  the  pole-pitch,  to  three  slip-rings. 
The  three  brushes  were  connected  to  the  terminals  of  three  choking  coils, 
the  other  terminals  of  which  were  connected  together  and  to  the  middle 
wire  (compare  three-phase  star  connection). 


Fig.  146 
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Dettmar  solved  the  problem  in  another  manner  by  connecting  the 
middle  wire  to  an  auxiliary  brush  placed  on  the  commutator  halfway  be- 
tween the  main  brushes  (Fig.  146)*.  As  this  auxiliary  brush  short-circuits 
two  segments  whenever  it  bridges  the  insulation  between  them,  it  is  neces- 
sary that  the  coil  thus  short-circuited  should  be  moving  in  a  weak  field. 
This  is  arranged  by  leaving  a  gap  in  the  middle  of  the  pole.  The  figure 
represents  really  a  two-pole  machine,  the  north  pole  of  which  is  split  into 
two  parts  iV]  and  N^  with  a  gap  between  them.  In  order  that  the  pressure 
of  either  side  of  the  system  may  be  regulated  without  interfering  with  the 
other,  the  field  coils  of  the  poles  N-^  and  Sj  must  be  connected  in  series 
and  controlled  separately  from  the  field  coils  of  the  poles  N^  and  Sj,  which 
are  likewise  in  series,  since  diametrically  opposite  wires  on  the  armature 
are  connected  in  series. 

It  can  be  easily  seen  that  the  cross-magnetisation  of  the  armature  will 
lower  the  pressure  of  one  half  of  the  system  and  raise  that  of  the  other. 
As  in  the  case  of  the  balancer,  it  is  advantageous  to  excite  the  field  magnets 
of  one  side  from  the  pressure  of  the  other  side  of  the  system. 

*  See  E.  T.  Z.,  1897,  pp.  55  and  230. 
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57.    Characteristics  of  Separately-excited  Dynamo. 

In  this  machine  the  field  magnets  are  excited  from-  an  external  in- 
dependent source  (Fig.  147).  In  the  first  place  we  shall  consider  the  effect 
of  var5dng  the  speed  when  the  machine  is  running  light,  i.e.  unloaded,  with 
constant  excitation.  From  equation  (79),  on  page  124,  the  electromotive 
force  is  known  to  be  , 


a 


.  Z .  io~^  volts. 


Since,  under  the  assumed  conditions,  n  is  the  only  variable  on  the  right- 
hand  side  of  the  equation,  the  electromotive  force  must  be  proportional  to 


-Ah 


-AAAAAAr 


Fig.  147 


Fig.  148 


the  speed.  If,  then,  we  plot  the  observed  values  of  the  speed  as  abscissae 
and  the  corresponding  values  of  the  electromotive  force  as  ordinates,  we 
shall  obtain  a  straight  line  through  the  origin,  as  shown  in  Fig.  148. 

If  now  we  vary  the  experiment  by  keeping  the  speed  constant  and  vary- 
ing the  exciting  current  by  means  of  a  resistance  in  series  with  the  field 
winding  (Fig.  149),  and  plot  the  observed  electromotive  forces  against  the 
corresponding  values  of  the  exciting  current,  we  obtain  the  curve  shown  in 
Fig.  150.  This  curve  is  called  the  no-load  characteristic,  or  magnetisation 
curve.  The  electromotive  force  increases  proportionately  with  the  magne- 
tising current  up  to  a  certain  point,  beyond  which,  however,  the  electro- 
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motive  force  increases  less  rapidly  owing  to  the  increasing  saturation  of 
the  iron. 

The  values  of  the.  ordinates  are  obtained  by  connecting  a  voltmeter 
across  the  dynamo  terminals.  At  no-load  the  p.d.  between  the  terminals 
is  equal  to  the  e.m.f.  induced  in  the  armature,  which  is  proportional  to  the 
flux  O.  The  ordinates  in  Fig.  150  therefore  represent  to  a  certain  scale  the 
values  of  <I)  corresponding  to  the  various  values  of  the  exciting  current. 
Hence  we  are  quite  justified  in  calling  the  curve  the  magnetisation  curve 
of  the  dynamo. 

There  is,  however,  an  important  difference  between  the  magnetisation 
curves  considered  in  a  previous  section  and  this  no-load  characteristic. 
There  the  abscissae  represented  the  ampere-turns  per  cm  and  the  ordinates 
the  flux-density  or  lines  per  sq.  cm,  whereas  here  the  abscissae  represent  the 
ampere-turns  for  the  whole  path,  partly  in  iron  and  partly  in  air,  and  the 
ordinates  represent  the  total  flux. 

We  will  now.predetermine  the  no-load  characteristic  of  a  given  machine, 
shown  quarter-size  in  Fig.  151.   The  armature  teeth  and  the  air-gap  are 


Fig.  149 


Fig.  150 


shown  full-size  in  Fig.  152.  We  must  first  determine  the  cross-section  of 
the  magnetic  path  in  the  armature  core,  teeth,  air-gap,  pole-cores  and  yoke. 
We  have 


diameter  of  armature 

internal  diameter  of  armature  (in  this  case  the  dia- 
meter of  the  shaft) 
axial  length  of  armature 
depth  of  slot 
breadth  of  slot 
number  of  slots 

distance  from  pole  to  armature 
angle  subtended  by  pole  (^  =  0778) 
space  lost  in  paper  insulation  between  laminations 
cross-section  of  magnet  yoke  ring 


D  =  15  cm, 


=  3-5  cm, 
=  II  cm, 
=  2  cm, 
=  0-5  cm, 
=  36, 
=  0-2  cm, 
=  70°, 
=  15  %. 
=  37  sq.  cm. 


For  the  cross-section  of  the  armature  core  normal  to  the  flux,  we  have 
Aa  =  0-85  (D  —  Z>o  —  2<?) .  Z,  =  70  sq.  cm. 
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To  find  the  effective  cross-section  of  the  teeth  we  must  subtract  the  sum 
of  all  the  slot-widths  from  the  periphery  measured  halfway  down  the  slots 

and  multiply  the  remainder  by  — .  Taking  into  account  the  factor  o'Ss  for 

4 
the  paper  insulation,  we  have 

At  =  0-85  [(Z)  -  i)  TT  -  S  .  6]  ^  =  41-6  sq.  cm, 

4 


Fig.  151 

If  we  make  the  simple  but  approximate  assumption  that  the  lines  of 
force  cross  the  air-gap  in  the  manner  shown  in  Fig.  152  the  cross-section  of 
the  gap  Ag  is  the  mean  of  the  area  of  the  pole-face  and  the  total  area  of 
the  tops  of  the  teeth  facing  the  pole.   If  the  double  air-gap  has  a  length 

Ig  =  0-4  cm, 
the  area  of  the  pole-face  is 

{D  +  lg)TT  .  ^^—  =  104  sq.  cm. 


The  tops  of  the  teeth  have  an  area 

4 


(DiT  -  366) 


62  sq.  cm. 
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As  the  mean  of  these  two  values,  we  get 

.        104  +  62      o 
Ag  =  —^ =  83  sq.  cm. 

The  cross-section  of  the  round  pole-cores  can  be  seen  from  the  drawing 

to  be  77- 

^j,  =  7-42.-  =43sq.  cm. 

Since  the  flux  of  each  pole  divides  into  two  equal  parts  in  the  yoke,  the 

effective  cross-section  of  the  yoke  is  twice  that  of  the  actual  magnet  ring, 

that  is,  . 

^„  =  2.37  =  74sq.  cm. 


Fig.  152 


The  lengths  of  the  paths  in  the  different  portions  of  the  magnetic  circuit 
can  be  found  from  the  drawing.  It  is  important  to  notice  that  the  air-path 
Ig  is  twice  the  gap  between  armature  and  pole,  while  the  path  in  the  teeth 
is  twice  the  depth  of  a  tooth.  Similarly  l^,  is  twice  the  length  of  a  pole, 
since  the  flux  passes  through  both  a  north  and  a  south  pole.  For  ly,  however, 
we  put  the  simple  length  through  the  yoke  from  pole  to  pole.  The  pole-shoes 
need  not  be  separately  considered.  The  values  so  obtained  are  collected 
in  the  following  table : 


Armature  core 
(stampings) 

Armature  teeth 
(stampings) 

Air-gap 

Pole-core 
(W.  I.) 

Yoke 
(C.  I.) 

la -7 

At  =  41-5 

lt  =  A 

^.  =  83 
Ig  =  0-4 

^i>  =  43 
K  =  12-5 

^.=  74 

ly=     22 

We  have  now  to  determine  the  number  of  ampere-turns  required  to 
drive  the  flux  through  each  individual  part  of  the  magnetic  circuit.  For 
this  purpose  we  shall  assume  four  different  values  of  the  flux,  and  work 
them  out  side  by  side.  By  dividing  the  flux  by  the  cross-section  of  the  part 
under  consideration,  we  get  the  flux-density  B,  and  by  reference  to  the 


I-i 
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curves  in  Fig.  58,  the  necessary  ampere-turns  per  cm  (y).   This  must  be 

multipHed  by  the  length  of  the  path  in  order  to  get  the  total  number  of 
ampere-turns  for  the  part  of  the  magnetic  circuit  under  consideration. 

I.    Armature  Core. 

0=         0-2  0-4  0-5     0-6.10^ 

■^''  =  ^  =  ^  ^     2850        5700        7150       8550 

\-j\    from  the  curve  for  stampings      =         0'5  I'l  1-4 

''«  =  '«(f)„  =  7(?X=        3-5  77  9-8        12-6 

2.    Armature  Teeth. 

O  =        0-2  o'4  0-5    0-6 .  10* 

Bf  =  -^  =  — -  =   4800   9650   12000   14400 

/X  ' 

( y  j  from  the  curve  for  stampings       =         o'8  2'3  4  9 

^*=^*(j)^  =  4(f)^=        3-2         9-2  16  36 

3.    Air-gap. 
For  the  air-gap,  we  have  the  fundamental  equation  (43)  on  p.  61, 

•"b        ■'-'9  7 

or  X,  =  :?^  =  o-85,.i,. 

"^      o  477  "    " 

We  have,  therefore,  O  =  0-2  0-4  0-5    o-6 .  10^ 

Bj  =  ^-  =  ^-  =      2400        4820        6020       7220 
^!7     03 
Xg  =  o-&Bg.lg  =  o-Z2Bg=        770        1540        1930       2310 

4.    Pole-Cores. 

In  calculating  the  ampere-turns  for  the  poles  and  yoke  we  must  take 
into  account  the  fact  that  the  flux  in  them  is  larger  than  the  armature  flux, 
on  account  of  leakage.  Assuming  that  the  leakage  coefficient 

O™     _  _ 

V  = 
we  have 


V~      --T2. 

0^  =  i-2<D. 

0  =   0-2 

0-4 

0-5 

0-6. 10^ 

0^  =  1-2$=    0-24 

0-48 

0-6 

072. 10^ 

^^  =  ^  =  !r=  5600 
^i>      43 

1 1200 

14000 

16800 
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( y]    from  the  curve  for  wrought  iron  =       i'6 

^.='.(?).-="=(t).=     - 


B,. 


5.    Yoke. 
O^  =  i-2«D  = 


"      A,      74 
y  j    from  the  curve  for  cast-iron 

x.  =  (f)_.4  =  -(f).- 


0-2 
0'24 

3250 

41 
90 


■5 

62-5 

0-4 
0-48 

6500 

19 

418 


14  100 

175      1250 

0-5      06  .  10* 
06  072 .  10* 


8100 

53 
1160 


9720 

107 

2350 


1000 


aooo 


6000  X 


woo  3000  woo 

Ampere  turns 

Fig-  153 

The  total  ampere-turns  can  now  be  found  by  adding  up  the  five  com- 
ponents, thus                             -  ^       fi 
^                                                 $   =         0-2           0-4  0-5      0-6.10* 

Xa=         3^5           77  P             12^6 

Xi  =        3-2           9-2  16                36 

Xg        =                 770                                1540  1930                                               2310 

Xj,=        20                62-5  175                1250 

Xy=                   90                      ,          418  II6O                                        2350 


XX  =  Xa  +  Xt  +  Xg  +  X„  +  Xy=    890        2040        3290 
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In  Fig.  153  the  values  of  armature  flux  O  are  plotted  as  ordinates,  and 
the  values  of  Xj,,  Xy,  Xg,  and  HX  as  abscissae.  The  curve  Xg  is  naturally 
a  straight  line.  The  values  of  X^  and  Xf  are  so  small  that  they  have  been 
omitted  in  the  figure.  It  is  easy  to  see  from  the  figure  how  the  total  ampere- 
turns  HiX  are  used  up  in  the  various  parts  of  the  machine.  To  produce  the 
flux  OA,  for  example,  we  have  to  employ  an  excitation  AE.  Of  this,  a  part 
AB  is  required  for  the  poles,  a  part  AC  for  the  yoke,  and  the  larger  part 
AD  for  the  air-gap,  and  AE  =  AB  +  AC  +  AD. 

Near  the  origin  the  curve  for  HX  coincides  very  nearly  with  the  straight 
line  Xg,  while  as  the  saturation  of  the  iron  increases  it  becomes  gradually 
flatter. 

The  electromotive  force  can  be  calculated  directly  from  the  flux  O  by 
means  of  equation  (79)  on  p.  124, 

i> 
E  =  ~  .<b  .n   Z  .  io~*  volts. 
a 

If,  for  example,  the  speed  is  1665  revs,  per  minute  and  the  number  of 
wires  on  the  armature  periphery  is  720,  we  have  for  a  parallel-wound 

armature  xtft'^ 

£  =  O .  -^-^  .  720 .  io~8  =  200 . 0  .  io~^  volts. 

The  ordinates  of  the  curve  SX  give  the  electromotive  force  directly  on 
the  scale  shown  on  the  right-hand  side  of  the  figure. 

It  must  be  particularly  noticed  that  ItX  is  the  number  of  ampere-turns 
per  pair  of  poles,  since  the  calculation  was  made  for  a  complete  magnetic 
circuit  linking  both  a  north  and  a  south  pole.  The  total  number  of  field 
ampere-turns  on  the  whole  machine  is p.liX. 

Having  thus  fully  investigated  the  effect  on  a  separately  excited  dynamo 
of  varying  its  field  current,  we  must  now  consider  the  effect  of  loading  the 
machine,  that  is,  taking  current  from  it.  We  assume  that  both  its  speed  and 
excitation  are  kept  constant  while  its  terminals  are  connected  by  means  of 
an  external  resistance,  such  as  a  bank  of  glow-lamps.  The  greater  the  num- 
ber of  lamps  connected  in  parallel  across  the  terminals  the  bigger  is  the  load 
on  the  dynamo.  This  increase  in  the  current  taken  from  it  causes  a  decrease 
in  the  p.d.  between  the  terminals.  When  running  on  open  circuit  the  ter- 
minal pressure  is  equal  to  the  electromotive  force,  but  when  loaded  it  is 
less  by  the  pressure  drop  due  to  the  armature  resistance.  If  the  resistance 
of  the  armature  be  Ra,  the  terminal  pressure  will  be  given  by  the  formula 

V^E-I.R^. 

If  we  neglect  the  effect  of  armature  reaction,  the  electromotive  force 
will  be  constant  since  the  exciting  current  is  constant,  and  it  can  be  repre- 
sented by  the  horizontal  line  E  in  Fig.  154.  The  pressure  drop  in  the  arma- 
ture is  proportional  to  the  current,  that  is,  to  the  abscissae,  so  that  the  ter- 
minal pressure  is  given  by  the  straight  line  V  drawn  at  an  angle  a  below  the 
line  E,  where  /  7j 

tan  a  =     '  j  "  =  Ra- 

When  setting  out  the  angle  a  it  must  be  carefully  noticed  that  the  scales 
for  the  ordinates  and  abscissae  are  probably  different,  so  that  we  cannot 
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draw  simply  the  geometrical  tangent.  The  difference  between  the  ordinates 
of  the  curves  E  and  V  is  equal  to  the  ohmic  pressure  drop  for  a  certain  value 
of  the  current,  while  the  ordinates  of  the  curve  V  give  us  the  corresponding 
terminal  pressure.  Experimentally  the  process  is  of  course  reversed,  since 
we  observe  the  terminal  pressure  and  add  to  it  the  calculated  armature 
drop  to  find  the  electromotive  force. 

The  results  can  be  plotted  in  another  manner,  namely,  by  setting  out 

the  external  resistance  R,  i.e.  the  quotient  y ,  as  abscissae  and  plotting  both 

V  and  I  as  ordinates  (Fig.  155).  Since  the  product  I  (R  +  R^)  is  equal  to 
the  constant  electromotive  force,  the  curve  representing  I  must  be  a  rect- 
angular hyperbola.  Its  asymptotes  are  the  horizontal  axis  and  a  vertical 
line  through  a  point  representing  —  /?„.  The  curve  I  cuts  the  vertical  axis 
in  the  point  A .  This  corresponds  to  no  external  resistance,  or,  in  other  words, 
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the  dynamo  is  short-circuited,  and  OA  =  ^-  is  the  short-circuit  current. 

Ra 

This  point  lies,  naturally,  quite  outside  the  working  limits,  and  could  only 
be  found  by  plotting  the  curve  for  a  very  small  value  of  the  excitation. 

The  limit  of  the  curve  V  in  Fig.  155  can  be  found  from  the  consideration 
that  the  terminal  pressure  is  equal  both  to  the  product  IR  and  to  the  dif- 
ference E  —  I.Ra-  On  short-circuit  it  must  be  zero,  since  the  terminals  are 
electrically  equivalent  to  a  single  point  and  can  have  no  difference  of  po- 
tential. The  whole  electromotive  force  is  then  used  up  in  driving  the  enor- 
mous short-circuit  current  through  the  armature  resistance.  On  the  other 
hand,  the  terminal  pressure  attains  its  maximum  value  and  becomes  equal 
to  the  electromotive  force  E  when  the  external  resistance  becomes  infinitely 
great,  i.e.  on  open-circuit. 

As  we  have  already  indicated,  the  curves  would  be  modified  in  an  actual 
case  by  the  demagnetising  effect  of  armature  reaction.  Moreover,  the 
armature  resistance  is  not  constant,  but  increases  with  its  temperature  and 
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therefore  with  the  load.  It  is  hardly  possible,  however,  to  take  these  points 
into  consideration  in  a  simple  manner.  Another  disturbing  influence,  which 
we  have  neglected  and  which  we  shall  continue  to  neglect,  is  the  effect  of 
remanent  magnetism. 

58.    Characteristics  of  Series  Dynamo. 

Both  the  consideration  and  the  actual  working  of  a  separately  excited 
dynamo  are  extremely  simple,  since  with  constant  speed  and  constant 
excitation  the  electromotive  force  is  independent  of  changes  in  the  external 
circuit.  The  behaviour  of  self-excited  dynamos  is,  however,  far  more  com- 
plicated, since  every  change  in  the  external  circuit  affects  the  magnetising 
current,  and  also,  therefore,  the  magnetic  flux  and  the  electromotive  force. 

The  relations  are,  perhaps,  simplest  in  the  series  dynamo,  since  the 
armature  current  is  here  identical  with  the  magnetising  current   and  the 
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external  current.  The  series-connection  of  armature,  field  and  external 
circuit  was  that  which  first  suggested  itself.  It  has,  however,  become  almost 
obsolete  as  far  as  generators  are  concerned.  It  was  used  for  supplying  a 
number  of  arc  lamps  connected  in  series,  but  is  quite  unsuitable  when  the 
lamps,  as  is  now  general,  are  connected  in  parallel  between  the  mains.  As 
motors,  however,  series  machines  are  of  enormous  importance. 

We  shall  now  consider  the  effect  of  Varying  the  external  resistance  of  a 
series  dynamo  running  at  a  constant  speed  (Fig.  156).  We  take  correspond- 
ing readings  of  the  current  and  the  terminal  pressure,  and  plot  a  curve  with 
abscissae  equal  to  the  current  I  and  ordinates  equal  to  the  pressure  V 
(Fig.  157).  We  then  draw  a  straight  line  through  the  origin  making  an 
angle  a  with  the  base  line,  where 

tan  a  =  Ra-\-  Rm> 
R„  being  the  resistance  of  the  field  winding.  The  ordinates  of  this  straight 
line  represent  the  pressure  drop  in  the  dynamo  itself,  and  by  adding  this 
to  the  corresponding  ordinate  of  the  curve  V  we  obtain  the  curve  E  of  the 
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electromotive  force.  This  is  the  characteristic  curve  of  the  series  dynamo, 
and  represents  the  relation  between  electromotive  force  and  magnetising 
current.  If,  instead  of  the  current  I,  we  had  plotted  the  product  of  current 
and  the  number  of  turns  on  the  field,  we  should  have  obtained  the  same 
magnetisation  curve  as  that  found  in  the  previous  section  (Fig.  153). 

We  see  from  the  curve  that  the  electromotive  force  vanishes  on  open- 
circuit,  since  when  the  magnetising  current  ceases  the  magnetic  flux  dis- 
appears. If  the  terminals  be  joined  bymeans  of  a  reasonably  smaU  resistance, 
the  machine  will  excite  and  produce  an  electromotive  force  which  will  drive  a 
current  round  the  circuit.  The  smaller  we  make  the  external  resistance,  the 
larger,  by  Ohm's  law,  will  be  the  current  and  therefore  also  the  magnetic 
flux  and  the-  electromotive  force.  This  reaches  its  limit  when  the  machine 
is  short-circuited.  The  terminal  pressure  theri  vanishes,  and  the  whole 
electromotive  force  ^S  is  used  up  in  driving  the  short-circuit  current  OB 
through  the  internal  resistance.  This  occurs  at  the  point  A,  in  which  the 
straight  line  cuts  the  curve  E. 

With  regard  to  the  terminal  pressure,  we  see  that  the  curve  reaches  a 
maximum  with  a  certain  load  and  then  decreases  as  the  load  is  further  in- 
creased. That  this  must  be  so  is  evident,  for,  as  the  iron  becomes  saturated, 
a  point  will  be  reached  at  which  the  increase  of  electromotive  force,  due  to 
a  given  increase  in  the  current,  is  not  enough  to  balance  the  increased  drop 
thereby  produced. 

This  pecuharity  was  turned  to  useful  account  in  the  machines  designed 
for  lighting  a  string  of  arc  lamps  in  series.  It  was  necessary  to  make  the 
increase  of  current,  due  to  the  short-circuiting  of  a  lamp,  as  small  as  possible. 
The  cross-section  of  the  iron  was  therefore  made  so  small  that  it  was  highly 
saturated  at  the  normal  working  current.  The  machine  worked  beyond  the 
knee  of  the  characteristic  curve  E,  where  an  increase  in  the  current  causes 
but  a  slight  increase  in  the  e.m.f.  By  making  the  armature  reaction,  which 
we  have  neglected,  strong  enough,  an  increase  of  current  might  even  cause 
a  decrease  in  the  e.m.f.  On  short-circuiting  a  lamp  the  current  increased 
slightly,  but  not  so  much  as  it  would  have  done  had  the  electromotive  force 
increased  with  the  current. 

The  peculiar  behaviour  of  a  self-exciting  dynamo,  in  that  the  electro- 
motive force  depends  on  the  current  taken,  is  easier  to  comprehend  if  we 
fix  our  attention  on  the  external  circuit.  The  question  arises  as  to  whether 
the  current  is  produced  by  the  electromotive  force,  or  the  electromotive 
force  by  the  current,  through  the  medium  of  the  magnetic  flux.  Both  views 
must  be  looked  upon  as  correct,  and  we  then  have  a  complete  cycle,  with- 
out being  able  to  say  which  is  cause  and  which  is  effect.  In  practice,  however, 
it  is  the  external  resistance  which  is  arbitrarily  varied,  and  both  the  electro- 
motive force  and  the  current  are  thereby  caused  to  change  simultaneously. 

59.    Characteristics  of  Shunt  Dynamo. 

It  is  customary,  in  connection  with  shunt  dynamos,  to  distinguish 
between  an  internal  and  an  external  characteristic.  The  internal  or  static 
characteristic  is  obtained  by  running  the  machine  hght  at  a  constant  speed 
and  varying  the  resistance  of  the  field  circuit  by  means  of  a  rheostat  or 
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variable  resistance.  By  plotting  the  values  of  the  magnetising  current  7„ 
as  abscissae  and  the  values  of  the  terminal  pressure  V  as  ordinates  we  obtain 
a  curve  exactly  similar  to  the  characteristic  of  a  series  dynamo  or  to  the 
no-load  characteristic  of  a  separately  excited  machine,  and  there  is  therefore 
no  need  to  examine  it  further.  This  curve  is  called  the  internal  or  static 
characteristic  of  the  shunt  dynamo. 

We  must  now  consider  the  behaviour  of  a  shunt  dynamo  when  its  load 
or  external  current  is  varied.  In  the  series  dynamo  the  field  winding  and 
the  external  circuit  are  connected  in  series,  with  the  result  that  the  electro- 
motive force  is  largely  dependent  upon  the  external  current.  In  the  shunt 
dynamo,  on  the  other  hand,  the  field  winding  is  in  parallel  with  the  external 
circuit,  that  is,  it  is  connected  directly  to  the  brushes  (Fig.  158).  As  the 
result  of  this  arrangement  variations  in  the  external  current  do  not  react 
directly  on  the  electromotive  force.  The  external  current  has,  in  fact,  only 
a  small  secondary  effect  on  the  excitation  and  e.m.f.,  and,  within  the  prac- 
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tical  working  limits  of  the  machine,  we  are  dealing  with  a  relatively  constant 
electromotive  force.  The  behaviour  of  a  shunt  dynamo  in  actual  operation 
is  consequently  simple,  but  a  clear  understanding  of  its  behaviour  is  usually 
a  matter  of  some  difficulty  to  the  beginner. 

In  the  first  place,  an  increase  in  the  external  current  causes  an  increase 
in  the  armature  current.  The  armature  current  is  the  sum  of  the  external 
and  the  shunt  currents,  thus       t  ~  T  j-  T 

In  consequence  of  this  increase  the  pressure  drop  in  the  armature  is 
increased  and  the  terminal  pressure  falls,  in  accordance  with  the  equation 

V  =  E-  laRa- 

The  terminal  pressure  is  therefore  greatest  at  no-load  and  gradually  falls 
with  increasing  load.  Since  the  field  winding  is  connected  directly  across 
the  brushes,  the  decrease  in  the  terminal  pressure  causes  a  corresponding 
decrease  in  the  shunt  current.  This  leads  to  a  diminished  flux  and  a  pro- 
portionately smaller  e.m.f.,  in  consequence  of  which  the  terminal  pressure 
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decreases  still  further.  The  variation  of  pressure  with  load  is  therefore 
greater  in  a  shunt  dynamo  than  in  a  similar  separately  excited  machine.  It  is, 
however,  very  much  smaller  than  the  pressure  variation  of  a  series  dynamo. 

It  is  possible,  however,  to  design  the  shunt  dynamo  so  that  the  drop  of 
pressure  from  no-load  to  full  load  is  almost  as  small  as  that  of  a  separately 
excited  machine.  This  result  is  obtained  by  working  some  part  of  the  mag- 
netic circuit  at  a  high  saturation.  The  magnetic  flux  is  then  but  little 
affected  by  considerable  variation  in  the  magnetising  current,  and  the  drop 
is  almost  entirely  due  to  the  ohmic  resistance.  Such  machines  are  specially 
suitable  for  electric  light  stations,  where  constancy  of  pressure  is  an  absolute 
necessity  in  the  interests  of  steady  illumination.  The  small  unavoidable 
changes  in  the  pressure  which  still  occur  are  counteracted  by  means  of 
variable  resistances,  or  rheostats,  in  the  shunt  circuit. 

Machines  which  are  to  be  used  for  charging  accumulators  should,  on  the 
other  hand,  be  designed  with  low  flux-densities  in  the  iron.  When  beginning 
to  charge,  resistance  is  put  into  the  field  circuit,  which,  as  the  charging 
proceeds,  is  gradually  cut  out.  In  this  way  the  flux  and  e.m.f.  axe  gradually 
increased,  and  the  current  maintained  at  a  constant  strength  in  spite  of 
the  increasing  counter-electromotive  force  of  the  battery. 

If  now  we  determine  the  external  characteristic  of  a  given  machine 
experimentally  by  switching  lamps,  one  after  the  other,  in  parallel  across 
the  mains  and  so  varying  the  external  current,  we  find  that  the  p.d.  T^etween 
the  terminals  gradually  falls.  This  is  exactly  what  we  should  expect  from 
our  above  considerations,  and  is  shown  graphically  by  the  upper  branch  of 
the  curve  in  Fig.  159.  If,  however,  we  increase  the  number  of  lamps,  and 
therefore  decrease  the  external  resistance,  beyond  a  certain  point,  the 
current  does  not  continue  to  increase,  as  we  should  expect,  but  decreases. 
The  terminal  pressure  continues  to  decrease  until  the  machine  is  short- 
circuited,  when  it  naturally  falls  to  zero.  The  magnetising  current  ceases 
at  the  same  time,  and  with  it  the  magnetic  flux  which  it  had  produced. 
Were  it  not  for  remanent  magnetism,  there  would  be  no  e.m.f.  and  conse- 
quently no  armature  current.  The  lower  part  of  the  curve  in  Fig.  159  would 
then  pass  through  the  origin,  whereas  the  remanent  magnetism  causes  it 
to  meet  the  base  line  a  little  to  the  right  of  the  origin. 

The  action  of  the  shunt  dynamo  will  probably  be  made  much  clearer 
if  we  evolve  the  external  or  dynamic  characteristic  from  the  internal  or 
static  characteristic.  We  shall  neglect  the  effect  of  armature  reaction.  We 
plot,  in  the  first  place,  the  magnetising  current  as  abscissae  and  the  electro- 
motive force  E  as  ordinates.  This  is  the  internal  characteristic,  and  is 
shown  in  Fig.  160.  Since,  in  our  present  experiment,  we  vary  only  the 
external  current  and  leave  the  resistance  of  the  field  circuit  unaltered,  the 
terminal  pressure  must  be  proportional  to  the  magnetising  current,  in 
accordance  with  the  equation     ,. 

For  the  curve  of  terminal  pressure  V  we  therefore  get  the  straight  line 
in  Fig.  160.  Now,  the  difference  between  the  ordinates  of  the  two  curves  E 
and  V  must  be  equal  to  the  pressure  drop  I^.Ra^  [I  +  I^-Ra  in  the  ar- 
mature, and  is  therefore  proportional  to  the  armature  current.  When  there 
is  no  load  on  the  dynamo,  the  only  current  through  the  armature  is  the  field 
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current,  which  is  then  equal  to  OC,  and  the  pressure  drop  in  the  armature 

is  then  OC .  R^.  From  this  it  follows  that  the  difference  between  the  ordinates 

of  the  two  straight  lines  OA  and  OB  is  always 

equal  to  the  product  I,.Ra.    The  difference 

between  the  ordinates  of  the  curve  E  and  the 

straight    hne    OA    is  therefore  equal   to  the 

product  I .  Ra,  and  is  consequently  proportional 

to  the  external  current.   By  plotting  the  values 

of  this  current  as  ordinates  to  a  different  scale, 

the  curve  I  in  Fig.  i6o  is  obtained.    As  the 

curve  shows,  there  is  one  special  load  at  which 

the  current  is  a  maximum. 

Since  the  abscissae  I^  in  Fig.  i6o  are  pro- 
portional to  the  terminal  pressure,  the  curve 
I  in  Fig.  160  is  identical,  except  as  regards 
scale,  with  the  curve  V  in  Fig.  159.  It  is, 
however,  turned  through  90°,  so  that  the  left-hand  part  of  the  curve  /  in 
Fig.  160  corresponds  to  the  lower  curve  in  Fig.  159,  where,  owing  to  the 
large  number  of  lamps  connected  in  parallel,  the  machine  is  nearly  short- 
circuited.  The  right-hand  part  of  Fig.  160  corresponds  to  the  upper  curve 
in  Fig.  159,  that  is,  the  working  portion  of  the  characteristic  where 
considerable  variation  in  the  load  causes  but  slight  changes  in  the 
pressure. 

Compound  dynamos  may  be  regarded  as  shunt  dynamos,  the  fields  of 
which  are  strengthened  when  the  load  comes  on  by  means  of  a  few  series 
turns  carrjnng  the  main  current.  In  this  way  the  drop  due  to  armature 
resistance  and  armature  reaction  is  neutralised  and  the  terminal  pressure 
maintained  constant  at  all  loads.  If  over-compounded,  that  is,  provided 
with  a  greater  number  of  series  turns,  the  terminal  pressure  increases  with 
the  load,  rising,  for  example,  in  many  traction  generators  from  500  volts 
at  no-load  to  550  volts  at  full  load,  thus  making  it  possible  to  maintain  a 
pressure  of  500  volts  at  distant  points  of  the  system. 

Now,  the  maintenance  of  a  constant  pressure  in  spite  of  variations  of 
the  load  is  of  the  utmost  importance  for  the  supply  of  power  to  glow-lamps, 
since  these  are  extremely  sensitive  to  changes  of  pressure,  and  the  effect 
of  such  changes  on  the  eye  is  very  disagreeable. 

The  compound  dynamo  appears  therefore  to  be  specially  suitable  for 
electric  lighting.  As  a  matter  of  fact,  however,  it  is  rarely  used  for  this 
purpose,  and  the  majority  of  lighting  stations  will  be  found  to  contain  shunt 
dynamos  only.  This  is  due  to  the  fact  that  sudden  overloads  cause  a  momen- 
tary drop  of  pressure  even  on  a  compound  dynamo,  since  the  engine  gover- 
nor cannot  act  instantaneously  and  the  speed  is  consequently  reduced.  This 
causes  the  e.m.f.  and  the  terminal  pressure  to  decrease,  which  leads  to  a 
decrease  in  the  shunt  current  and  a  further  fall  of  pressure.  A  lighting 
station,  moreover,  is  not  subjected  to  the  sudden,  and  often  enormous, 
variations  of  load  experienced  in  a  traction  station.  The  changes  are  usually 
gradual  and  allow  the  switch-board  attendant  ample  time  to  counteract 
the  drop  by  means  of  the  field  rheostat.  The  added  complication  of  com- 
pound dynamos  is  therefore  unnecessary  in  such  a  station. 
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Compound  machines,  like  series  machines,  are  quite  unsuitable  for 
charging  accumulators.  If  they  be  used  for  this  purpose  and  the  speed  of 
the  engine  falls  on  any  account,  the  back  e.m.f.  of  the  battery  may  over- 
come the  forward  e.m.f.  of  the  dynamo  and  drive  a  reverse  current  round 
the  circuit.  This  current  will  pass  through  the  series  field  winding  and 
reverse  the  polarity  of  the  magnets.  The  electromotive  forces  of  dynamo  and 
battery  are  no  longer  in  opposition,  but  acting  together  in  a  circuit  of  very 
low  resistance.   The  current  will  therefore  rapidly  rise  to  a  dangerous  value. 

If,  however,  a  shunt  dynamo  is  used,  the  positive  pole  of  the  battery  is 
always  connected  to  the  positive  pole  of  the  dynamo,  and  the  shunt  current 
in  the  dynamo  field-coils  is  always  in  the  same  direction,  even  when  the 
main  current  is  reversed.  The  electromotive  forces  of  the  battery  and 
dynamo  are  always  in  opposition.  When  the  main  current  reverses,  the 
battery  drives  the  machine  as  a  motor  and  the  current  cannot  reach  a 
dangerous  limit.  Trouble  might  be  caused,  however,  by  sparking  at  the 
commutator,  since  the  correct  position  of  the  brushes  is  different  in  the 
case  of  a  dynamo  and  that  of  a  motor.  This  can  be  prevented  by  putting  a 
minimum  cut-out  in  the  main  circuit.  This  consists  of  an  electromagnet 
excited  by  the  main  current  and  holding  up  an  armature  so  long  as  the 
current  exceeds  a  certain  value;  if,  however,  the  current  falls  below  this 
value,  the  armature  is  released  and  automatically  opens  a  switch  in  the 
main  circuit. 

60.    Dynamo  and  Battery  in  Parallel. 

The  practically  constant  supply  pressure  which  we  saw  in  the  last  section 
to  be  necessary  for  electric  lighting  can  be  obtained  by  the  use  of  a  battery 
of  accumulators  connected  in  parallel  with  the  dynamo.  The  battery,  more- 
over, constitutes  a  very  desirable  reserve,  as  the  dynamo  need  only  be  large 
enough  to  deal  with  the  average  load  instead  of  the  maximum  load,  and  may, 
at  times  of  very  light  load,  or  in  case  of  necessity,  be  shut  down  without 
interrupting  the  supply.  Finally,  the  battery  enables  the  dynamo  to  work 
at  constant  full  load  in  spite  of  the  variable  load  on  the  station  (buffer 
batteries  in  traction  stations).  The  steam  consumption  is  thereby  made 
uniform  and  considerable  economy  effected. 

These  advantages  depend  on  two  characteristic  properties  of  the  ac- 
cumulator, viz.  its  constancy  of  e.m.f.  and  its  low  internal  resistance.  As 
a  result  of  the  latter  the  drop  of  pressure  in  the  battery  may  be  almost 
neglected,  and  the  terminal  pressure  is  practically  equal  to  the  electro- 
motive force.  The  shunt  dynamo  may  be  looked  upon  as  separately  excited, 
since  the  field  winding  is  virtually  connected  across  the  constant  terminal 
pressure  of  the  battery.  We  shall  consider  the  effect  of  (i)  Variation  of  load, 
(2)  Variation  of  engine  speed,  (3)  Variation  of  excitation. 

(i)    Effect  of  Variation  in  the  External  Load. 

If  the  speed  and  excitation  be  constant  and  the  electromotive  force  be 
E,  then  the  armature  current  will  also  be  constant  and  will  be  given  by  the 
equation  E  —  V 
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where  V  is  the  terminal  pressure,  maintained  constant,  as  we  have  seen, 
by  the  battery.  We  see,  then,  that  neither  the  terminal  pressure  nor  the 
dynamo  current  is  affected  by  changes  in  the  external  load.  If,  for  example, 
the  battery  is  discharging  (Fig.  161)  and  more  glow-lamps  are  switched  into 
the  external  circuit,  the  extra  current  required  is  supplied  almost  entirely 
by  the  battery  discharging  at  a  higher  rate.  If,  on  the  other  hand,  the 
battery  is  being  charged  (Fig.  162)  when  the  extra  lamps  are  switched  on, 
the  current  required  will  be  drawn  from  the  battery  by  taking  a  part  of  its 
charging  current.  We  have  here,  therefore,  an  exceptional  case  in  which  the 
generator  gives  practically  a  constant  current,  which  we  divide,  as  we  choose, 
between  the  battery  and  the  external  circuit. 

The  battery  will  pass  from  a  condition  of  charging  to  one  of  discharging 
simply  by  changing  the  load  in  the  external  circuit.  If,  for  example,  the 
external  current  is  smaller  than  the  armature  current,  the  excess  current 
will  pass  into  the  battery  and  charge  it.  If,  now,  the  external  current  in- 
creases beyond  the  armature  current,  the  battery  will  give  a  discharging 
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current.  If  the  dynamo  gives  the  average  current,  the  battery  will  be  con- 
tinually changing  from  charge  to  discharge  and  vice  versa.  This  change  is 
only  possible  if  the  terminal  pressure  of  the  battery  changes.  When  charging 
the  terminal  pressure  must  be  greater  than  the  e.m.f.  in  accordance  with 
the  equation  ^.       „     ,    ^    „ 

When  discharging,  on  the  other  hand,  the  terminal  pressure  must  be 
smaller  than  the  e.m.f.  of  the  battery,  as  shown  by  the  equation 

These  changes  are  small,  and  we  have  therefore  neglected  them  in  our 
consideration  of  the  subject. 

The  actual  relations  can  be  seen  more  clearly  from  the  following  con- 
siderations. In  Fig.  163  the  battery  and  machine  are  represented  by  two 
parallel  paths  each  containing  a  source  of  electromotive  force  and  a  resist- 
ance. Any  external  current  must  so  distribute  itself  between  the  two 
branches  that  each  has  the  same  terminal  p.d.  The  greater  part  of  any 
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increase  in  the  external  current  must  pass  through  the  branch  possessing  the 
smaller  resistance,  i.e.  the  battery,  whilst  the  smaller  part  flows  through 
the  machine.  This  is,  of  course,  the  object  of  connecting  the  battery 
in  parallel  with  the  machine.  The  smaller  the  resistance  of  the  battery 
compared  with  the  dynamo  the  better  will  be  the  buffer  action  of  the 
battery. 

A  perfect  buffer  action  would  necessitate  an  infinitely  small  battery 
resistance.  In  practice  this  is  impossible  and  a  part  of  the  fluctuations  of  the 
load  come  on  to  the  machine.  This  can  be  prevented,  however,  by  the  use  of 
a  booster  in  series  with  the  battery.  This  consists  of  a  dynamo  usually 
coupled  directly  to  a  shunt  or  differentially  compounded  motor.  In  the 
simplest  type  of  booster  for  the  purpose  under  consideration  the  dynamo  has 
two  field  windings,  so  connected  that  their  ampere-turns  are  in  opposition, 
one  a  shunt  winding  connected  across  the  mains  and  carrying  therefore  a 
constant  current,  the  other  a  series  winding  carrying  all  or  a  definite 
fraction  of  the  load  on  the  station.  When  the  load  has  its  average  value  the 
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two  windings  exactly  neutraUse  each  other  and  the  dynamo,  having  no 
field,  produces  no  e.m.f.  ;  under  this  condition  the  only  e.m.f.  in  the  battery 
circuit  is  that  of  the  battery  itself  which  is  equal  and  opposite  to  the  p.d. 
of  the  bus-bars,  and  the  battery  current  is  consequently  zero.  When  the 
load  increases  above  the  average  the  series  field  winding  overcomes  the 
shunt  and  the  booster  develops  an  e.m.f.  in  the  same  direction  as  that  of 
the  battery  which  is  thus  caused  to  discharge  at  a  rate  depending  on  the 
magnitude  of  the  excess  load.  When  the  load  is  small  the  shunt  winding 
overcomes  the  series  winding  and  the  booster  e.m.f.  acts  in  opposition  to 
that  of  the  battery  which  is  consequently  caused  to  take  a  charging  current. 
The  battery  can  thus  be  made  to  charge  and  discharge  with  variations  of 
the  load  without  any  variation  in  the  p.d.  between  the  bus-bars  or  main 
terminals  of  the  station  and  therefore  without  any  variation  in  the  load 
on  the  main  generators. 

(2)    Effect  of  Speed  Variation. 

We  have  assumed  in  the  foregoing  that  the  electromotive  force  of  the 
dynamo  is  constant,  but  we  shall  now  consider  the  effect  of  speed  variation 
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on  terminal  pressure  and  armature  current.  We  shall  assume  the  external 
load  to  be  constant.  When  running  without  a  battery  in  parallel  a  change 
of  speed  has  a  large  effect  on  the  terminal  pressure,  but  in  the  present  case 
the  terminal  pressure  is  maintained  constant  by  the  battery.  A  change  in 
the  E.M.F.  of  the  dynamo  will,  however,  cause  the  armature  current  to 
change,  in  accordance  with  the  formula 

I  ^i-zJL 

If,  for  example,  the  speed  suddenly  drops,  the  e.m.f.  decreases,  and  with 
it  the  armature  current.  Since  the  current  in  the  external  circuit  is  constant, 
the  battery,  if  discharging,  must  give  a  greater  current  the  smaller  that 
given  by  the  dynamo.  If  charging,  a  decrease  in  the  dynamo  current  causes 
a  decrease  in  the  current  passing  into  the  battery.  Hence,  speed  variations 
of  the  engine  are  converted  into  variations  of  battery  current. 

There  are  cases,  such  as  in  train  lighting,  where  it  is  required  to  charge 
batteries  by  means  of  dynamos  running  at  very  variable  speeds.  For  such 
purposes  special  types  of  dynamos  have  been  developed;  these  are  con- 
sidered in  Section  6i. 

(3)    Effect  of  Variation  of  Excitation. 

A  change  in  the  rheostat  in  the  field  circuit  has,  naturally,  a  similar 
effect  to  a  change  of  speed.  If,  for  example,  we  wish  to  charge  the  battery, 
we  adjust  the  field  current  until  the  terminal  pressure  of  the  machine  is 
slightly  above  that  of  the  battery.  The  switch  is,  then  closed  so  that  similar 
poles  of  the  machine  and  battery  are  connected.  Since  the  electromotive 
forces  oppose  each  other,  the  current  is  practically  nil,  but  can  be  brought 
up  to  the  desired  value  by  adjusting  the  field  rheostat  (compare  the  above 
formula  for  !„).  The  reading  on  the  voltmeter  is  only  slightly  changed, 
since  the  terminal  pressures  of  both  dynamo  and  battery  are  identical. 

To  stop  charging,  the  field  current  is  weakened  until  the  armature 
current  falls  to  the  value  of  the  external  current.  The  battery  is  then 
carrying  no  current,  but  can  remain  across  the  bus-bars  or  terminals  to  act 
as  a  pressure  regulat9r. 

At  times  of  exceptionally  heavy  load  the  shunt  rheostat  is  used  to 
distribute  the  load  in  a  suitable  manner  between  battery  and  machine. 
The  excitation  can  be  adjusted  until  the  machine  is  working  at  full  load, 
so  that  the  battery  is  left  to  deal  with  the  variable  overload. 

We  have  assumed  that  the  battery  pressure  is  constant,  and  we  are 
justified  in  making  this  assumption,  in  so  far  as  the  small  effect  of  the  vari- 
able current  is  concerned.  We  have  already  seen,  however,  that  the  terminal 
pressure  of  the  battery  gradually  changes  as  charging  or  discharging  pro- 
ceeds (Figs.  26  and  27).  To  maiatain  a  constant  pressure,  battery  switches 
are  often  employed,  by  means  of  which  cells  can  be  added  to  or  removed 
from  the  battery.  In  order  that  the  current  may  not  be  interrupted  when 
switching  another  cell  in  or  out,  an  arrangement  is  shown  in  Fig.  165,  in 
which  auxiliary  contacts  are  fitted  between  the  main  contacts  and  connected 
to  them  by  means  of  resistances.  The  moving  contact  is  wide  enough  to 
span  across  the  insulation  between  the  segments.  In  the  position  shown  the 
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lamps  are  connected  across  the  main  cells  only,  and  the  first  regulating  cell 
is  short-circuited  through  the  resistance  between  the  contacts.  By  turning 
the  switch-arm  to  the  right  it  is  made  to  lie  on  the  auxiliary  contact  only. 
The  first  regulating  cell  is  then  in  series  with  the  battery  across  the  mains, 
and  by  suitably  choosing  the  auxiliary  resistance,  which  is  now  in  the  main 
circuit,  the  supply  pressure  may  be  made  to  rise  about  i  volt,  depending 
on  the  strength  of  the  current.  On  moving  the  arm  over  on  to  the  main 
contact,  the  first  regulating  cell  is  connected  directly  to  the  mains  and  the 
pressure  increased  by  another  volt.  The  pressure  can  thus  be  adjusted 
by  steps  of  two  volts,  the  auxiliary  contacts  being  only  used  to  pass  from 
one  step  to  the  next. 

Another  device  is  illustrated  in  Fig.  166.  Here  the  switch-arm  consists 
of  two  parts  rigidly  fixed  together,  but  insulated  from  each  other.  In  the 
position  shown  the  first  regulating  cell  is  short-circuited  through  the  two 
arms  and  the  auxiliary  resistance.    On  turning  the  switch  further  to  the 
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right,  the  main  arm  leaves  the  end  contact  and  thereby  puts  the  first  re- 
gulating eel]  in  series  with  the  battery  across  the  mains.  The  auxiliary 
resistance  is  in  circuit,  however,  and  the  increase  of  pressure  is  less  than 
two  volts  by  an  amount  depending  on  the  current.  On  turning  the  switch 
still  further  to  the  right,  both  arms  will  lie  simultaneously  on  the' second 
contact  block,  and  finally  the  auxiliary  contact  will  leave  the  block  and  lie 
between  it  and  the  next  block.  The  pressure  on  the  mains  has  then  been 
increased  by  two  volts. 

The  use  of  these  simple  battery  switches  is  to  be  recommended  where 
the  charging  is  done  when  there  is  no  external  load  (Fig.  167).  The  switch 
is  then  used  during  the  morning  as  a  charging  switch,  beginning  with  it  on 
the  right-hand  stop  and  gradually  moving  it  over  to  the  left  as  the  cells 
become  charged.  The  right-hand  regulating  cells  were  probably  only  used 
towards  the  end  of  the  previous  evening,  and  are  consequently  fully  charged 
long  before  the  main  battery.  During  the  process  of  charging,  therefore, 
the  switch-arm  is  gradually  moved  from  right  to  left.  Since  the  battery 
pressure  during  the  charge  is  greater  than  that  for  which  the  lamps  are 
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designed,  it  is  necessary  to  keep  the  switch  A  open.  When  the  cells  are  all 
fully  charged  the  switch  A^  is  also  opened. 

When  lamps  are  to  be  lighted,  the  switch  A  is  put  on  to  such  a  contact 
that  the  volts  across  the  mains  on  closing  the  switch  A  will  be  correct.  The 
switch  A  is  then  closed  and  the  dynamo  run  up  and  put  in  parallel  as  already 
described.  The  field  current  is  adjusted  until  the  dynamo  is  on  full  load,  if 
possible,  and  the  battery  is  not  called  upon  to  share  the  load  on  the  station 
until  it  exceeds  the  full  load  of  the  dynamo.  During  the  night  the  dynamo 
can  be  shut  down  and  the  battery  left  to  take  charge  of  the  all-night  load. 
To  maintain  the  pressure  on  the  lamps,  the  switch-arm  will  have  to  be 
moved  over  gradually  from  left  to  right. 

The  number  of  regulating  cells  required  with  this  arrangement  can  be 
found  from  the  fact  that  the  pressure  of  a  cell  at  the  commencement  of 
discharge  is  about  2  volts,  while  after  discharging  as  far  as  permissible  it  is 
only  1-8  volts.  If  the  supply  pressure  is  no  volts  the  number  of  newly 
charged  cells  must  be  110/2  =  55.  At  the  end  of  the  discharge  the  number 
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must  be  increased  to  iio/i-8  =  60.  We  see,  therefore,  that  about  10  per 
cent,  of  the  battery  must  be  connected  up  to  the  battery  switch. 

The  above  plan  of  disconnecting  the  external  circuit  while  charging  the 
battery,  will  hardly  be  practicable  in  the  majority  of  cases.  If  we  have  to 
maintain  the  supply  during  the  time  that  the  battery  is  being  charged,  we 
must  use  our  single  battery  switch  as  a  discharging  switch  to  maintain 
constant  supply  pressure  (Fig.  168).  The  dynamo  must  be  connected  to 
the  last  cell  by  means  of  the  two-way  switch  EL.  The  dynamo  current 
divides  between  the  battery  and  the  external  circuit,  except  that  the  regu- 
lating cells  to  the  right  of  the  switch-arm  carry  the  whole  current.  Hence, 
the  very  cells  which  need  it  least  get  the  greatest  charging  current.  When 
the  charging  is  complete  the  dynamo  must  be  disconnected  and  its  pressure 
reduced  by  means  of  the  field  rheostat  to  that  of  the  mains.  The  two-way 
switch  is  then  put  on  to  E,  and  the  battery  used  simply  as  a  pressure  regu- 
lator, until  the  load  increases  to  such  an  extent  that  battery  and  dynamo 
must  work  in  parallel. 

The  disadvantages  of  this  arrangement  are  evident.  The  regulating  cells 
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are  not  only  a  source  of  waste,  but  are  rapidly  destroyed  through  being 
continually  overcharged  at  a  high  current  density.  Another  disadvantage 
is  that  the  dynamo  must  give  the  full  charging  pressure  of  the  whole  battery, 
which,  with  a  supply  pressure  of  no  volts  and  the  60  cells  calculated  above, 
would  be  60.27  =  162  volts.  If,  however,  the  end  cells  could  be  cut  out 
as  they  became  charged,  we  should  only  require  a  terminal  pressure  of 
150  volts.  The  cost  of  the  machine  would  therefore  be  unnecessarily  high, 
since  such  a  machine  is  always  designed  for  the  maximum  pressure,  i.e. 
for  the  corresponding  flux  in  the  field  magnets.  When  the  machine  is 
working  in  parallel  with  the  battery  and  giving  a  terminal  pressure. of  no 
volts,  the  flux  is  reduced  by  means  of  the  field  rheostat,  and  the  machine 
is  larger  than  actually  required  for  working  under  these  conditions. 

In  order  that  the  cells  may  be  charged  without  interrupting  the  supply, 
the  regulating  cells  must  be  connected  up  to  a  double  battery-switch 
(Fig.  169).  The  supply  mains  are  then  permanently  connected  to  the  dis- 
charging side  of  the  switch,  which  serves  as  a  pressure  regulator  both  when 
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charging  and  when  discharging.  The  charging  switch-arm  hes  always  to 
the  right  of  the  discharging  arm,  and  should  never  be  brought  inside  it. 
Both  arms  will  be  gradually  moved  from  right  to  left  as  the  charging  pro- 
ceeds until  finally  both  are  on  the  left-hand  contacts,  and  dynamo,  battery 
and  mains  have  the  same  pressure.  Although  the  end  cells  are  switched 
out  as  they  become  charged,  and  are  consequently  saved  from  the  continual 
overcharging  which  they  suffered  in  the  previous  arrangement,  the  cells 
lying  between  the  two  switch-arms  are  still  charged  with  a  current  equal 
to  the  sum  of  the  battery  current  and  that  supplied  to  the  lamps. 

The  two-way  switch  is  now  moved  over  to  the  upper  contact  and  the 
dynamo  and  battery  are  in  parallel  across  the  mains.  By  suitably  adjusting 
the  field  rheostat  the  load  can  be  subdivided  as  desired.  As  the  battery  dis- 
charges the  lower  switch-arm  is  gradually  moved  to  the  right,  sometimes 
carrying  the  upper  one  with  it  by  means  of  a  stop,  so  as  to  ensure  that  the 
latter  is  not  to  the  left  of  the  former  when  charging  is  commenced. 

As  can  be  seen  from  the  figure,  the  corresponding  contacts  of  the  charging 
and  discharging  switches  are  metallically  connected  and  only  a  single  row 
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of  contacts  is  actually  necessary,  over  which  two  switch-arms  can  be  inde- 
pendently moved.  The  arrangement  shown  in  Fig.  169  is,  however,  more 
easily  understood. 

Although  the  use  of  a  double  battery-switch  makes  it  possible  to  charge 
without  interrupting  the  constant  pressure  supply,  and  also  to  switch  off 
the  regulating  cells  as  they  become  fully  charged,  it  does  not  obviate  the 
necessity  for  making  the  dynamo  capable  of  giving  a  pressure  far  in  excess 
of  the  normal  supply  pressure.  The  disadvantage  of  requiring  the  dynamo 
to  work  normally  at  one  pressure  and  yet  be  capable  of  giving  another, 
much  higher,  pressure  when  necessary,  is  specially  noticeable  in  large 
stations.  The  machines  are  compelled  to  run  normally  at  an  output  far 
below  their  maximum,  and  the  capital  outlay  is  unnecessarily  large.  This 
disadvantage  is  completely  removed  by  the  use  of  a  so-called  booster,  which 
is  a  comparatively  small  dynamo  connected  in  series  with  the  main  dynamo. 
The  latter  is  then  designed  for  the  normal  supply  pressure,  without  any 
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provision  for  a  large  increase  of  pressure.  The  iron  of  the  machine  can  be 
highly  saturated,  thus  reducing  both  the  size  and  cost  of  the  machine. 
A  further  saving  is  effected  in  the  field  rheostat,  which  need  not  be  nearly 
so  large. 

An  arrangement  including  both  a  double  battery-switch  and  a  booster 
is  shown  in  Fig.  170.  The  main  dynamo  is  connected  permanently  to  the 
disci  large  switch-arm,  while  the  booster  is  connected  between  the  two  switch- 
arms  and  charges  the  cells  lying  between  them.  If  the  excitation  of  the 
booster  is  adjusted  until  its  current  is  equal  to  the  charging  current  through 
the  main  battery,  no  current  will  flow  through  the  discharge  switch-arm. 
The  latter  will  then  resemble  the  galvanometer  connection  in  the  Wheat- 
stone  bridge  in  that  it  connects  two  points  at  the  same  potential.  The 
battery  will  then  act  simply  as  a  pressure  regulator. 

To  determine  the  number  of  regulating  cells  required  in  this  arrange- 
ment, we  have,  in  the  first  place,  to  be  able  to  obtain  the  supply  pressure 
of,  say,  no  volts  towards  the  end  of  the  charging,  when  each  cell  has  a 
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pressure  of  about  27  volts.    The  main  battery  must  therefore  contain  no 

more  than  —  =  40  cells.    In  the  second  place,  when  the  cells  are  almost 

2-7     ^ 
discharged,  the  pressure  of  each  will  drop  to  i-8  volts,  and  the  number  then 

required  will  be  ^  =  60.    The  whole  battery  must  therefore  consist  of 

60  cells,  of  which  20,  i.e.  about  30  per  cent.,  are  connected  to  the  battery- 
regulating  switch. 

In  many  modern  stations  battery-regulating  switches  are  more  or  less 
eliminated  by  the  use  of  automatic  boosters,  in  which  the  field  is  produced 
by  the  resultant  effect  of  several  distinct  windings.  One  winding  will  cause 
the  E.M.F.  of  the  booster  to  vary  with  the  load,  while  another  will  take  into 
account  the  state  of  the  battery.  In  this  way  the  pressure  of  supply  is 
maintained  practically  constant,  and  the  battery  caused  to  charge  or  dis- 
charge according  as  the  load  on  the  station  is  below  or  above  the  normal*. 

61.  Constant-current  Variable-speed  Dynamos. 

In  the  great  majority  of  cases  dynamos  are  driven  by  prime-movers 
running  at  approximately  constant  speed.   An  important  exception  occurs 

in  connection  with  train  lighting. 
The  dynamo  is  generally  placed 
under  the  carriage  and  driven  from 
one  of  the  axles.  The  devices  sug- 
gested for  getting  over  the  difficulties 
of  the  enormous  speed  variation  and 
the  reversal  of  rotation  have  been 
very  numerous.  Here,  if  anywhere, 
however,  success  will  depend  on  the 
absence  of  complicated  devices,  and 
it  is  undoubtedly  a  great  step  in 
advance  if  we  can  obtain  a  dynamo 
^^^'  ■'^^  which  is  independent  of  the  direction 

of  rotation  and  also  of  the  speed,  at  least,  within  wide  limits.  A  battery  of 
accumulators  is  necessary,  of  course,  to  take  the  load  when  the  train 
is  at  rest  or  moving  very  slowly,  and  this  battery  can  be  connected 
permanently  across  the  mains.  The  dynamo  should  then  automatically 
come  into  action  when  the  speed  reaches  a  certain  low  value  and  give  a 
current  sufficient  to  supply  the  lamps  and  charge  the  battery,  which 
current  must,  however,  not  increase  to  any  great  extent  as  the  speed 
increases. 

In  Rosenberg's  train-lighting  dynamo  these  peculiar  characteristics  are 
obtained  in  a  very  ingenious  manner.  Fig.  171  represents  a  2-pole  machine. 
The  yoke  and  the  pole-cores  are  very  small,  but  the  pole-shoes  are  abnor- 
mally large.  The  field  coils  //  are  connected  across  the  battery  and  thus 
carry  a  constant  exciting  current  which  makes  the  lower  pole  south  and  the 
upper  one  north.  By  rotation  in  this  vertical  field  no  p.d.  will  be  produced 
between  the  brushes  BB,  but  two  other  brushes  bb  are  placed  in  the  position 

*  See  Storage  Battery  Engineering,  by  Lamar  Ljmdon. 
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of  maximum  p.d.  and  are  short-circuited.  The  reason  for  making  the  pole- 
cores  so  small  is  now  obvious,  since  a  very  small  flux  will  suffice,  even  at  a 
low  speed,  to  produce  the  small  e.m.f.  required  to  drive  the  normal  current 
through  the  short-circuited  armature.  This  current  will  produce  a  field 
along  a  horizontal  axis,  that  is,  at  right  angles  to  the  main  or  primary  field. 
The  return  path  for  this  secondary  field  is  provided  by  the  massive  pole- 
shoes.  Its  direction  depends  on  the  direction  of  the  short-circuit  current 
through  bb,  and  this  depends  on  the  direction  of  the  e.m.f.  induced  by  the 
rotation  of  the  armature  in  the  primary  vertical  field.  Hence  the  horizontal 
field,  due  really  to  armature  reaction,  depends  on  the  direction  of  rotation, 
and  reverses  when  the  latter  reverses.  The  p.d.  between  the  brushes  BB 
due  to  the  rotation  of  the  armature  in  this  horizontal  field  will  thus  be 
independent  of  the  direction  of  rotation.  These  brushes  BB  are  the  main 
brushes  and  are  joined  to  the  battery  terminals. 

It  is  not  difficult  to  see  why  large  speed  variations  have  such  a  small 
effect.  The  main  current  flowing  through  the  armature  from  S  to  S  will 
tend  to  demagnetise  the  primary  field,  and  under  normal  conditions  may 
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neutralise  90  per  cent,  of  the  ampere-turns,//".  The  resultant  vertical  field  will 
then  be  produced  by  the  surplus  lo  per  cent,  of  j^.  If  now  the  speed  increases 
the  current  will  tend  to  increase,  but  this  will  increase  the  demagnetising  effect 
and  enormously  weaken  the  resultant  vertical  field,  on  which  the  dynamo 
absolutely  depends.  It  is  obvious  that  if  the  speed  increased  infinitely  the 
current  could  not  increase  more  than  lo  per  cent,  for  a  lo  per  cent,  increase 
would  completely  neutralise  the  coils  ff  and  destroy  the  main  or  vertical 
field.  There  would  then  be  no  short-circuit  current,  and  consequently  no 
horizontal  field.  If  the  speed  falls,  say  to  70  per  cent,  of  its  normal  value, 
the  main  current  will  decrease,  but  if  this  decrease  amounts  to  10  per  cent., 
the  vertical  field  will  be  exactly  doubled.  Hence,  although  the  speed  is  only 
70  per  cent.,  the  short-circuit  current  will  be  increased  40  per  cent.,  and  with 
it  the  horizontal  field.  This  horizontal  field  is  almost  inversely  proportional 
to  the  speed,  thus  producing  an  almost  constant  e.m.f.  in  the  direction  BB. 
Fig.  172  shows  the  actual  results  obtained  from  such  a  dynamo  working  in 
parallel  with  a  battery;  the  lower  curves  show  the  effect  of  putting  a  rheostat 
in  series  with  the  shunt-field//.  At  a  low  speed — about  10  miles  per  hour- — 
the  dynamo  begins  to  take  the "load,  at  20  miles  per  hour  it  gives  nearly  its 
full  current,  which  changes  very  little  up  to  60  miles  per  hour,  or  any  higher 
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speed  which  may  be  practicable.  Means  are  provided  for  preventing  the 
battery  discharging  through  the  dynamo  at  rest  or  at  very  low  speeds.  For 
further  information  respecting  this  dynamo,  the  student  should  consult  the 
articles  by  Dr  Rosenberg  in  the  Electrotechnische  Zeitschrift,  1905,  p.  393; 
1906,  p.  1035 ;  and  by  Osnos,  1907,  p.  197. 

A  somewhat  similar  result  is  obtained  by  Osnos  by  the  arrangement 
shown  diagrammatically  in  Fig.  173.  The  field  current  of  the  main  dynamo 
M  is  suppHed  by  a  direct  coupled  auxihary  dynamo  D.  The  latter  has  two 
sets  of  brushes  and  two  sets  of  field  magnet  windings.  If  the  vertical  field 
be  Oj,  an  electromotive  force  Ey  will  be  induced  between  the  brushes  BjB^, 
and  the  current  I^  will  be  due  to  the  difference  between  this  e.m.f.  and  that 
E  of  the  auxiliary  battery.    Thus 


I^  =Oi(E-  Ey) 


.{a). 


The  electromotive  force  Ey  is  proportional  to  the  vertical  flux  O,,  and  to  the 
speed,  thus 


C5,.0,,.w 


.(6). 


Fig-  173 


The  magnetic  flux  Oj,  is  produced  by  the  current  ly  which  flows  through  the 
armature  between  the  brushes  B^  and  B^  and  through  the  compensating 
field  winding  shown  below  the  armature;  neglecting  saturation  the  flux  is 
proportional  to  this  current,  thus 


0),, 


C^-Iy 


.(c). 


The  exciting  current  ly  is  proportional  to  the  electromotive  force  E^ 
induced  in  the  armature  between  the  brushes  B^  and  B^  by  its  rotation  in 
the  horizontal  magnetic  flux  O^.,  thus 


^a  —  ^4^0) 


Cs^x^ 


.{d). 


Finally,  neglecting  saturation,  the  flux  Oj,  is  proportional  to  the  current 
/„,  thus 

<^.  =  o,h    {e). 

Putting  this  value  for  O,.  in  equation  {d),  and  substituting  for  I^  from 
equation  (a)  and  for  Ey  from  equations  [b)  and  (c),  one  obtains  for  /„  the 
equation 


a  +  ln^' 


where  a  and  6  are  constants. 
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Above  a  certain  value  of  the  speed  n  the  constant  a  may  be  neglected  in 
comparison  with  bn^  and  ly,  which  is  the  field  current  of  the  main  dynamo 
M,  becomes  inversely  proportional  to  its  speed.  If,  therefore  this  machine 
works  below  the  knee  of  the  magnetisation  curve,  so  that  its  flux  is  pro- 
portional to  the  field  current,  its  induced  e.m.f.  will  not  be  affected  to  any 
great  extent  by  variations  in  the  speed,  provided  that  this  is  above  a  certain 
value. 

62.    The  Efficiency  of  Dynamos. 

In  considering  the  losses  occurring  in  dynamos  we  shall  first  consider  the 
no-load  losses.  In  the  first  place  we  have  mechanical  friction  at  the  bearings 
and  brushes.  To  this  must  be  added  the  air-friction,  or  so-called  windage, 
which  is  very  considerable  in  modern  well-ventilated  armatures.  These 
fractional  losses  are  independent  of  the  excitation.  We  have  also,  however, 
the  losses  due  to  hysteresis  and  eddy  currents,  which  depend  on  the  excita- 
tion. The  hysteresis  loss  occurs  in  the  iron  of  the  armature,  and  is  approxi- 
mately proportional  to  the  i  -Sth  power  of  the  flux-density.  The  eddy  current 
loss  occurs  in  the  armature  iron,  the  armature  conductors  and  the  pole-shoes. 
This  loss  is  proportional  to  the  square  of  the  flux-density,  since  an  increase 
in  the  number  of  lines  causes  an  increase  not  only  of  the  electromotive  force 
but  also  of  the  eddy  currents.  The  no-load  loss  for  a  given  excitation  can 
generally  be  looked  upon  as  a  constant  loss. 

To  this  no-load  loss  we  must  add : 

the  copper  loss  in  the  armature  la^.Ra, 

the  copper  loss  in  the  series  field  winding  I^^.R^, 

the  copper  loss  in  the  shunt  field  winding  I^.V. 

The  last  one  of  these  losses  is  dependent  on  the  excitation,  and  will 
therefore  vary  somewhat  with  the  load  under  which  the  machine  is  running. 
The  variation  is  smaU,  however,  and  this  loss  may  be  considered 
constant.    We  are  assuming  here  that  the  terminal  pressure  is  maintained 

constant. 

The  overall  efficiency  of  the  machine  is  the  ratio  of  the  useful  output 
F.7  to  the  total  power  supplied  to  the  machine.  The  latter  is  made  up  of 
the  no-load  losses  and  the  total  electrical  power  £./„  generated  in  the 
armature. 

We  have  then  for  the  efficiency 

V.I  ,    . 

''=£./„  4-P, (90), 

where  Pq  is  the  power  taken  when  running  light,  excluding  the  loss  in  the 
field  windings,  or,  if  we  introduce  the  individual  losses, 

V.I  ,     . 
(91)- 


V.I  +  h^.Ra  +  Im^-Rm+V.h  +  Po 
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The  formula  applies  both  to  series,  shunt  and  compound  dynamos.  If 
the  compound  machine  has  the  short-shunt  arrangement,  that  is,  with  the 
shunt  field  across  the  brushes  instead  of  the  terminals,  the  pressure  across 
the  shunt  will  be  less  than  V,  but  the  difference  is  so  small  that  we  may 
safely  neglect  it.   In  the  simple  shunt  dynamo  !„  =  o  and  /^  =  7  +  I^. 

We  have  then  for  a  simple  shunt  dynamo 

V^ ,     . 


or 


F  +  27,.Jg,  +  /.ig„  +  -^°  +  ^''-f''+^-^' 


The  efficiency  will  be  a  maximum  when  the  denominator  is  a  minimum. 
We  must  therefore  differentiate  this  expression  with  respect  to  /,  and  put 
the  result  equal  to  0.  We  have  seen  above  that  both  V  and  I^  may  be  con- 
sidered constant.  We  will  also  neglect  the  product  IJ^.Ra  on  account  of  its 
smallness. 

We  get  then  i?„  -  ^"^J''  =  o, 

or  IKRa  =  Po+V.I,. 

Now,  the  external  current  is  practically  equal  to  the  armature  current, 
so  that  the  left-hand  side  of  this  equation  represents  the  armature  copper 
loss.  The  right-hand  side  represents  the  losses  which  are  practically  con- 
stant, viz.  the  friction  loss,  the  iron  loss,  and  the  shunt  field  loss.  Hence, 
the  efficiency  is  a  maximum  when  the  variable  losses  are  equal  to  the  con- 
stant losses. 

Moreover,  it  is  specially  noteworthy  that  the  efficiency  curve,  plotted 
to  a  base  of  variable  output,  is  more  or  less  parallel  to  the  base  line  over  a 
large  range  on  either  side  of  the  maximum  point.  A  large  variation  of  load 
has  consequently  little  effect  on  the  efficiency. 

As  an  example  we  shall  take  a  machine  for  no  volts  and  100  amperes. 
Its  no-load  loss,  that  is,  the  power  required  to  drive  it  when  excited,  but 
on  open  circuit,  is  750  watts.  Its  full  load  efficiency  is  0-88.  The  total 
power  transmitted  from  the  engine  to  the  dynamo  shaft  is  therefore 

^Q—  =  12,500  watts.    The  total  losses  are  — .  12,500  =  1500  watts. 

O-oo  100 

The  dynamo  has  then  its  maximum  efficiency  at  full  load.  The  no-load  loss 
of  750  watts  is  distributed  between  the  field  coils,  which  take  250  watts,  and 
the  friction  and  iron  loss,  which  amount  to  500  watts. 
We  have  then 


V.I, 

=  250, 

Is 

2S0 
—    110 

=  2-3, 

la 

=  /  +  /, 

=  100  4-  2-3 

=  102-3 

IJ 

■Ra 

=  750, 

Ra 

750  _ 
~  Ia^~ 

750 
102-32 

=  0-071. 
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We  now  assume  that  the  dynamo  is  run  first  on  half-load  and  then  on 

100  per  cent,  overload.   Neglecting  any  small  change  in  the  field  current, 

we  have  „  ,,,     , 

Hall-load  lOo  per  cent,  overload 

I  =50    a-nd         200  respectively, 

4  =  -f  +  ^s  =  50  +  2-3  =      52-3      „       202-3 


V.i?a  =  52-: 

i^.Q-oyi     = 

194 

V.I, 

= 

250 

V.I  output 

= 

5500 

Po 

= 

500 

Input  = 

6444 

5500 

—       0  M 

'^      6444 

0-85 

2900 
250 

22,000  „ 

25,650 
22,000  „, 

—^ — =0-86. 

25,650 

Hence  we  see  that  the  efficiency  is  very  constant  in  the  neighbourhood 
of  its  maximum,  even  for  large  variations  in  the  load.  The  designer  has  a 
certain  amount  of  freedom  in  the  distribution  of  the  total  losses  between 
constant  losses  and  armature  copper  loss.  The  necessity  for  keeping  down 
the  pressure  drop  in  the  armature  makes  it  impossible,  as  a  rule,  to  design 
the  machine  so  as  to  have  its  maximum  efficiency  at  the  normal  load.  In 
the  above  example  the  armature  drop  7^.7?^,=  loo.o-oyi  =  7  volts,  the 
E.M.F.  is  no  +  7  =  117  volts,  and  the  percentage  drop  in  the  armature  is 
7/1 17  =  6  per  cent.  Moreover,  if  the  armature  resistance  be  made  too  great, 
the  heat  generated  may  be  more  than  the  armature  surface  can  safely  get 
rid  of  without  reaching  a  dangerous  temperature.  In  fact,  the  exact  point 
of  maximum  efficiency  is  hardly  considered  when  designing  a  dynamo,  and 
the  losses  are  distributed  from  entirely  different  practical  considerations. 
As  a  rule  the  armature  copper  losses  are  less  than  the  constant  losses  under 
normal  running  conditions,  so  that  the  efficiency  increases  with  the  load, 
even  up  to  considerable  overloads. 

We  shall  now  consider  the  experimental  determination  of  the  various 
individual  losses  which  go  to  make  up  the  no-load  loss  of  a  dynamo.  The 
loss  in  the  field  windings  is  easily  found  from  the  ohmic  resistance  and  the 
field  current,  so  that  we  need  consider  only  the  remaining  losses  Pq.  If  we 
have  another  suitable  machine  which  can  be  used  as  a  motor  to  drive  the 
dynamo  we  are  testing,  the  two  are  coupled  together  and  the  power 
measured  which  the  motor  takes  to  run  the  dynamo  at  the  normal  speed 
with  its  field  magnets  unexcited.  The  amount  by  which  this  exceeds  the 
power  taken  by  the  motor  when  uncoupled  is  almost  exactly  equal  to  the 
friction  loss  in  the  dynamo.  If  the  experiment  be  repeated  with  the  dynamo 
fields  excited,  the  power  taken  by  the  motor  will  increase  by  an 
amount  P^  -I-  P^  equal  to  the  hysteresis  and  eddy  current  loss  in  the 
dynamo. 

Having  found  in  this  way  the  loss  due  to  friction  and  that  due  to  hys- 
teresis and  eddy  currents,  the  experiment  is  repeated  at  another  speed,  the 
excitation  of  the  dynamo  being  the  same  as  before. 

The  loss  Pft  -f-  Pj  is  divided  by  the  speed  n  to  which  it  corresponds,  and 
the  quotient  plotted  vertically  on  a  base  representing  the  speed  n  (Fig.  174). 
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Now  the  hysteresis  loss  is  directly  proportional  to  the  speed,  while  the  eddy 
current  loss  varies  as  the  square  of  the  speed,  so  that  we  may  write 

Pn  +  Pe  =  c^n  +  c^n^ (93), 

where  Cj  and  Cg  are  constants. 
From  this  it  follows  that 

PA±3  =  c,  +  c,n. 
n 

P  +  P 
This  shows  that  the  points  representing  -^— — '-  in  Fig.  174  should  He 

fir 

on  a  straight  hne  which  cuts  the  vertical  axis  at  a  height  Cj  equal  to  the 

hysteresis  loss  at  a  speed  of  one  revolution 
per  second.  Multiplying  this  by  the  speed  in 
revolutions  per  second,  we  get  the  actual 
hysteresis  loss.  We  have  thus  separated  the 
loss  Pf,  into  its  three  components,  friction, 
hysteresis  and  eddy  current  loss. 

In  the  absence  of  a  second  machine,  the 
losses  can  be  separated  by  the  so-called  re- 
tardation method.  The  machine  is  run  light 
as  a  motor  with  a  constant  field  excitation, 
but  with  an  adjustable  p.d.  applied  to  its 
armature  terminals.  In  this  way  the  speed  is 
varied  and  the  power  Pq  supplied  to  the  armature  is  observed  for  each 
speed.  In  Fig.  175  the  values  of  n  are  plotted  as  ordinates  and  the  corre- 
sponding values  of  P^  as  abscissae. 

The  armature  circuit  is  then  opened  suddenly  without  altering  the  field 
excitation,  so  that  the  armature  gradually  slows  down  and  comes  to  rest. 
The  speed  is  observed  at  frequent  intervals  during  the  slowing  down  and 
plotted  to  a  base  representing  the  time  (Fig.  176).  It  is  sometimes  more  con- 
venient to  read  the  armature  p.d.  on  a  voltmeter  than  the  speed,  to  which 
it  is  proportional.  The  decrease  in  the  kinetic  energy  of  the  armature  during 
any  interval  is  necessarily  equal  to  the  work  done  in  the  same  time  in 
friction,  hysteresis  and  eddies.  At  a  certain  moment  t  seconds  after  opening 
the  armature  circuit,  the  speed  n  =  AC,  and  the  kinetic  energy  W  in  joules 
is  decreasing  at  the  rate  of  dW  in  the  time  dt.  Energy  is  being  dissipated, 

therefore,  at  the  rate  of  — -jj-  joules  per  second.    The  kinetic  energy  at 

any  moment  is  proportional  to  the  square  of  the  speed.  We  have  then 

W  =  k.n^ 

dW  =  k.2n .  dn, 

dW        ,        dn 

where  ^  is  a  coefficient  depending  on  the  moment  of  inertia  of  the  armature. 
We  have  just  seen,  however,  that  the  energy  dissipated  per  second  is  equal 

to  — 3— ,  and  since  the  energy  dissipated  per  second  must  be  equal  to  the 
at 


62.  The  Efficiency  of  Dynamos 


193 


sum  of  the  losses  Pj,  which  is  given  by  the  abscissa  OD  in  Fig.  175,  we  have 


(94)- 

If  we  draw  both  the  tangent  and  the  normal  to  the  curve  at  the  point  A, 
we  have  (see  Fig.  176)  ^^      ^^^ 


tan a=  ~  ^T=  -tt^ . 
at     AC 


and  since  AC  =  n 


■r^^- 


Hence 

We  have  already  found  P^  ■■ 


Pa  =  2k.BC. 

=  OD  for  this  speed  in  Fig.  175.  It  is  evident 
that  from  a  knowledge  of  P^  and  BC,  we  could  calculate  the  moment  of 
inertia  of  the  armature,  which  is  contained  in  the  constant  k.  For  our 
purpose,  however,  this  is  not  necessary,  since  we  now  know  that  the  length 
BC  represents  a  certain  power  OD.  If,  instead  of  ^ ,  we  take  any  other  point 


on  the  curve  in  Fig.  176,  and  draw  the  normal  and  the  ordinate,  then  the 
subnormal,  i.e.  the  intercept  on  the  base  line  between  the  ordinate  and  the 
normal,  represents  the  power  being  dissipated  at  that  speed. 

The  experiment  is  then  repeated  with  the  field  magnets  unexcited,  in 
which  case  the  time  taken  to  slow  down  is  much  longer,  since  there  is  no 
hysteresis  or  eddy  loss.  In  this  way  the  curve  in  Fig.  177  is  obtained,  which 
has  a  subnormal  B'C  at  the  chosen  speed  n.  In  the  same  way  as  before, 
we  could  show  that  the  power  wasted  in  friction  is  given  by  the  equation 

Pf=2k.B'C', 
and  is  represented  by  the  length  B'C  to  the  same  scale  that  BC  represents 
the  power  P^,;  hence 

P,     B'C 


BC 


Up  to  the  present  we  have  tacitly  assumed  that  for  a  constant  speed  and 
excitation,  the  hysteresis  and  eddy  current  losses  are  the  same  at  full  load 
as  at  no-load.  This  assumption  is  not  strictly  correct  owing  to  the  distortion 
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of  the  field  by  the  armature  reaction,  so  that  an  accurate  determination  of 
the  efficiency  is  only  possible  when  the  machine  is  actually  running  on  full 
load.  The  supply  of  power  required  to  test  a  large  machine  in  this  way 
would  be  very  considerable.  A  great  saving  can  be  effected  if  we  have  two 
similar  machines,  by  coupUng  them  mechanically  together  and  running  one 
of  them  as  a  motor  from  an  external  source.  This  motor  drives  the  other 
machine  as  a  generator,  and  the  latter  supplies  current  to  the  motor.  The 
external  source  of  supply  and  the  generator  are  thus  connected  in  parallel 
to  supply  the  motor.  The  power  supplied  from  the  external  source  is,  of 
course,  merely  the  total  loss  in  the  two  machines,  and  can  be  easily  mea- 
sured. The  excitation  of  each  machine  must  be  so  adjusted  that  the  speed 
and  armature  currents  of  the  two  machines  correspond  to  the  normal 
running  conditions.  This  method  of  testing  two  similar  machines  was 
devised  by  Hopkinson,  and  is  known  as  the  Hopkinson  test.  At  first  sight, 
the  exact  conditions  under  which  the  two  machines  are  running  appear 
rather  complicated.  We  must  remember,  however,  that  both  machines 
have  the  same  speed  and  the  same  terminal  pressure.  The  e.m.f.  of  the 
generator  is  greater  than  the  terminal  pressure,  whereas  in  the  motor,  as 
we  shall  see  in  Section  64,  the  terminal  pressure  exceeds  the  e.m.f.  induced 
in  the  "armature.  Since  the  two  machines  have  exactly  the  same  speed, 
terminal  pressure  and  number  of  wires  on  the  armature,  it  follows  that  the 
generator  must  be  more  strongly  excited  than  the  motor,  or,  to  put  it  more 
correctly,  the  machine  with  the  weaker  excitation  will  run  as  a  motor  and 
drive  the  other  machine  as  a  generator.   If 

$1  is  the  flux  per  pole  in  the  motor, 
^2  the  flux  per  pole  in  the  generator, 
Ii  the  armature  current  of  the  motor, 
I2  the  armature  current  of  the  generator, 
/i  —  /g  =  ^0  the  current  supplied  from  external  source, 
El  the  back  e.m.f.  of  the  motor, 
and  E2  the  e.m.f.  of  the  generator, 

then  for  the  motor  (see  Section  64)  we  have 

F  =  £i  +  7,.i?<.  =  f  .«D,.^.Z. 10-8  +  7,. i?„, 
and  for  the  generator 

Adding  these  two  equations,  we  get 

If  we  neglect  the  very  small  quantity  I^ .  R^,  we  have 
P    n     ^   ^_8^       2F 


.  F-  .  Z  .  10 


a  ■  60  ■     ■  Oi  +  <[)2  ■ 
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The  speed  is  thus  inversely  proportional  to  the  sum  of  the  fluxes  Ojand^a- 
If  we  substitute  this  value  of  - .  ~ .  Z .  iq-*  in  the  above  equation  for  the 
generator,  we  get 

Hence  while  the  speed  is  proportional  to  -^ ^-,  the  generator  current 

is  proportional  to  ,  ^      .  ^ .    Both  the  exact  speed  and  the  exact  current 

^1  +  V2 
strength  at  which  we  wish  to  test  the  machines  can  therefore  be  obtained 
by  suitably  adjusting  the  excitation  of  the  two  machines.  The  product  of 
the  terminal  pressure  V  and  the  current  7q  supplied  from  the  externa]  source, 
that  is,  the  product  of  two  simple  observations,  gives  us  at  once  the  total 
losses  in  the  two  machines.  It  is  usual  to  assume  that  these  are  equally 
divided  between  the  two  machines,  or,  what  is  nearly  the  same  thing,  that 
the  machines  have  the  same  efficiency.  A  still  simpler  way  of  considering 
the  problem  is  as  follows :  The  input  to  the  motor  is  F.  Z^;  the  output  of  the 

dynamo  V.I^,  and  therefore  the  combined  efficiency  vrr?  =  j?.    If  their 
efficiencies  are  the  same,  each  must  be  equal  to  ^  -^  ■ 
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63.    Direction  of  Rotation  of  Motors. 

Direct-current  motors  are  identical  in  construction  with  direct-current 
generators.  Since  the  same  machine  may  act  at  one  moment  as  a  motor  and 
at  the  next  as  a  generator,  much  of  what  has  been  said  concerning  generators 
can  be  apphed  to  motors.  We  must  consider,  however,  the  mechanical 
characteristics  of  motors,  such  as  the  direction  of  rotation,  the  speed,  the 
torque  and  the  output,  and  we  have  specially  to  investigate  the  manner  in 
which  these  mechanical  characteristics  depend  on  the  electrical  and  mag- 
netic relations. 


Jh/namo 
Fig.  178 

To  determine  the  direction  of  rotation  we  have  only  to  remember  that, 
to  rotate  the  armature  of  a  dynamo  delivering  current,  it  is  necessary  from 
the  principle  of  the  conservation  of  energy  that  mechanical  work  is  done. 
The  current  induced  by  the  motion  tends  to  stop  the  motion,  owing  to  the 
opposing  force  exerted  on  the  conductor  by  the  magnetic  field.  If  the 
dynamo  represented  in  Fig.  178  be  rotated  in  a  clockwise  direction,  the 
current  will  flow  from  front  to  back  under  a  north  pole  and  in  the  opposite 
direction  under  a  south  pole.  The  magnetic  field  exerts  a  force  on  the  con- 
ductor, the  direction  of  which  can  be  found  by  the  left-hand  rule.  Pointing 
the  first  finger  of  the  left  hand  in  the  direction  of  the  magnetic  field  and  the 
second  finger  along  the  current,  the  thumb  indicates  the  direction  of  the 
motoring  force  on  the  wire.  In  this  case,  however,  this  is  unnecessary,  as 
we  know  from  Lenz's  law  that  the  forcewill  be  opposed  to  the  motion  which 
induced  the  current.  This  opposing  force  is  shown  by  a  dotted  arrow.  We 
may  imagine  that  the  machine  is  continually  seeking  to  act  as  a  motor,  but 
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never  succeeds,  as  the  driving  force  of  the  prime  mover  overcomes  the 
motoring  force. 

This  latter  force  has  full  play,  however,  if  we  shut  down  the  engine  and 
supply  the  armature  current  from  some  external  source.  We  assume  that 
the  current  in  both  field  and  armature  is  still  maintained  in  the  original 
direction  (Fig.  179).  It  is  evident,  therefore,  that  the  motor  shown  in  Fig. 
179  will  rotate  in  an  anti-clockwise  direction  as  indicated  by  the  arrow.  We 
conclude,  therefore,  that  with  similar  magnetic  polarity  and  similar 
direction  of  current  in  the  armature,  a  machine  runs  as  a  motor  in  the 
opposite  direction  to  that  in  which  it  was  driven  as  a  generator.  The 
same  result  is  obtained  by  simultaneously  reversing  both  the  magnetic 
polarity  and  the  armature  current. 

The  student  must  be  careful,  however,  not  to  make  the  mistake  of 
assuming  that  any  machine  running  as  a  generator  will  run,  as  a  matter  of 
course,  in  the  opposite  direction  as  a  motor.  We  were  careful  to  point  out 
that  both  the  magnetic  polarity  and  the  armature  current  were  unchanged 
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Fig.  180 
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Motor 
Fig.  181 


in  our  example  in  which  the  rotation  was  reversed.  We  must  now  turn  to 
the  special  cases  of  shunt  and  series  motors  and  see  whether  this  supposition 
is  correct. 

In  the  series  machine  field  windings  and  armature  are  connected  in 
series.  We  assume  that  the  series  machine  shown  in  Fig.  i8o  is  driven  in  a 
clockwise  direction  as  a  generator  and  that  the  right-hand  brush  is  positive. 
We  now  use  the  same  machine  as  a  motor  without  changing  the  connections 
in  any  way.  From  what  has  been  said  above  it  is  evidently  immaterial,  as 
far  as  the  direction  of  rotation  is  concerned,  how  we  connect  the  motor 
terminals  to  the  mains.  The  simpler  plan,  of  course,  is  to  leave  the  connec- 
tions as  they  were  (Fig.  181).  The  motor  current  is  then  reversed  both  in 
field  and  armature.  The  result  is  the  same  as  if  the  current  had  remained 
unchanged  in  both.  Hence,  if  the  connections  of  a  series  generator 
remain  unchanged,  it  will  run  as  a  motor  in  the  reverse  direction, 
i.e.  against  the  brushes. 

If,  however,  we  wish  the  machine  to  run  in  the  same  direction,  we  must 
reverse  the  field  connections.  The  direction  of  the  current  in  the  field  wind- 
ings will  then  be  the  same  in  the  motor  as  it  was  in  the  generator,  and  the 
magnetic  polarity  will  remain  unchanged. 
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We  shall  now  consider  the  case  in  which  a  machine  which  has  be« 
running  as  a  series  motor  is  driven  in  the  same  direction  and  used  as  a  serii 
generator.  This  case  is  of  practical  importance,  since  series  motors  a: 
braked  by  being  cut  off  from  the  supply  mains  and  loaded  as  generate 
by  means  of  a  resistance  connected  between  their  terminals.    The  kinet 
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DyTia/no 
Fig.  182 


Motor 
Fig.  183 


energy  of  the  tramcar,  for  example,  is  thereby  converted  into  electrici 
energy  and  dissipated  as  heat  in  the  resistance,  and  the  car  is  rapid] 
retarded.  Now,  the  e.m.f.  induced  in  the  motor  armature  is  opposed  i 
direction  to  the  motor  current  (Section  64).  When  used  as  a  generator  tl 
direction  of  rotation  is  unchanged,  and  the  field  is  the  remanent  magnetis: 
of  the  motor  field,  and  therefore  in  the  same  direction.  The  e.m.f.  in  tl 
generator  is  therefore  in  the  same  direction  as  in  the  motor,  and  produc( 
a  current  in  the  opposite  direction  to  the  motor  current.  This  current  woul 
weaken  the  remanent  magnetism  instead  of  strengthening  it,  and  tl 
machine  would  refuse  to  excite.  Hence,  it  is  necessary  to  reverse  the  fie] 
connections  when  using  the  motor  as  a  brake. 
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Fig.  184 


Fig.  183 


In  the  shunt  motor,  however,  the  relations  are  very  different.  A  glam 
at  Figs.  182  and  183  shows  us  that  the  current  in  the  field  windings  is  in  tl 
same  direction,  whether  the  machine  is  used  as  a  motor  or  as  a  generate 
if  the  connections  remain  unchanged.  The  armature  current,  on  the  oth 
hand,  is  reversed.  Had  the  current  remained  the  same  in  both  armature  ar 
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field,  the  direction  of  rotation  would  have  been  changed,  but  as  it  has  only- 
reversed  in  the  armature,  the  direction  of  rotation  of  the  motor  will  be  the 
same  as  that  of  the  generator.  Hence,  a  shunt  dynamo  will  run  as  a  motor 
in  the  same  direction,  i.e.  with  the  brushes;  similarly  a  shunt  motor 
can  be  run  as  a  generator  in  the  same  direction  without  altering  the 
connections. 

We  have  finally  to  consider  the  reversal  of  the  direction  of  rotation  of 
motors.  Were  we  merely  to  change  the  connections  with  the  supply  mains, 
we  should  reverse  the  current  in  both  armature  and  field  windings,  and  the 
direction  of  rotation  would  be  the  same  as  before.  We  must  evidently 
reverse  the  connections  of  either  the  field  or  armature,  but  not  of  both.  As 
a  rule  it  is  the  armature  current  which  is  reversed  (Figs.  184,  185). 

64.    Torque,  Speed  and  Output  of  a  D.C.  Motor. 

An  example  was  worked  out  in  Section  25,  showing  how  the  turning-, 
moment  or  torque  could  be  calculated  from  the  flux,  the  number  of  armature 
wires  and  the  armature  current.   We  must  now  find  a  general  formula  for 
the  torque  of  a  motor.  Let 

H  be  the  strength  of  the  field  in  the  air-gap, 
L  the  length  of  the  armature  in  cm, 
D  the  diameter         „  „ 

Z  the  number  of  wires  on  the  armature  periphery, 
P  the  ratio  of  pole-arcs  to  pole-pitch, 
/'  the  current  in  each  wire  in  absolute  units, 
and  la  the  external  armature  current  in  amperes. 

Then,  from  equation  (32)  on  page  54,  the  force  exerted  on  each  armature 
wire  under  a  pole  by  the  magnetic  field  is 

H.I'  .1  dynes. 

The  total  number  of  wires  under  the  2p  poles  is  Zy8. 
The  total  force  is  therefore 

/=  H.r.Z.p.L  dynes    (95;. 

To  convert  this  into  kilogrammes  we  must  divide  it  by  981,000.  The 
radius  of  the  armature  is  ^ 


metres. 
2 .  100 

For  the  torque  in  metre-kilogrammes  we  have,  therefore, 

H.I'^Z.p.L^ 
981,000        200 

Now,  the  total  flux  per  pole  O  is  equal  to  the  product  of  the  strength  of 
the  field  in  the  gap  and  the  area  of  the  pole  face,  or 

(1)  =  ^.^.L.H    (96). 
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Substituting  this  value,  we  have 

M,=  t^^^..o-^    (97). 

TT  .  9  Ol 

This  equation  applies  equally  to  all  machines,  bipolar  or  multipolar, 
series  or  parallel  wound.   If,  as  before,  there  are  2a  parallel  paths  through 

the  armature,  we  have  j 

T  = 

10  .2,a' 

Equation  (97)  then  becomes 

M,=  ^.^^^Vio-«met.-kg  (98). 

'     a    2TT .  9-81 

For  series  winding  a  =  i  and  for  parallel  winding  a  =  p.  This  formula 
gives  the  total  torque  exerted  on  the  armature.  The  useful  torque  is  less 
than  this  by  an  amount  necessary  to  overcome  the  friction. 

If  we  call  2p<^,  "the  total  flux  crossing  the  air-gap,"  and  — ,  i.e.  the 

product  of  the  number  of  wires  or  bars  on  the  whole  armature  periphery 
and  the  current  in  amperes  in  each,  "the  ampere-bars  on  the  armature," 
formula  (98)  may  be  expressed  in  the  following  convenient  form, 

„  total  flux  X  ampere-bars  ,  ,, 

Torque  = 5 ^^ pound-feet. 

^  8-54  X  10^  ^ 

The  full  meaning  of  these  formulae  for  the  turning-moment  only  becomes 
apparent  when  we  exchange  the  two  sides  of  the  equation.  In  their  above 
form  the  equations  state  that  the  torque  exerted  by  the  motor  is  proportional 
to  the  product  of  the  magnetic  flux  and  the  armature  current.  When  a 
motor  is  working  and  has  reached  a  steady  condition,  it  exerts  a  torque 
exactly  equal  to  the  resisting  torque  due  to  the  load  on  the  motor.  We  are 
thus  led  to  the  important  conclusion,  that  the  product  O .  /„  automatically 
adjusts  itself  to  the  load  on  the  motor,  so  as  to  exert  the  requisite  torque. 
We  do  not  send  a  current  of  an  arbitrarily  fixed  strength  through  the  motor 
and  allow  the  motor  to  exert  a  corresponding  torque,  whatever  it  may  be. 
This  is  only  the  case  before  the  motor  moves,  when  the  current  is  not 
sufficient  to  exert  the  necessary  starting  torque.  As  soon  as  the  motor 
reaches  a  uniform  steady  speed,  equation  (98)  must  be  satisfied,  and  the 
current  must  adjust  its  strength  to  suit  the  torque  given  by  the  load. 

We  have  yet  to  answer  the  question  as  to  how  it  comes  about  that  the 
current  in  the  armature  is  just  that  corresponding  to  the  load,  and  neither 
more  nor  less.  There  is  no  apparent  regulator  by  means  of  which  the  current 
can  be  varied,  since  the  armature  has  a  negligible  resistance.  We  have, 
however,  in  the  motor  a  back  electromotive  force  which,  like  the  governor 
of  a  steam  engine,  is  dependent  on  the  speed.  It  is  immaterial  whether  the 
machine  is  rotated  as  a  generator  by  means  of  external  forces,  or  as  a  motor 
by  means  of  forces  within  the  machine  itself.  In  both  cases  the  armature 
wires  cut  through  the  lines  of  force,  and  thereby  induce  electromotive  forces 
in  themselves.  A  motor  is  therefore  not  only  similar  to  a  generator  in  con- 
struction, enabhng  the  same  machine  to  be  used  first  as  the  one  and  then 
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as  the  other,  but,  while  running  as  a  motor,  the  machine  is  continually 
generating  an  e.m.f.  and  tending  to  act  as  a  generator.  By  applying  the 
right-hand  rule  it  can  be  seen  that  this  induced  e.m.f.  is  in  the  opposite 
direction  to  the  terminal  pressure  and  current,  and  it  is  for  this  reason  that 
it  is  often  referred  to  as  the  back  e.m.f.  of  the  motor. 

The  back  e.m.f.  is,  of  course,  proportional  to  the  speed,  and  it  is  this 
fact  which  governs  the  adjustment  of  the  current  to  the  exact  strength 
necessary  for  the  torque.  If,  when  the  motor  is  running,  its  load  is  suddenly 
increased,  the  torque  which  it  has  been  exerting  is  no  longer  sufficient  to 
overcome  the  load.  The  speed  of  the  motor  drops,  with  the  result  that  the 
lines  of  force  are  not  cut  so  rapidly,  and  the  back  e.m.f.  is  therefore  de- 
creased. The  terminal  p.d.  is  then  able  to  send  a  larger  current  through  the 
armature.  This  decrease  of  speed  and  consequent  increase  of  current  goes 
on  until  the  current  is  large  enough  to  exert  a  torque  corresponding  to  the 
new  load. 

Inversely,  if  the  load  be  decreased,  the  torque  exerted  by  the  motor  is 
too  large.  The  motor  therefore  speeds  up  and  increases  the  back  e.m.f.  until 
the  current  is  choked  down  to  a  value  corresponding  to  the  torque  required 
for  the  new  load.  When  the  motor  has  settled  down  again  to  a  steady  speed, 
the  torque  exerted  by  it  is  exactly  equal  to  the  resisting  torque  of  the  load, 
and  not  slightly  larger  than  it,  as  many  beginners  are  apt  to  imagine.  Due 
allowance  must  be  made,  however,  for  the  torque  necessary  to  overcome 
friction  at  the  motor  bearings,  etc. 

The  speed  can  be  found  from  equation  (79)  on  page  124,  according  to 

which  . 

£■  =  2^ .  O  .  w .  Z .  io~^  volts. 
a 

The  back  electromotive  force  E  is  determined  by  the  armature  current, 
for  the  applied  terminal  pressure  V  must  exceed  the  back  e.m.f.  by  an 
amount  necessary  to  drive  the  current  through  the  resistance  of  the  arma- 
ture, that  is,  by  /„ .  R^  volts.   We  have  then 

F  =  £  +  4.i?„ (99)- 

From  these  two  equations,  we  have 

""^pja.^.Z^       pla.^.Z         ('°°)- 

It  is  evident  from  this  formula  that  a  change  of  load,  and  therefore  of 
armature  current,  does  not  cause  merely  a  momentary  change  of  speed,  but 
a  permanent  change.  The  variation  of  speed  with  change  of  load  is,  however, 
very  small  in  many  cases. 

We  must  now  find  the  formula  for  the  output  or  power  of  the  motor, 
that  is,  the  rate  at  which  it  does  mechanical  work.  We  have  purposely 
postponed  this  until  after  the  consideration  of  the  torque,  although  in 
practice  the  capability  of  a  motor  is  always  expressed  in  terms  of  its  output 
and  not  of  its  torque.  To  get  a  clear  idea,  however,  of  the  action  of 
a  motor  it  is  absolutely  necessary  to  consider  the  torque  first,  since  the 
output  depends  on  the  product  of  two  variables,  viz.  the  torque  and 
the  speed. 
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Now,  if  Mf  be  the  turning-moment  in  metre-kg,  and 

CO  =  2TT.n 

be  the  angular  velocity,  we  know  from  mechanics  that  mechanical  work  is 
being  done  at  the  rate  of  Mf .  w  metre-kg  per  second.  To  obtain  the  power 
in  watts  we  must  multiply  this  by  9-81  (see  Section  41) ;  in  this  way  we  get 

P  =  Mt.aj.9-81  =  Mj.27r.M.  9-81  watts (loi)." 

If  Mj  be  expressed  in  foot-pounds,  the  figure  9-81  becomes  1-36. 
It  is  important  to  find  the  output  as  a  function  of  the  electrical  quan- 
tities. For  this  purpose,  we  multiply  equation  (99)  by  /^  and  get 

V.I,  =  E.I,  +  I,\R, (102). 

The  product   V.I  a  is  the  total  power  transmitted  to  the  armature, 

•while  la^.Ra  is  the  power  dissipated  as  heat  due  to  the  armature  resistance. 

Hence,  the  remainder  E.!,  must  represent  the  power  transformed  into  a 

mechanical  form.   This  will  include  both  the  useful  output  and  the  power 

wasted  in  the  bearings  and  in  the  iron  of  the  armature. 


I^^. 


la.If'o 


Fig.  186 


Fig.  187 


It  is  possible  for  us  now  to  compare  the  two  expressions  found  for  the 
output.   Equating  them,  we  have 

E.I,  =  Mi.27r.n.9-8i {103). 

If  we  substitute  for  E  and  M^  the  values  found  for  them  in  equations  (79) 
and  (98),  we  shall  find  that  both  sides  of  our  equation  are  identical. 

When  we  consider  the  relation  between  the  output  and  the  armature 
current,  we  see  at  once  that  for  a  very  small  current,  and  consequently  a 
very  small  torque,  the  output  will  be  small.  With  increasing  load  the  output 
increases,  until  with  very  large  loads  the  speed  drops  so  much  that  the  output 
is  decreased.  To  find  when  the  output  is  a  maximum,  we  must  differentiate 
the  equation  j}_-pT^vj_T2-D 

and  equate  the  result  to  0.  We  have  thus 

g=F-27„.i?,  =  o, 


or 


IaRa  =  ^- 


For  this  case  we  have  also  I^.R^^  E. 
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The  same  result, is  obtained  from  Figs.  186  and  187,  in  which  the 
side  of  a  square  is  made  to  represent  the  terminal  pressure  V,  and  is 
divided  into  two  parts,  one  equal  to  the  ohmic  drop  la-Ra  and  the  other 
to  the  back  e.m.f.  R^  being  constant,  the  area  of  the  shaded  square  is 
proportional  to  the  power  la^.Ra  wasted  in  heating,  while  the  area  of  the 
shaded  rectangle  is  proportional  to  I^.E  and  represents  the  mechanical 
output.  This  shaded  rectangle  is  small  both  for  small  (Fig.  i86)  and  for 
large  (Fig.  187)  values  of  /„.  It  has  its  maximum  area  when  it  is  a  square, 
i.e.  when  la-Ra  =  E.  This  is  therefore  the  condition  for  maximum  output, 
as  we  have  already  found.  On  account  of  the  large  armature  current,  this 
case  lies  far  outside  the  limits  of  practical  working.  It  would  evidently  be 
very  bad  practice  to  waste  half  of  the  energy  in  heating  the  armature  wires. 

65.    Motor  with  Constant  Excitation. 

We  shall  consider  in  this  section  a  motor  in  which  the  field  winding  is 
connected  directly  to  the  constant  pressure  supply  mains.  In  the  first  place 
we  shall  also  assume  that  the  armature  is  connected  directly  across  the  mains 
(Fig-  183). 
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The  total  torque  exerted  by  the  motor  is  given  by  equation  (98)  on  page 


200  as 


M,= 


p    ^.Z.I, 


27T  .  9 


^ .  io~^  metre-kg. 


Since  the  magnetising  current,  and  therefore  the  flux  O,  is  constant  in 
the  present  case,  the  total  torque  must  be  proportional  to  the  armature 
current  /„.  Plotting  the  armature  current  horizontally  and  the  torque  Mf 
vertically,  we  get  a  straight  line  passing  through  the  origin  (Fig.  188). 

The  useful  turning-moment  M„  is  less  than  Mj  by  an  amount  necessary 
to  overcome  the  resisting  torque  due  to  friction,  hysteresis  and  eddy  cur- 
rents. If  the  no-load  current  in  the  armature  is  Ig,  the  useful  torque  is  pro- 
portional to  the  difference  /„  —  Jg.  If  we  plot  the  useful  torque  in  Fig.  188, 
we  get  another  straight  line  parallel  to  the  first  and  cutting  the  horizontal 
axis  at  the  point  I^. 

For  the  speed,  we  have  from  equation  (100)  on  page  201 

n  =  - — .    ° '        ' —  revolutions  per  second  (104) . 

pja  .(p.Z 
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Since  the  flux  is  still  constant,  the  speed  is  proportional,  to  the  back 
E.M.F.  (F  —  la.Ra).  The  drop  of  speed  from  no-load  is  therefore  propor- 
tional to  the  pressure  drop  la-Ra-  ^•iid  therefore  also  to  the  current  la-  If 
then  we  plot  the  armature  current  horizontally  and  the  speed  vertically, 
we  get  the  slightly  falling  straight  line  in  Fig.  189.  Since  the  ohmic  pressure 
drop  in  the  armature  is  always  small,  the  motor  with  constant  excitation 
has  almost  a  constant  speed  from  no-load  to  full  load. 

The  output  in  h.p.  on  the  pulley,  the  so-called  brake  horse-power  (b.h.p.), 
can  either  be  found  from  the  useful  torque  and  the  angular  velocity,  in  which 

1\^        277*     fl 

case  we  get  — ^^-^-^ — '— ,  or  it  can  be  found  from  the  back  e.m.f.  and  the  useful 
*  76 

current  /„  —  /(,,  in  which  case  we  get  £.(!„  —  /o)/746. 

If  /  is  the  sum  of  the  armature  current  7„  and  the  field  current  /„  the 

total  power  supplied  to  the  motor  is  /.  F  watts,  and  the  overall  efficiency  is 

"^  =       V.I       =         F. (/,  +  /,) ('°5). 

It  is  evident  that  at  no-load,  that  is,  when  /„  =  Iq,  the  efficiency  must 
be  nil.  This  is  also  the  case  when  the  load  on  the  motor  is  so  large  that  it 
cannot  start  even  with  the  largest  possible  current 

"       Ra' 

The  fact  that  such  a  current  would  burn  out  the  armature  does  not  con- 
cern us  at  the  present  moment.  The  important  point  to  notice  is  that  there 
must  be  some  intermediate  load  for  which  the  efficiency  is  a  maximum.  To 
find  the  most  efficient  armature  current  we  multiply  out  the  numerator  of 
equation  (105)  and  get 

V.Ia-I,KRa-V.I,  +  Ia.I^.R„ 
'^  F.  (/„  +  /,) 

We  now  differentiate  this  with  regard  to  /„  and  put  the  result  equal  to 
o.  For  the  sake  of  simplicity  we  neglect  the  constant  factor  F  in  the  de- 
nominator. 

^7?      (F-  27„.i?„  +  7o .  j?j  (7„  + 1,) -  (F.  /„  -  V .  Jg„ -  F .  7o  +  J„  ■  7o .  RJ 
AI.  {la  +  Is? 

This  expression  will  vanish  when  the  numerator  vanishes.  If  we  multiply 
the  numerator  out  and  put  it  equal  to  0,  we  get 

h^.Ra  -  V.I,  -  V.I,  +  I,.Ra.{2la  -  4)  =  O. 

The  meaning  of  this  equation  becomes  clearer  when  we  remember  that, 
owing  to  the  smallness  of  the  magnetising  current,  the  right-hand  term  is  so 
small  as  to  be  practically  negfigible.  We  got  then  as  the  condition  for 
maximum  efficiency 

la^.Ra  =  F.7,  -F  F.7„  =  F  (7,  +  7o)    (106). 

Now  7g  -1-  7o  is  the  total  motor  current  at  no-load.  Hence,  the  efficiency 
is  a  maximum  when  the  ohmic  heating  of  the  armature  conductors  is  equal 
to  the  constant  losses  both  in  armature  and  field,  including  the  friction. 
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In  other  words,  the  efficiency  is  a  maximum  when  the  losses  dependent  or 
the  load  become  equal  to  those  independent  of  the  load.  The  decrease  o: 
friction  due  to  the  small  decrease  of  speed  with  increasing  load  is  quite 
neghgible. 

In  order  to  make  the  above  considerations  clearer,  we  shall  apply  then 
to  a  numerical  example. 

We  shall  consider  a  bipolar  motor  (^  =  i,  a  =  i)  having  the  following 

constants:       ^,  ^  . 

.     F  =  no,  0  =  2.10^,  Z  =  300, 

Ra  =  0-3,  Is  =1,  Io  =  2. 

We  have  then  j.    a    7    r 

'     a    277.9-81  " 

M„  =  O-I  (la  -  lo)  =  0-l7„  -  0-2, 

(F-7„.7?J.io8     iio-o-37„ 
M=     "  Mu  ^  z °^ 6  ^^'^^'  "^^^  ^^^'  ^  ■'■■'■°°  ~  ^  "  '^^"^^"  P^"" """^ 

If  the  normal  current  for  which  the  armature  is  designed  is  10  amperes 
we  obtain  a  total  full  load  turning-moment  of  i  metre-kg  of  which  o-f 
metre-kg  is  available  at  the  pulley.  The  speed  at  full  load  is  1070.  The  droj 
of  speed  from  full  to  no-load  is  30  in  iioo,  or  roughly  3  per  cent. 

For  an  armature  current  of  10  amperes,  the  overall  efficiency  will  be 

(F-7,.J?„).(7,-7o)  _  107.8  _ 
"?  F.(7„-|-7,)  no.  II- °  7- 

To  find  the  conditions  at  maximum  efficiency,  we  must  first  find  th( 
constant  losses.    These  are 

F.7o-f  F.7,=  330  watts. 

For  maximum  efficiency,  the  armature  copper  loss  must  also  be  equal  tc 
330  watts,  that  is, 

-^a^  •  JRa  =  330  or  la  =  ^^  =  33  amperes. 

Adding  the  field  current  of  x  ampere,  we  get  a  total  current  of  34  am 
peres  and  a  motor  input  of 

F.  7  =  110.34  =  3740  watts. 

If  we  subtract  from  this  input  the  total  losses  which  are  2 .  330  watts,  w< 
obtain  the  output  3740  —  660  =  3080  watts,  and  the  overall  efficiency  is 
therefore  g^ 

The  output  on  the  pulley  is  then  ^—7-  =  4-1  b.h.p.  The  percentage  droj 

of  speed  from  no-load  is  equal  to  the  percentage  pressure  drop  in  the  ar 
mature,  that  is  0-3  .  33  in  no  or  9  per  cent,  (see  page  204). 

It  is  interesting  to  determine  how  the  efficiency  varies  when  the  load  is 
varied  over  a  large  range.   If  we  assume  that  the  load  is  reduced  to  aboui 
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half  of  that  corresponding  to  maximum  efficiency,  so  that  the  armature 
current  is  17  amperes,  then  we  have 

E  =  V  -  la-Ra  =  no  -  17.0-3  =  105  volts, 

/  =  /„  +  7s  =  17  +  I  =  18  amperes, 
7a  -  7o  =  17  -  2  =  15  amperes. 
The  overall  efficiency  will  then  be 

g  •  (/g  -  h)  _  105  •  15  . 


-q- 


V.I 


no.  18 


=  o-t 


In  the  same  way, 'if  the  load  is  about  doubled,  so  that  the  armature 
current  is  66  amperes,  we  have 

E  =  V  -  la-Ra  =  iio  -  66.0-3  =  90  volts, 

7  =  7a  +  7j  =  66  +  I  =  67  amperes, 


7o  —  7o  =  66  —  2  =  64  amperes. 
Under  this  heavy  load,  the  efficiency  will  be 


V  = 


E.(Ia-I,. 
V.I 


90.64 


no 


078. 


Hence,  we  see  that  a  large  variation  in  the  load  has  very  little  effect  on 
the  efficiency.    It  is  therefore  unimportant  to  design  a  motor  to  have  its 

maximum  efficiency  at  fuU  load.  To 
reduce  the  drop  of  speed  as  much  as 
possible  the  normal  load  should  be 
below  the  point  of  maximum  efficiency, 
while  a  motor  which  is  to  work,  as  a 
rule,  on  very  fight  loads,  and  only  have 
its  full  load  at  intervals,  should  be 
designed  to  have  its  maximum  efficiency 
at  a  small  load. 

We  pass  now  to  the  consideration  of 
a  motor  the  field  winding  of  which  is 
connected  directly  across  the  constant 
pressure  supply,  but  the  armature  of 
which  has  an  adjustable  resistance  in 
series  with  it  (Fig.  190).  We  make 
the  striking,  discovery  that,  whether 
loaded  or  running  light,  the  current  is 
in  no  way  affected  by  a  change  in  the  adjustable  resistance.  If,  however, 
we  turn  to  equation  (98),  on  page  200,  we  see  that  the  armature  current 
must  be  determined  entirely  by  the  load,  since  the  magnetic  flux  is  constant. 
If  the  load  on  the  motor  remains  constant,  the  armature  current  will  re- 
main constant,  however  much  the  series  resistance  may  be  varied.  On 
suddenly  decreasing  the  resistance  there  is,  it  is  true,  a  momentary  increase 
of  the  armature  current.  This  causes  the  motor  to  exert  a  greater  torque 
than  that  required  to  overcome  the  load,  with  the  result  that  the  armature 
is  accelerated  and  runs  permanently  at  a  higher  speed.   This  increase  of 


Fig.  190 
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speed,  however,  causes  an  increase  in  the  back  e.m.f.,  which  reduces  the 
armature  current  to  its  former  value  corresponding  to  the  load.  The  only 
way  to  vary  the  armature  current  of  a  constantly  excited  motor  is  to  vary 
the  load. 

The  speed,  on  the  other  hand,  is  very  dependent  on  the  resistance  R  in 
series  with  the  armature.  The  applied  terminal  pressure  V  has  now  to 
overcome  the  back  e.m.f.  and  cover  the  pressure  drop  in  both  the  armature 
and  the  resistance  R.  We  have  then 

V=E  +  I^.R^  +  I„.R, 
or  E=V-I^.Ra-Ia.R. 

In  this  equation  V  and  Ra  are  constant,  and  I^  is  also  constant  so  long 
as  the  load  remains  unchanged.  It  follows,  therefore,  that  a  change  in  the 
value  of  R  will  produce  a  large  effect  on  E,  and  consequently  on  the  speed. 

This  becomes  much  clearer  if  we  neglect  the  small  drop  of  pressure  in 
the  armature,  and  assume  that  the  pressure  across  the  brushes  is  exactly 
equal  and  opposite  to  the  back  e.m.f.  On  this  assumption,  a  voltmeter 
connected  across  the  brushes  will  indicate  directly  the  back  e.m.f.  We  find 
then  that,  on  varying  the  value  of  R,  the  speed  is  almost  directly  propor- 
tional to  the  pressure  across  the  brushes.  The  accuracy  is  greatest  when  the 
pressure  drop  in  the  armature  is  as  small  as  possible,  that  is,  at  no-load.  In 
the  numerical  example  which  we  have  worked  out  above,  the  speed,  when 
running  light  with  a  p.d.  of  no  volts  between  the  brushes,  is  found  from 
equation  (104),  on  page  203,  to  be 

(no  -  0-3  ■  2) .  10^       „ 

n  = s =  10  2. 

2 . 10" . 300 

If  a  resistance  of  27-5  ohms  be  connected  now  in  series  with  the  arma- 
ture, the  no-load  current  of  2  amperes  will  be  unaltered.  The  drop  of  pressure 
in  this  resistance  will  therefore  be  27-5 . 2  =  55  volts,  and  the  pressure  read 
on  the  voltmeter  across  the  brushes  will  be  reduced  to  no  —  55  =  55  volts. 
The  speed  will  therefore  be 

(55  -  03  . 2) .  10* 
2  .  10* .  300  ^ 

The  speed  is  thus  exactly  a  half  of  what  it  was  when  the  p.d.  between 
the  brushes  was  no  volts.  The  speed  is  therefore  practically  proportional 
to  the  P.D.  between  the  brushes  when  the  motor  is  running  hght.  The 
same  relation  is  approximately  true  when  the  motor  is  loaded.  We  are 
thus  led  to  the  interesting  conclusion  that,  in  a  motor  with  constant  excita- 
tion, the  current  depends  only  on  the  load,  when  the  speed  depends  only 
on  the  P.D.  between  the  brushes.  Hence  the  speed  can  be  regulated  to  any 
desired  extent  by  altering  the  p.d.  applied  to  the  brushes. 

There  are,  however,  two  errors  which  we  must  be  careful  to  avoid.  In 
the  first  place,  it  is  very  important  to  notice  that  in  the  above  experiments 
the  adjustable  resistance  was  in  the  armature  circuit  only  and  had  no  effect 
on  the  field.  If  the  armature  and  field  windings  are  connected  directly  to 
the  same  terminals,  and  the  resistance  connected  in  the  common  external 
circuit,  an  alteration  in  the  resistance  may,  under  some  circumstances,  have 
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very  little  effect  on  the  speed.  If,  for  example,  we  double  the  terminal 
pressure  of  both  armature  and  field,  the  magnetic  flux  may  be  nearly 
doubled,  if  the  iron  be  only  slightly  saturated.  In  the  formula 

g.108 
^     pja.^.Z 

both  the  value  of  E  in  the  numerator  and  the  value  of  <1>  in  the  denominator 
would  then  be  doubled,  leaving  the  speed  n  unchanged.  If,  on  the  other 
hand,  the  magnets  are  highly  saturated,  the  motor  will  behave  more  like 
a  constantly  excited  one,  and  doubling  the  terminal  pressure  will  cause  the 
speed  to  increase  nearly  100  per  cent. 

The  other  point  on  which  we  must  be  quite  clear  is  that  speed  regulation 
by  means  of  a  series  resistance  is  only  possible  when  an  attendant  can  stand 
by  the  regulating  switch,  as  on  a  tramcar,  for  example.  Apart  from  the 
large  loss  of  power  in  such  a  resistance,  there  is  the  disadvantage  that  every 
change  of  load  causes  a  change  of  current  and  therefore  a  change  in  the 
amount  of  pressure  lost  in  the  resistance.  The  result  is  that  the  pressure 
across  the  armature  terminals  and  the  speed  of  the  motor  are  subjected  to 
large  variations.  It  is  possible,  for  instance,  for  a  motor  to  be  running  light 
with  so  much  resistance  in  series  with  its  armature  that  it  comes  to  rest 
when  the  load  is  put  on. 

66.    The  Starting  and  Regulation  of  a  Shunt  Motor. 

The  shunt  motor  is  really  no  more  than  a  constantly  excited  motor.  It 
possesses,  therefore,  all  the  fundamental  characteristics  which  we  have 
found  for  this  type  of  motor  in  the  previous  section.  The  current  is  pro- 
portional to  the  load,  and  the  speed  is  practically  constant  from  no-load 
up  to  full  load.  This  latter  property  makes  the  shunt  motor  specially  suitable 
for  driving  lines  of  shafting  and  machine  tools,  where  constancy  of  speed  is 
required.  As  we  have  already  studied  the  principles  of  the  motor,  we  need 
only  consider  here  the  more  important  points  in  connection  with  their 
starting  and  regulation. 

The  primary  object  of  the  starting  resistance  is  to  protect  the  armature 
from  a  dangerously  large  current.  At  the  first  moment  of  starting,  the 
armature  is  at  rest  and  there  is  consequently  no  back  e.m.f.  If  the  armature, 
with  its  comparatively  small  resistance,  were  connected  directly  across  the 
full  pressure  of  the  supply  mains  there  would  be  an  enormous  rush  of  current. 
A  starting  resistance  must  therefore  be  put  in  series  with  the  armature,  of 
such  a  value  that  the  current  is  limited  to  a  permissible  strength  with  regard 
to  its  heating  effect  on  the  armature.  There  are  also  mechanical  reasons  for 
limiting  the  turning-moment  exerted  at  starting,  especially  when  there  are 
heavy  masses  to  set  in  motion.  A  further  reason  is  the  large  pressure  drop 
and  consequent  unsteadiness  of  the  lamps  in  the  neighbourhood,  when  the 
supply  mains  are  suddenly  called  upon  to  carry  a  large  current. 

When  the  motor  has  been  set  in  motion,  the  back  e.m.f.  increases  with 
the  speed  and  limits  the  current  to  a  value  corresponding  to  the  load.  The 
starting  resistance  can  therefore  be  gradually  cut  out  as  the  speed  increases. 

If  it  is  required  to  regulate  or  vary  the  speed  of  a  shunt  motor,  it  must  be 
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done  by  altering  the  resistance  of  the  shunt  field  circuit.  This  is  clearly  seen 
by  applying  equation  (104)  on  page  203  to  the  case  of  a  motor  running  on 
no-load.    We  have  then  y  jqS 

If  resistance  is  put  in  the  field  circuit,  and  the  magnetising  current  and 
the  flux  O  thereby  reduced,  we  see  from  this  equation  that  the  speed  n  must 
increase.  This  is  also  evident  when  we  consider  that  the  motor  must  run 
faster  to  produce  the  same  back  E.m.f.  in  the  weaker  field  as  it  formerly  did 
in  the  stronger  field.  The  fundamental  reason,  however,  for  the  increased 
speed  is  that  on  weakening  the  field,  the  back  e.m.f.  decreases,  the  speed  not 
being  able  to  change  instantly.  This  decreased  back  e.m.f.  enables  the 
supply  p.D.  to  drive  an  increased  current  through  the  armature,  the  in- 
crease being  proportionately  much  greater  than  the  decrease  of  field  strength. 
The  torque  is  therefore  increased  and  the  armature  caused  to  accelerate. 

If  the  load  remains  the  same,  this  weakening  of  the  field  will  naturally 
affect  the  armature  current.  Since  the  load  or  torque  is  proportional  to  the 
product  O .  /a  a  weakening  of  the  field  must  cause  a  corresponding  increase 
in  the  armature  current.  To  make  this  clearer  we  shall  go  back  to  our 
example  in  which  the  terminal  pressure  F  =  no  volts,  the  armature  re- 
sistance i?„  =  0-3  ohm,  the  number  of  wires  Z  =  300  and  the  flux  O  =  2.10° 
lines.  For  an  armature  current  7„  of  10  amperes,  we  have  for  a  bipolar 
motor,  from  equation  (104)  on  page  203, 

^  ^  (V-Iq.  Rg) .  io«  _  (no  - 10 . 0-3) .  10°  ^  ^    g 
p/a  .  O  .  Z  2  .  10* .  300  ' 

If  now,  without  changing  the  load,  we  reduce  the  magnetic  flux  20  per 
cent.,  the  armature  current  must  increase  in  the  same  proportion,  viz. 
0-8:  I.   We  shall  then  have 

O  =  0-8 . 2 .  10*  =  i'6 .  10^ 
^a=T7;,  =  I2'5  amperes. 

O  o 

The  product  O./^  has  remained  unchanged,  but  the  armature  current 
has  increased.  As  this  will  cause  an  increase  of  pressure  drop  in  the  armature, 
the  back  e.m.f.  will  decrease.  This  will  naturally  affect  the  speed  and  make 
the  actual  increase  less  than  we  should  otherwise  expect.  In  the  above 
example,  for  instance,  we  have  weakened  the  field  by  20  per  cent,  and  should 
therefore  expect  the  speed  to  increase  in  the  ratio  o-8 :  i,  that  is  from 

17-8  to  -^  =22-3.  As  an  actual  fact,  the  new  speed  attained  on  weakening 
the  field  is  /jjo  _  12-5  . 0-3) .  lo^ 

n  = 7 ^fi — — =  22-2. 

ID.  10°.  300 

This  indicates  at  the  same  time  that  there  is  a  hmit  to  the  speed  ob- 
tained by  weakening  the  field.  The  effect  of  the  pressure  drop  in  the 
armature  may  become  so  great  that,  on  further  weakening  the  field,  the 
speed  is  decreased.  This  is,  of  course,  an  absolute  necessity,  since  we  should 
otherwise  be  led  to  the  conclusion  that  the  loaded  motor  would  run  at  an 
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infinite  speed  when  the  field  circuit  was  broken  and  the  flux  reduced  to 
zero.  As  a  matter  of  fact,  the  motor  remains  stationary  in  such  a  case, 
since  one  of  the  two  factors  that  produce  the  torque  has  vanished.  Hence, 
there  must  be  a  certain  value  of  O  or  of  /„ ,  for  which  the  speed  at  a  given  load 
is  a  maximum.  We  can  find  this  critical  value  of  /„  from  equation  (103)  on 
page  202,  in  which  we  equated  the  mechanical  and  the  electrical  power. 
We  have  then      ^  j^  ^  y  j^  _  j^2_r^  =  M,. 277. «. 9-81. 

As  one  of  the  conditions  of  our  experiment  is  that  the  load  be  kept 
constant,  Mf  is  a  constant,  and  we  can  put 

n  =  C.{V.Ia-Ia^Ra), 

where  c  is  merely  a  coefiicient. 

For  M  to  be  a  maximum  -jj-  must  vanish,  or 
dl„. 


dn 
dL 


=  C.(V-2la.Ra)  =  0. 


Hence 


Ia.Ra  = 


V 


^ 


Fig.  192 

The  maximum  value  of  the  speed  is  therefore  reached  when  the  field  is 
so  far  weakened  that  the  pressure  drop  in  the  armature  is  equal  to  a  half  of 
the  terminal  pressure.  The  electrical  efficiency  of  the  armature  would  then 
be  50  per  cent.,  but  the  conditions,  if  for  no  other  reason  than  the  enormous 
armature  current,  are  far  beyond  the  normal  working  range. 

With  regard  to  the  arrangement  of  starting  resistance  in  the  armature 
circuit  and  field  rheostat  in  the  field  circuit,  care  must  be  taken  that  the 
field  circuit  is  not  suddenly  broken  when  the  motor  is  being  switched  off. 
This  would  not  only  cause  sparking  at  the  point  where  the  circuit  was 
broken,  but  might  break  down  the  insulation  of  the  field  coils,  owing  to  the 
large  electromotive  force  induced  by  the  sudden  cessation  of  the  current 
through  the  highly  inductive  circuit.  The  motor  can  be  switched  off  spark- 
lessly  by  opening  the  external  circuit  and  leaving  the  field  connected  across 
the  armature  (Fig.  191).  The  motor  will  slow  down  slowly  because  of  its 
kinetic  energy,  and  will  act  as  a  dynamo  sending  a  gradually  decreasing 
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current  through  the  field  windings  in  the  same  direction  as  before.  The  field 
will  gradually  diminish  as  the  motor  slows  down. 

It  is,  however,  very  dangerous  to  adopt  the  plan,  shown  in  Fig.  191,  of 
switching  off  in  the  external  circuit,  since  the  moving  arm  of  the  starting 
resistance  is  left  in  such  a  position  that  a  dangerous  short-circuit  would 
result  on  again  closing  the  switch.  It  is  impossible  to  place  the  starting 
resistance  in  the  external  circuit,  as  shown  in  Fig.  192,  since  the  p.d. 
between  the  brushes  at  the  moment  of  starting  would  only  be  Ig-Ra,  which 
is  so  small  that  there  would  be  practically  no  field  current  and  no  magnetic 
flux.    The  motor  would  therefore  not  start. 

The  unbroken  connection  of  field  and  armature,  which  we  have  seen 
to  be  necessary  for  sparkless  switching,  can,  however,  be  arranged  by  con- 
necting the  field  across  the  free  ends  of  the  armature  and  starting  resistance 
as  shown  in  Fig.  193.  When  the  arm  is  in  the  middle  of  the  row  of  contacts, 
the  right-hand  half  of  the  resistance  is  acting  as  starting  resistance,  while 
the  left-hand  half  is  in  series  with  the  field  winding,  and  is  weakening  the 
field  by  a  small  amount  which,  however,  is  almost  neghgible  since  the  start- 
ing resistance  is  generally  much  smaller  than  the  field  resistance.  This 
arrangement  has  the  great  advantage  of  the  permanent  connection  of  field. 


MfV\A 
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Fig.  193 


Fig.  194 


Fig.  195 


armature  and  starting  resistance  in  series,  thereby  making  it  possible  to 
switch  off  the  motor  without  any  dangerous  sparking,  especially  if  the 
switch-arm  is  moved  rapidly  from  the  running  position,  right  across  the 
contacts  and  off  at  the  left-hand  side  before  the  motor  slows  down  appre- 
ciably. We  have  the  disadvantage,  however,  of  the  starting  resistance  being 
normally  in  series  with  the  field  winding  and  causing  a  small  but  unnecessary 
loss  due  to  the  heat  continually  being  generated  in  the  resistance. 

The  loss  can  be  diminished  by  connecting  the  field  to  some  intermediate 
point  of  the  resistance,  as  shown  in  Fig.  194.  This  brings  with  it,  however, 
the  disadvantage  of  a  weak  field  at  the  first  moment  of  starting,  and  is 
really  a  compromise  between  Figs.  192  and  193.  Since  the  self-induction 
of  the  field  winding  causes  the  growth  of  the  field  to  be  gradual,  it  is  an 
advantage  to  apply  the  full  p.d.  of  the  mains  at  the  first  moment  so  as  to 
hasten  the  growth  of  the  flux  as  much  as  possible. 

These  disadvantages  are  overcome  in  the  arrangement  shown  in  Fig.  195, 
in  which  the  field  circuit  is  connected  at  once  to  the  full  p.d.  of  the  mains  and 
remains  so  connected  by  means  of  a  short  contact  arm  which  moves  over  a 
segment.  The  longer  contact  arm,  which  is  virtually  a  prolongation  of  the 
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short  one,  moves  over  the  contacts  of  the  starting  resistance.  This  arrange- 
ment does  not  give  quite  so  sparkless  a  break  as  that  shown  in  Fig.  193. 
since,  at  the  moment  of  switching  off,. the  field  current  is  suppUed  by  the 
armature  and,  having  to  pass  through  the  starting  resistance,  is  suddenly- 
reduced.  This  sudden  reduction  of  the  current  through  the  inductive  field 
windings  causes  a  spark. 

This  is  even  more  pronounced  in  the  arrangement  shown  in  Fig.  196. 
The  "off"  position  of  the  switch-arm  is  on  the  extreme  left;  on  moving 

the  arm  to  the  right,  the  field  is 
switched  on  to  the  full  pressure  of  the 
mains,  and  the  resistance  R^  is  in  series 
with  the  armature.  As  the  motor  runs 
up  to  speed  the  switch-arm  is  moved 
to  the  right,  until  it  finally  stands  on 
the  right-hand  contact  of  i?i  and  on 
the  right-hand  end  of  the  left-hand 
segment.  If  now  we  wish  to  increase 
the  speed,  the  arm  is  moved  still  further 
to  the  right,  putting  resistance  R2  into 
the  field  circuit  and  supplpng  the  ar- 
mature directly  through  the  right-hand 
segment. 

The  spark  on  breaking  is  dimin- 
ished by  connecting  the  left-hand  end 
of  the  starting  resistance  with  the 
right-hand  end  of  the  regulating  re- 
sistance. When  switched  off,  the  motor  will  slow  down  while  acting  as 
a  generator  and  sending  current  through  armature  fields,  starter  R^  and 
field  regulator  R^  all  connected  in  series. 

When  the  motor  is  running,  the  arm  in  any  of  these  starters  would  be 
over  to  the  right,  so  that  the  full  p.d.  of  the  supply  mains  is  across  the 
armature.  If  now,  owing  to  any  cause,  the  supply  pressure  failed  for  a  few 
moments,  the  motor  would  come  to  rest,  and  on  the  pressure  being  re- 
established the  armature  would  probably  be  burnt  out.  This  possibility 
is  avoided  by  means  of  a  "no-voltage  release."  The  arm  is  fitted  with  a 
spring  which  tends  to  move  it  to  the  left,  i.e.  to  the  off  position.  When 
running,  the  arm  is  held  over  to  the  right  by  means  of  a  smaU  electromagnet, 
the  winding  of  which  is  either  across  the  mains  ot  in  series  with  the  field 
winding  of  the  motor.  If  the  supply  pressure  fails,  the  arm  is  released  and 
flies  back  to  the  off  position.  Many  motor  starters  are  also  provided  with  an 
"over-load  release,"  by  means  of  which  the  arm  is  released  if  the  current 
taken  by  the  motor  exceeds  a  certain  pre-arranged  value. 

Considerable  difficulties  arise  when  starting  apparatus  has  to  be  designed 
for  very  large  motors,  and  the  amoiint  of  energy  lost  as  heat  in  the  starting 
resistance  is  by  no  means  neghgible  when  motors  are  continually  being 
started,  more  especially  when  large  masses  have  to  be  set  in  motion.  For 
this  reason  some  electrically  operated  hoisting  plants  for  mines  have  been 
started  by  means  of  a  battery  of  accumulators  connected  across  the  supply 
mains.   By  means  of  a  battery  switch,  the  battery  is  divided  into  groups 
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and  only  a  fraction  of  the  total  pressure  applied  to  the  motor  armature  at 
starting.  As  the  speed  increases  the  back  e.m.f.  of  the  motor  also  increases, 
and  the  applied  p.d.  is  gradually  increased  by  means  of  the  battery  switch. 
The  battery  acts  also  as  a  buffer  and  equalises  the  load  on  the  supply  station 
to  a  certain  extent. 

Another  method  of  starting  a  motor  and  regulating  its  speed  conven- 
iently over  a  wide  range  is  to  employ  a  motor  generator  set.  In  the  Ward- 
Leonard  arrangement,  for  instance  (Fig.  197),  an  auxiliary  shunt-motor  is 
driven  off  the  mains,  and  coupled  to,  it  is  a  separately  excited  generator. 
This  set  runs  at  a  practically  constant  speed,  but  the  excitation  of  the 
generator  can  be  varied  over  a  wide  range.  It  is  made  very  weak  when 
starting  the  main  motor,  the  armature  of  which  is  supplied  directly  from 
the  generator.  By  gradually  increasing  the  excitation  of  the  generator, 
the  motor  is  brought  up  to  full  speed  and  can  then  be  switched  over  on  to 
the  mains. 

At  first  sight  the  employment  of  an  auxiliary  motor  and  starting  dynamo 
may  appear  to  be  an  avoidable  complication.    It  must  be  remembered, 


Auaxiuu-y 
Mutor. 


7 — V 
O 


m 


Dynajno, 


Fig.  197 


kDhzv 

Fig.  198 


however,  that  the  power  supply  in  large  plants  is  generally  three  phase, 
and  that  it  is  necessary  in  any  case  to  transform  it  into  continuous  current 
because  of  the  difficulties  in  the  construction  of  a  slow  running  three  phase 
main  motor  and  in  its  speed  regulation. 

It  is  specially  advantageous  to  fix  a  heavy  flywheel  between  the  auxiliary 
motor  and  the  generator  in  the  above  arrangement.  This  is  generally  known 
as  the  Ilgner  system  and  has  been  largely  adopted  within  the  last  few  years. 
When  the  load  is  heavy,  as  when  starting  to  hoist,  the  flywheel  gives  up  a 
part  of  the  energy  stored  in  it,  whereas  at  hght  loads  or  no-load  energy  is 
restored  to  the  wheel  by  its  acceleration.  The  flywheel,  therefore,  acts  as 
a  buffer  and  equalises  the  load  on  the  station. 

The  auxihary  motor  must,  of  course,  be  so  constructed  that  the  flywheel 
can  act  in  this  way.  Its  speed  is  therefore  made  to  drop  considerably  as  the 
load  increases.  In  an  induction  motor  this  can  be  attained  by  increasing 
the  rotor  resistance,  and  in  a  direct-current  motor,  by  compounding  it  with 
a  few  series  turns  so  arranged  that  they  strengthen  the  shunt  field  feee 
Section  67  for  the  effect  of  the  series  turns  on  the  speed). 

The  action  of  the  set  is  improved  if  resistance  is  automatically  inserted 
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in  series  with  the  auxiliary  motor  as  the  main  motor  is  started.  The  in- 
creasing output  of  the  latter  increases  the  load  on  the  motor-generator  set. 
The  auxiliary  motor  tries  to  draw  the  necessary  power  from  the  mains  but 
is  prevented  from  doing  so  by  the  inserted  resistance  which  keeps  the  current 
constant.  The  motor-generator  set  must  therefore  slow  down  and  the  fly- 
wheel is  thus  enabled  to  supply  the  increased  demand  for  power,  that  taken 
from  the  mains  by  the  motor  being  kept  constant.  The  reverse  process 
takes  place  when  the  main  motor  is  brought  to  rest.  To  do  this,  the  field 
of  the  generator  is  weakened  so  that  its  e.m.f.  is  less  than  that  of  the  main 
motor,  which  therefore  sends  current  in  the  reverse  direction.  This  retards 
the  motor  and  accelerates  the  generator  and  flywheel.  To  maintain  the 
auxiliary  motor  current  constant,  resistance  must  be  automatically  switched 
out  of  its  circuit.  With  such  an  arrangement  the  power  station  is  unaffected 
by  variations  in  the  load  and  delivers  practically  the  same  current  to  the 
auxiliary  motor  whether  the  hoisting  motor  is  working  or  not,  provided 
that  the  interval  between  two  successive  hoists  is  not  too  long,  in  which 
case  the  demand  for  power  would  naturally  decrease.  When  the  main  motor 
is  being  started,  the  auxiliary  motor  and  flywheel  act  together  on  the 
generator,  and  when  the  main  motor  is  being  brought  to  rest,  the  auxiliary 
motor  and  the  generator,  acting  now  as  a  motor,  operate  together  to  acceler- 
ate the  flywheel.  In  an  actual  hoisting  plant  the  main  motor  current  varied 
between  -|-  2000  amperes  at  starting  and  —  1000  amperes  when  braking. 
The  current  taken  from  the  mains  remained  almost  constant  at  about 
400  amperes.   The  speed  of  the  flywheel  varied  from  12  to  15  per  cent. 

One  of  the  principal  advantages  of  starting  the  hoisting  motor  by  means 
of  a  motor-generator  set  is  that,  under  all  conditions,  the  hoisting  motor 
has  a  definite  speed  for  each  position  of  the  controller  handle  irrespective 
of  the  load  on  the  motor.  This  is  not  so  when  starting  by  means  of  a  series 
resistance  since  the  drop  of  potential  in  this  resistance  varies  with  the  load. 

Instead  of  varying  the  resistance  in  the  armature  circuit  of  the  auxiliary 
motor  one  can  vary  its  field  current  in  order  to  keep  its  speed  constant. 
When  the  load  on  the  hoisting  motor  increases,  the  field  of  the  auxiliary 
motor  is  strengthened  so  as  to  keep  its  back  e.m.f.  constant  in  spite  of  the 
falhng  speed.  The  applied  p.d.  and  the  back  e.m.f.  being  both  constant, 
the  current  taken  from  the  mains  is  necessarily  constant. 

One  method  of  starting  large  motors,  which  is  of  considerable  interest, 
depends  on  the  use  of  an  auxiliary  generator,  the  e.m.f.  of  which  is  at  first 
opposed  to  the  supply  pressure,  but  afterwards  acts  with  and  is  added  to  it. 
The  machine  I  in  Fig.  198  is  the  hoisting  motor,  constructed  for  a  pressure 
of  1000  volts.  Machines  II  and  III  constitute  a  motor-generator  set,  both 
machines  are  for  500  volts,  and  the  set  runs  at  an  approximately  constant 
speed.  The  supply  pressure  is  also  500  volts.  We  shall  confine  ourselves  to 
a  description  of  the  method  of  starting  the  hoisting  motor;  a  complete 
understanding  of  the  various  changes  involved  can  only  be  obtained  by 
applying  Kirchhoff's  rules  to  the  circuit. 

Before  starting,  motor  I  is  at  rest  and  merely  acts  as  a  supply  lead  to 
motor  II.  The  latter  drives  the  machine  III  as  an  unloaded  dynamo,  since 
the  field  of  III  is  adjusted  until  its  e.m.f.  exactly  counterbalances  the 
pressure  of  the  supply  mains.  By  sHghtly  weakening  the  field  of  motor  II 
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its  speed  is  increased  by  a  small  amount.  This  increase  of  speed  increases 
the  E.M.F.  of  machine  III  and  enables  it  to  act  as  a  loaded  generator  and 
supply  a  current  I^.  This  increases  the  load  on  motor  II  and  causes  its 
current  to  increase  to  I^.  This  is  exactly  similar  to  the  Hopkinson  method 
of  testing  two  similar  machines,  which  was  described  on  pages  194 
and  195.  The  current  I^  flows  round  to  motor  II,  and  the  mains  supply 
the  losses. 

The  field  of  motor  II  is  weakened  until  the  current  I^  reaches  such  a 
value  that  the  main  hoisting  motor  I,  which  is  separately  excited,  starts. 
Every  further  decrease  in  the  field  of  motor  II  causes  a  decrease  in  its  back 
E.M.F.,  and  thereby  increases  the  fraction  of  the  supply  pressure  available 
for  the  main  motor  I,  the  speed  of  which  will  consequently  increase.  Beyond 
a  certain  point  the  speed  of  the  motor-generator  set  II  and  III  will 
decrease,  because  the  input  of  the  motor  II  will  decrease  owing  to  the 
smaller  p.d.  across  its  terminals;  the  output  of  the  dynamo  III  must 
therefore  decrease,  which  it  can  only  do  by  a  decrease  of  speed,  its  field 
being  constant. 

When  the  field  of  motor  II  is  reduced  to  zero,  its  back  e.m.f.  will  have 
disappeared,  and,  except  for  the  resistance  of  its  armature,  the  full  p.d. 
of  500  volts  will  be  across  the  main  motor  I.  The  next  step  is  to  reverse  the 
field  of  machine  II  and  gradually  strengthen  it.  Its  e.m.f.  will  no  longer 
oppose  the  pressure  of  the  supply  mains,  but  will  now  increase  the  p.d. 
across  the  main  motor  and  therefore  also  its  speed.  Machine  II  is  now  a 
dynamo  driven  by  machine  III,  the  speed  of  which  has  now  fallen  so  low 
that  the  current  I^  is  reversed  and  drives  it  as  a  motor.  When  the  field  of 
machine  II  reaches  its  full  value,  its  e.m.f.  will  be  500  volts.  In  this  way 
the  P.D.  applied  to  the  main  motor  I  is  gradually  increased  to  1000  volts. 
It  has  then  reached  its  full  speed,  and  one  half  of  its  input  is  supphed 
directly  from  the  supply  mains,  and  the  other  half  indirectly  through  the 
motor  III  and  the  generator  II.  The  whole  power  must,  of  course,  come 
ultimately  from  the  supply  mains. 


67.    Principle  of  the  Series  Motor. 

The  behaviour  of  the  series  motor  is  not  nearly  so  easy  to  understand  as 
that  of  the  shunt  motor,  since  the  magnet'''  field  of  the  former  is  not  con- 
stant but  varies  continually  with  the  load  The  field  winding  is  in  series 
with  the  armature,  and  the  armature  current,  which  in  conjunction  with 
the  field  produces  the  torque,  is  at  the  same  time  the  magnetising  current 
which  produces  the  field.  If  the  load  on  a  series  motor  be  increased,  both 
the  armature  and  field  currents  are  increased.  The  larger  torque  is  seen  from 
equation  (98)  on  page  200  to  be  due  to  the  growth  of  both  of  the  active 
factors  O  and  la- 

If  the  motor  is  working  below  the  knee  of  the  magnetisation  curve, 
that  is,  with  unsaturated  iron,  doubhng  the  current  causes  the  field  to 
be  doubled  and  the  torque,  in  accordance  with  the  above  equation,  to  be 
quadrupled.  Inversely,  if  the  load  be  quadrupled,  the  current  is  only 
doubled. 
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The  speed  of  a  series  motor  is  given  by  equation  (104)  on  page  203,  viz. 

(F-7„.Jg„).io« 

a 

To  avoid  complicating  the  formula,  we  shall  let  Ra  represent  here  the 
combined  resistance  of  armature  and  field.  If  the  load  and  therefore  also 
the  armature  current  be  increased,  the  numerator  of  the  above  expression 
will  be  but  shghtly  altered,  since  the  combined  resistance  of  armature  and 
field  is  always  very  small.  The  denominator,  on  the  other  hand,  will  be 
considerably  changed,  since  the  flux  varies  with  the  current.  The  speed  will 
therefore  decrease  as  the  load  is  increased,  since  with  the  strengthened  field 
a  smaller  speed  will  suffice  to  produce  a  back  e.m.f.  nearly  equal  to  the 
supply  pressure. 

The  rapid  increase  of  torque  with  increasing  current,  and  the  variable 
speed,  make  the  series  motor  specially  suitable  for  cranes  and  traction 
purposes.  When  starting,  the  torque  exerted  by  the  motor  must  exceed  the 
resisting  torque  due  to  the  apparent  load,  in  order  to  accelerate  the  masses 
which  have  to  be  brought  up  to  speed.  It  is  the  ability  of  the  series  motor 
to  provide  this  heavy  starting  torque  with  a  comparatively  small  current 
that  makes  it  so  invaluable  for  the  above  purposes. 

The  series  motor  possesses,  moreover,  special  advantages  in  respect  of 
the  variations  of  load  which  the  continually  changing  slope  of  the  track 
puts  upon  the  tramcar  motors.  The  large  torque  required  when  running  up 
an  inchne  is  produced  with  a  relatively  small  demand  on  the  power  station. 

This  is  only  possible,  of  course,  because  of  the  corresponding  decrease  of 
speed  mentioned  above.  The  matter  is  quite  clear,  apart  from  the  above 
considerations,  if  looked  at  from  a  mechanical  point  of  view.  Power  is  the 
product  of  force  and  speed.  If  then  the  series  motor  exerts,  say,  double  the 
normal  pull  with  less  than  double  the  normal  current,  and  consequently 
with  less  than  double  the  power  supply,  it  is  evident  that  its  speed  must 
decrease.  The  generators  and  motors  may  therefore  be  constructed  for  a 
reasonably  small  output,  and  the  load  on  the  station  will  not  be  so  irregular 
as  it  would  be  with  shunt  motors  on  the  cars.  The  variable  speed  of  a  series 
motor  must  therefore  be  considered  a  great  advantage,  and  it  is  an  important 
point  in  the  interests  of  the  power  station  that  a  heavily  loaded  car  goes 
very  slowly  uphill. 

We  must  now  investigate  more  fully  the  behaviour  of  a  series  motor 
under  various  conditions.  For  this  purpose  we  first  determine  the  magnetisa- 
tion curve  by  running  the  motor  as  a  generator  by  means  of  another  motor. 
If  the  speed  be  maintained  at  a  constant  value  n^,  and  the  generator  be 
loaded  by  means  of  different  external  resistances,  we  shall  obtain  a  set  of 
corresponding  values  of  the  current  /„  and  the  terminal  pressure  Fq.  From 
these  we  can  calculate  the  e.m.f.  of  the  series  generator  by  means  of  the 
equation  £„  =  F^  +  I„.i?„, 

where  i?„  includes  both  armature  and  field.  As  in  Section  58,  the  e.m.f.  is 
plotted  as  ordinates  and  the  external  current,  which  is,  at  the  same  time, 
both  armature  and  field  current,  as  abscissae.   This  curve  is  the  character- 
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istic  of  the  series  machine.  By  dividing  the  values  of  E^  by  the  constant 
p  .n„.Z .  io~^ 

we  get  the  magnetic  flux  O  which  is  produced  by  the  corre- 
sponding magnetising  current  /„.  Curve  O  only  differs  from  curve  Eg  in  the 
matter  of  scale  (Fig.  199),  but  is,  unlike  curve  E„,  independent  of  speed. 

If  it  is  impossible  to  make  the  experiment  in  this  manner  by  running 
the  motor  as  a  generator,  it  can  be  run  as  a  motor  at  a  constant  terminal 
pressure  with  variable  mechanical  load  on  the  brake.  The  flux  can  be  cal- 
culated from  the  observed  speed  and  current  by  means  of  equation  (104) 
on  page  203: 


0  = 


(F-/,.igJ.io« 
^.Z.n 


When  we  have  found  the  flux  corresponding  to  each  value  of  the  current 
la,  the  two  are  multiplied  together  and  the  product  O .  /„  set  up  as  ordinates. 
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In  this  way  we  obtain  the  curve  M^  in  Fig.  200,  which  represents  the  torque 
to  some  scale  not  yet  determined.  At  the  beginning  the  curve  Mj  is  convex 
to  the  base,  showing  that  the  torque  increases  more  rapidly  than  the  current. 
As  saturation  sets  in,  however,  the  curve  straightens  out  and  gradually 
approximates  to  a  straight  line  through  the  origin,  corresponding  to  an 
increase  of  torque  proportional  to  the  increase  of  current. 

The  curve  of  magnetic  flux  O  enables  us,  moreover,  to  find  the  speed 
corresponding  to  any  condition  of  load  at  any  terminal  pressure.  For  this 
purpose  we  draw  a  horizontal  line  at  a  height  above  the  base  line  equal  to 
the  terminal  pressure  V.  In  Fig.  201  this  pressure  is  500  volts.  Through  the 
point  where  this  line  cuts  the  vertical  axis  we  draw  a  straight  line  sloping 
down  from  the  horizontal  at  an  angle  a,  where 

tan  a  =  Ra- 

In  measuring  the  tangent  we  must,  of  course,  measure  the  ordinate  on 
the  scale  of  volts  and  the  abscissa  on  the  scale  of  amperes,  and  we  must  also 
remember  that  Ra  includes  both  armature  and  field  winding.  The  difference 
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between  the  horizontal  and  the  inclined  line  at  any  point  is  equal  to  la .  tan  a, 
that  is  to  /„ .  Ra,  which  is  the  ohmic  pressure  drop  in  the  motor.  The  ordinates 
of  the  inchned  line  are  therefore  equal  to  the  back  e.m.f.,  which  we  denote 
by  E.  If  now  we  divide  each  value  of  E  by  the  corresponding  value  of  Q>, 
we  obtain  a  figure  proportional  to  the  speed  (see  equation  (104)  on  page  203) . 
In  this  way  we  obtain  the  curve  r.p.m.  in  Fig.  201. 

It  is  evident  from  this  curve  that  a  series  motor  will  race  if  the  load  be 
removed.  The  speed,  in  fact,  may  reach  such  a  value  that  the  motor  will 
fly  to  pieces  owing  to  excessive  centrifugal  forces.  The  speed  drops  rapidly 
as  the  load  is  increased  so  long  as  the  iron  is  comparatively  unsaturated,  but 
as  saturation  sets  in  the  speed  approaches  an  approximately  constant  value. 

To  find  the  total  efficiency,  we  must  subtract  the  losses  due  to  heating 
of  conductors,  hysteresis,  eddies  and  frictions  from  the  motor  input  and 
divide  the  remainder,  which  is  the  output,  by  the  input.  In  the  shunt  motor 
the  losses,  other  than  copper  loss,  were  determined  in  a  simple  manner  by 
finding  the  power  required  to  run  the  motor  at  no-load  and  assuming  that 
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these  losses  were  the  same  at  all  loads.  This  was  justified  to  a  certain  extent 
because  of  the  constant  excitation  and  speed.  In  the  series  motor,  however, 
such  an  assumption  would  be  palpably  incorrect,  since  both  magnetisation 
and  speed  are  variable. 

The  efficiency  can  be  determined  approximately  by  assuming  that  the 
torque  M,,  required  to  overcome  the  friction  and  iron  losses  is  constant 
at  all  loads.  This  assumption  is  not  very  incorrect  if  we  consider  the  effi- 
ciency of  the  motor  alone  and  exclude  any  reduction  gear.  By  subtracting 
this  constant  torque  M^  from  the  values  of  M^  we  obtain  the  dotted  curve 
M„  of  useful  torque  in  Fig.  202. 

The  output  P„  is  given  to  a  certain  scale  by  the  product  of  the  useful 
torque  and  the  speed.  To  obtain  the  efficiency  this  output  must  be  divided 
by  the  input  V  .1^.  In  this  way  we  obtain  the  curve  -q,  the  ordinates  of 
which  are  equal  to  the  efficiency.  It  is  seen  that  the  efficiency  is  small  at 
low  loads,  but  increases  with  increasing  load  until  it  reaches  a  maximum, 
beyond  which  it  decreases  owing  to  the  large  copper  loss  in  armature  and 
field  windings. 
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68.    Example  of  Traction  Motor  Calculation. 

We  shall  now  determine  the  speed,  torque  and  efficiency  of  an  actual 
motor,  the  details  of  which  are  given  in  Kapp's  well-known  Dynamo 
Construction.  The  motor  is  a  4-pole  tramway  motor  made  at  Oerhkon 
in  Switzerland.  The  armature  has  a  series  or  2-circuit  winding  arranged  for 
a  terminal  pressure  of  500  volts.  The  internal  resistance  of  the  motor  is 
275  ohms,  and  the  number  01  wires  on  the  armature  is  944,  so  that  Ra  =  2  75 
and  Z  =  944.  The  motor  was  driven  as  a  series  dynamo  at  a  constant  speed 
of  450  r.p.m.  and  the  characteristic  so  obtained  is  given  by  the  first  two 
columns  in  the  table  below. 

The  magnetic  flux  corresponding  to  each  value  of  the  current  is  found 
from  equation  (79)  on  page  124,  as  follows : 

^        Eg .  iqS        E„.6o  .  10^  „ 

0  =  vT-^ 7=  -— =  7070  Eg. 

pla.ng.Z     2.450.944     '   ^ 

From  these  values  of  the  flux  and  the  corresponding  values  of  the  current, 
the  torque  exerted  on  the  armature  can  be  found  from  equation  (98)  on 
page  200,  and  we  get 

^      p.^.Ia-Z  ^  2  . 0 . 7„^ 944  ^^_g ^  _,  met.-kg. 

«  .  277  .  9-81  27r  .  9-81  -^    '  Ob 

To  calculate  the  speed  of  the  motor  we  must  know  its  back  electro- 
motive force  E.  This  is  given  by  the  formula 

£=F-/„.i?„  =  5oo-275./«. 
The  speed  can  be  found  from  equation  (100)  on  page  201,  viz. 
E  .  10^  £.10^    _  3-18. 10^    E 

^~ P    -ft    7  "2.0.944"       60       ""0  ■ 


a 


O.Z 


The  results  of  these  calculations  are  given  very  clearly  in  the  following 
table,  and  they  are  represented  graphically  by  the  curves  in  the  previous 
section : 

Generator  Motor  and  Generator 


la 

Eo 

0  =  7070^0 

M, 

=  0-307. 10-6. 0.Ja 
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225 

1-59.10^ 

2-45 

10 

362 

2-56.10* 

7-85 

15 
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3-18.10* 

14-6 

20 

490 

3-46.106 

21-3 

25 

505 

3-56.106 

Motor 

27-3 

la 

£  =  500  -  2-75  .  7„ 

r.p.m. 

=  3-18. 106. 1 
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10 
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By  means  of  these  figures  we  can. determine  the  speed  at  which  a  tramcar 
of  given  weight  will  ascend  a  given  incline,  as  well  as  the  current  taken  in 
doing  so. 

Let     p(7  ijg  ^j^g  weight  of  the  car  in  metric  tons  (i  metric  ton  =  looo  kg*) , 
/the  tractive  coefficient,  i.e.  the  force  in  kg  required  to  move  one 
ton  at  a  steady  speed  on  the  level, 
and  s  the  slope  or  gradient  in  parts  per  thousand; 

then  the  pull  required  on  the  level  will  be  W  .f.  On  the  slope,  the  weight 
AB  (Fig.  203)  acting  vertically  downwards  can  be  resolved  into  two  com- 
ponents, one  normal  to  the  surface  and  the  other  AO,  which  has  to  be  directly 
overcome  by  the  tractive  pull.  We  have  from  the  figure 

AO  =  AB.sm^. 


If  we  substitute  for  sin  ^  its  value 


1000 


and  for  AB  the  weight  of  the  car  in 


kilogrammes,  we  have 


AO  =  xoooW.^  =  W.s. 
1000 


The  pull  on  the  car  must  therefore  be  given  by  the  formula 

F  =  W.f+  W.s=  l^{/+s)kg*. 
If  the  radius  of  the  car-wheels  be  r  metre,  the  torque  on  the  axles  must 
^^  F.r=W{f+  s)  .y  met.-kg. 

If  the  gear  is  such  that  the  motor  runs  k  times  as  fast  as  the  car  axles,  the 
torque  of  the  motor,  by  the  conservation  of  energy,  must  be  a  ^th  part  of 
that  on  the  axles.  If  we  assume,  further,  that  the  gearing  has  an  efficiency 
7],  we  obtain  the  following  formula  for  the  total  torque  of  all  the  motors 
on  the  car:  p  ^     W.r.(f+s) 

h. 


2M,= 


In  our  present  example  the  radius  of  the  wheels  was  0-39  metre  and  the 
ratio  of  the  gearing  4-9.  If  we  assume  that  the  weight  of  the  car  is  8  tons 
and  the  tractive  coefficient  12  kg  per  ton,  we  have 

YM  -  ^  •  °'^^  •  ^^^  "^  ^^  ^  °'^^^  •  ^^^  "^  ^^ 
4-9.77  ij 

*  See  footnote  on  page  4^ . 
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In  our  case,  as  is  almost  universal,  each  car  was  provided  with  two 
motors,  so  that  each  motor  had  to  produce  half  the  required  torque.  Hence, 
for  each  motor,  we  have 

j^^  _SM,_  0-318  (12 +  s) 


or 


s  =  3-i4.7j.M«  -  12. 

This  gives  us  the  slope  up  which  the  car  can  steadily ^run  for  the  given 
torque  on  each  motor.  —      j'" 

As  a  rule,  the  efhciency  -q  of  the  gearing,  including  the  friction  and  iron 
losses  of  the  motor,  can  be  taken  as  o-8,  but  in  the  present  case  it  was  ac- 
curately determined  in  each  case  and  is  given  in  the  table  below.  In  the  same 
table  we  have  the  calculated  slopes  up  which  the  car  can  run  with  the  given 


Icms.  per  Vwxit 
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Fig.  204 


Strengths  of  current.  The  torque  exerted  by  the  motor  has  been  taken  from 
the  table  on  page  219.  A  negative  value  of  the  slope  denotes  running  down- 
hill. 

We  have  yet  to  calculate  the  speed  at  which  the  car  runs  in  any  given 
case.  To  obtain  the  revolutions  per  hour  of  the  car  wheels  we  must  multiply 
the  revolutions  of  the  motor  per  minute  by  60  and  divide  by  the  gear  ratio  k. 
If  the  revolutions  per  hour  made  by  the  car  wheels  be  multiplied  by  the 
circumference  of  the  wheels  in  metres  and  divided  by  1000,  we  get  the  speed 
of  the  car  in  kilometres  per  hour.  CaUing  this  speed  S,  we  have 

„     r.p.m. .  60    2y  .  TT  ,  , 

S  =  -^- — ; . km  per  hour. 

k  1000         ^ 

If  we  assume  the  radius  of  the  car  wheels  to  be  0-39  metre  and  the  gear  ratio 
k  to  be  4-9,  the  above  equation  becomes 

S  =  0-03. r.p.m.  km  per  hour. 

This  formula  has  been  employed  to  calculate  the  last  column  but  one  in  the 
following  table.   The  values  of  r.p.m.  have  been  taken  from  the  table  on 


222  Electrical  Engineerir^   ■ 

page  2ig.  The  current  I  in  the  last  column  is  the  total  current  taken  by  the 
car,  which,  as  the  two  motors  are  in  parallel,  is  equal  to  twice  /„. 


la 

-n 

s  =  3-i4.r?.M, - 

12 

S  =  0' 

■03 

.r.p.m. 

7=2. 

5 

0-75 

-  6-2  7oo 

29  km  per 

hour 

10 

10 

0-775 

+  7     .. 

17-7     „ 

„ 

20 

15 

0-805 

+  25  „ 

13-8     „ 

,, 

30 

20 

0-835 

+  44  ., 

12-3     „ 

)> 

40 

25 

0-85 

+  61  „ 

11-7     .. 

>) 

50 

In  Fig.  204  the  total  current  taken  by  the  car,  and  the  speed  at  which  it 
runs,  are  plotted  as  ordinates  on  a  base  representing  the  slope  or  gradient. 
It  is  more  customary  in  England  to  refer  to  a  slope  of  50  °l^^  or  5  per  cent. 
as  a  rise  of  i  in  20*. 

69.    The  Regulation  of  Series  Motors. 

The  speed  of  a  motor  is  given  by  equation  (100)  on  page  201,  viz. 

n  =  ^.""v^    -:^ revolutions  per  second. 

pja .  <p .  z  ^ 

In  this  equation  V  represents  the  terminal  pressure  of  the  motor.  A 
method  of  regulating  the  speed  of  a  series  motor,  which  suggests  itself  at 
once,  is  by  regulating  the  terminal  pressure  by  means  of  the  starting  resist- 
ance. The  current  corresponding  to  the  load  on  the  motor  causes  a  fall  of 
potential  in  the  resistance,  thus  reducing  the  p.d.  between  the  armature 
terminals.  We  may  look  at  the  matter  from  another  point  of  view,  and  let 
V  represent  the  supply  pressure  of  the  mains.  Putting  in  an  external  resist- 
ance i?i  increases  the  total  resistance  from  i?„  to  R^  +  R^,  and  the  above 
equation  becomes  {F  -  7„ .  (J?„  + -Ri)} .  io« 

"  ~  PJa.^.Z 

It  is  quite  immaterial  which  of  these  two  ideas  we  adopt.  In  the  one 
case  we  imagine  the  positive  term  in  the  numerator  to  be  decreased,  while 
in  the  other  case  we  imagine  the  negative  term  to  be  increased.  Both  lead 
to  the  same  result,  viz.  a  fall  of  speed. 

Although  this  method  of  regulating  the  speed  is  the  one  generally 
adopted,  it  is  very  wasteful,  since  the  power  saved  at  the  motor  by  decreas- 
ing its  speed  is  all  dissipated  in  the  regulating  resistance.  Another  method 
which  is  occasionally  resorted  to  is  that  of  altering  the  excitation.  As  we 
have  already  seen  when  considering  the  shunt  motor,  the  speed  is  increased 
by  decreasing  the  value  of  CE)  in  the  denominator  of  the  above  equation.  We 
cannot  here,  however,  weaken  the  field  by  putting  resistance  in  series  with 
the  field  winding,  since  such  resistance  would  be  in  series  with  the  armature 
and  would  merely  lower  the  p.d.  between  the  brushes.  By  putting  a  resist- 
ance in  parallel  with  the  field  winding,  as  shown  in  Fig.  205,  a  part  of  the 

ature  current  is  shunted  and  takes  no  part  in  the  excitation. 

*  For  further  information  on  this  subject,  the  student  should  refer  to  Electric  Traction 
by  Wilson  and  Lydall. 
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If  we  assume,  for  the  sake  of  simplicity,  that  the  resistance  connected  in 
parallel  with  the  field  winding  has  the  same  resistance  as  the  field  winding, 
and  that  the  magnetic  flux  is  proportional  to  the  magnetising  current,  it 
appears  at  first  sight  that  the  magnetic  flux  has  been  halved,  and  the  speed 
consequently  doubled.   This,  however,  is  not  the  case,  for  we  have  seen. 


( 


vvw^ 


fig.  205 

when  considering  the  shunt  motor,  that  with  a  constant  load  a  weakening 
of  the  field  leads  to  an  increase  in  the  armature  current.  To  determine  the 
strength  of  the  armature  current  that  flows  when  the  field  winding  is  shunted, 
we  must  first  draw  the  characteristic  curves  of  the  motor  without  the  resist- 
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Fig.  207 


ance  (Fig.  206).  The  ordinates  of  the  curve  Mf  are  equal  to  the  product  of 
the  corresponding  values  of  the  flux  O  and  the  current  /„.  In  Fig.  207  we 
have  the  same  curves  for  the  motor  when  the  field  winding  is  shunted.  The 
flux  curve  is  exactly  the  same  as  before,  but  the  numbers  along  the  base 
have  been  doubled,  since  the  same  flux  is  still  produced  by  the  same  magnet- 
ising current,  and  therefore  by  double  the  armature  current.  The  curve  M^ 
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in  Fig.  207  is  obtained,  as  before,  by  multiplying  the  flux  O  and  the  cur- 
rent la-  We  can  then  see  from  these  two  figures  the  values  of  the  flux  and 
current  for  the  same  turning-moment  or  load.  From  Fig.  206,  for  example, 
we  find  that  a  torque  of  14  met. -kg' requires  a  current  of  15  amperes  and  a 
flux  of  3-1 .  10*  lines.  For  the  same  load,  after  the  field  has  been  weakened. 
Fig.  207  shows  a  current  of  about  19  amperes  and  a  flux  of  2-5 .  10*  lines. 
If  we  neglect  the  small  ohmic  pressure  drop,  the  speed  is  inversely  propor- 
tional to  the  flux.  In  the  present  case,  therefore,  the  speed  has  been  in- 
creased in  the  ratio  of  3-1  to  2-5,  or  24  per  cent.,  by  putting  an  equivalent 
resistance  in  parallel  with  the  field  winding. 

This  method  of  varying  the  speed  by  shunting  the  field  current  necessi- 
tates a  certain  loss  of  energy  in  the  shunt.  This  loss  is  small,  but  can  be 
avoided  by  adopting  a  method  due  to  Sprague,  in  which  the  field  coils  are 


Fig.  208 


Fig.  209 


all  connected  in  series  at  starting.  At  full  speed  they  are  connected  in 
parallel,  so  that  each  magnet  coil  carries  only  a  part  of  the  armature  current. 
The  speed  can  be  economically  varied  over  a  considerable  range  by  this 
method.  Two  steps  in  such  an  arrangement  are  shown  in  Figs.  208 
and  209. 

The  regulation  of  the  speed  of  series  motors  by  weakening  the  field  is 
now  seldom  resorted  to.  From  what  we  saw  in  Section  54  concerning  the 
effect  of  cross-magnetisation,  it  is  evident  that  an  undue  weakening  of  the 
main  field  must  give  rise  to  sparking  at  the  commutator.  Moreover,  there 
is  the  danger  of  the  magnetic  flux  not  being  the  same  in  each  of  the  several 
motors  on  a  car.  This  may  result  from  differences  between  the  magnetic 
reluctances  of  the  motors,  or  from  faulty  contacts  due  to  the  continual 
operation  of  the  switching  gear,  which  would  cause  the  current  to  divide 
unequally  between  the  various  parallel  paths.  The  effect  of  such  differences 
can  be  seen  clearly  from  the  following  example.  A  tramcar  has  two  motors 
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connected  in  parallel,  the  pressure  V  across  the  brushes  is  500  volts  and  the 
armature  resistance  of  each  motor  is  i  ohm.  If  the  current  in  one  motor  is 
15  amperes,  the  back  electromotive  force  can  be  found  as  follows : 

£•  =  500  -  15 . 1  =  485  volts. 

We  shall  now  assume  that  the  magnetic  flux  of  the  second  motor  is 

5  per  cent,  less  than  that  of  the  first  motor.   As  the  two  motors  are  on  the 

same  car  they  must  necessarily  run  at  the  same  speed.   The  back  e.m.f.  of 

the  second  motor  is  therefore  5  per  cent,  smaller  than  that  of  the  first,  and 

we  have  in  this  case         c-       .qh  „    ^        a        1^ 

E  =  485 . 0-95  =  460  volts. 

To  find  the  current  in  the  second  motor,  we  have 


/„  = 


Rn 


E  _  500  —  460 


=  40  amperes. 


The  total  current  taken  by  the  car  is  40  +  15  =  55  amperes,  and  of  this 
only  15  amperes  flow  through  the  more  strongly  magnetised  motor,  while 
40  amperes  pass  through  the  weakly  magnetised  motor.  The  latter  does 
almost  three  times  as  much  work  as  the  former.    It  is  not  difficult  to  cal- 


Fig.  210 

culate  the  conditions  under  which  the  back  e.m.f.  of  one  motor  becomes 
equal  to  the  terminal  pressure,  so  that  its  current  and  input  are  both  zero. 
It  is  possible,  however,  to  go  still  further,  and  find  a  speed  at  which  the 
E.M.F.  of  the  strongly  excited  machine  is  greater  than  the  supply  pressure, 
and  the  machine  works  as  a  generator  supplying  power  to  the  other  motor. 
The  latter  has  then  not  only  to  drive  the  car,  but  also  to  drive  the  other 
machine  as  a  loaded  generator.  The  result  is  that  the  armature  of  the  under- 
excited  motor  becomes  over-heated  and  is  rapidly  destroyed. 

It  may  also  occur  that  the  armature  resistances  are  unequal.  This 
would  also  be  very  disadvantageous  in  the  Sprague  arrangement. 

As  a  result  of  these  difficulties,  speed  regulation  of  series  motors  is 
rarely  carried  out  by  shunting  or  rearranging  the  field  windings.  The  general 
method  now  adopted  is  the  simple  resistance  in  series  with  the  motor.  The 
armature  is  always  in  series  with  its  own  field  winding,  so  that  the  armature 
current  of  any  motor  is  identical  with  the  magnetising  current  of  that  motor. 
At  starting,  both  the  current  and  power  taken  by  the  car  can  be  greatly 
reduced  by  connecting  the  motors  in  series.  Each  motor  then  acts  as  a 
resistance  in  series  with  the  other  (Fig.  210),  and  the  pressure  across  each 
motor  is  only  half  that  of  the  mains.  The  current  taken  by  the  car  is  only 
that  of  a  single  motor;  this  is  a  most  important  point,  since  the  current 

T.  E.  15 
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taken  to  start  a  car  is  very  great.  When  a  certain  speed  has  been  reached, 
the  motors  are  connected  in  parallel  (Fig.  211).  It  would  appear  at  first 
sight  as  if  we  had  again  encountered  the  difiiculty  of  an  unequal  distribu- 
tion of  current  and  work,  if  by  any  chance  the  internal  resistances  or  field 
strengths  were  not  exactly  equal.  If,  for  example,  one  of  the  armatures  in 
Fig.  211  had  a  larger  resistance  than  the  other,  its  current 

I   =^^^ 

would  apparently  be  smaller  than  that  of  the  other  motor.  Since,  however, 
its  flux  and  back  e.m.f.  would  be  thereby  simultaneously  reduced,  the 
inequality  is  almost  entirely  neutralised.  Suppose,  for  example,  that  the 
following  figures  refer  to  one  of  the  motors : 

V  =  500,    $  =  3 .  106,     7„  =  20,     Ra  =  2, 

while  the  resistance  of  the  other  is  so  different  that  its  current  is  18  amperes 
and  the  magnetic  flux,  found  from  the  characteristic  for  a  magnetising 
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current  of  18  amperes,  is  2-9.10*  lines.  We  shall  now  calculate  the  resist- 
ance X  of  the  second  motor.  Since  both  motors  run  at  the  same  speed,  we 
have  from  equation  (lOo)  on  page  201 : 

(500  —  20  .  2) .  10^     (500  —  18 .  a;) .  10^ 


n  = 


^ .  3  .  10* 


.Z 


P 

- .  2-9 . 


io«.Z 


From  this  we  get  x  =  3-05  ohms. 

Hence  we  see  that  an  increase  in  the  resistance  of  50  per  cent,  merely  causes 
the  current  to  decrease  from  20  to  18  amperes.  Similarly,  a  difference  in 
the  magnetic  flux  will  cause  a  very  small  difference  in  current  (Figs.  212 
and  213).  We  may  assume  that  the  gap  between  armature  and  poles  is 
greater  in  the  second  motor,  thus  causing  its  characteristic  curve,  which 
shows  the  relation  between  magnetising  current  and  fltix,  to  lie  lower  than 
the  corresponding  curve  of  the  first  motor.  For  the  sake. of  simphcity  the 
values  of  the  flux  in  Fig.  213  are  taken  10  per  cent,  less  than  those  in  Fig.  212. 
If  now  we  draw  the  speed  characteristics  under  the  assumption  that  the 
terminal  pressure  is  the  same  and  the  internal  resistance  is  negligible,  we 


6g.  The  Regulation  of  Series  Motors  227 

find  that  it  lies  higher  in  the  second  case.  For  any  given  speed,  such  as  that 
shown  by  the  dotted  horizontal  line,  we  see  that  the  second  motor  takes  a 
larger  current.  The  difference  is,  however,  very  smaU  and  never  reaches 
the  values  obtained  above  for  the  Sprague  arrangement.  The  motor  having 
the  larger  magnetic  reluctance  develops  a  smaller  e.m.f.,  and  thereby  en- 
ables a  larger  current  to  flow  through  it.  This  larger  current,  however, 
passes  round  the  magnets  of  the  same  motor  and  makes  up  to  some  extent 
for  its  greater  reluctance,  so  that  the  difference  in  the  flux  cannot  become 
very  considerable. 

70,    Temperature  Rise  of  Motors,  etc. 

In  dynamos  and  motors,  and  in  all  electrical  machinery,  a  certain 
fraction  of  the  power  supplied  to  the  machine  is  unavoidably  dissipated  as 
heat.  In  the  interests  of  economy  this  fraction  should  be  kept  as  small  as 
possible,  consistent  with  compactness  and  cheapness.  The  heat  will  be 
conducted  from  hot  to  cold  parts  of  the  machine,  and  wiU  ultimately  be 
carried  off  by  radiation  and  conduction  combined.  The  allowable  tempera- 
ture rise  win  depend  on  the  materials  entering  into  the  construction  of  the 
machine,  such  as  paper,  cotton,  micanite,  etc.,  and  in  some  cases  on  mech- 
anical considerations,  such  as  the  elongation  of  the  commutator  bars  and 
consequent  inequalities  in  the  commutator  surface.  Experience  has  shown 
that  the  temperature  of  coils  of  cotton-covered  copper  wire,  such  as  are 
used  on  the  armatures  and  fields  of  motors,  should  not  exceed  the  ordinary 
atmospheric  temperature  by  more  than  about  40°  C.  This  allows  a  certain 
margin,  which  is  very  necessary,  for  some  parts  of  the  winding  will  be  hotter 
than  others,  and  machines  are  hable  to  be  overloaded.  When  a  temperature 
rise  is  specified,  the  way  in  which  it  is  to  be  measured  should  also  be  specified, 
for  very  different  results  may  be  obtained  by  applying  a  thermometer 
instead  of  measuring  the  increase  in  resistance  of  a  coil  and  calculating 
therefrom  the  temperature  rise.  The  temperature  will  depend  on  the  time 
the  machine  has  been  running,  and  may,  in  large  machines,  increase  for 
many  hours.  The  final  temperature  may  be  predicted  from  the  curve 
showing  the  gradual  rise  from  the  beginning  of  the  test.  The  accuracy  of 
the  prediction  is  affected,  however,  by  the  exchanges  of  heat  going  on  within 
the  machine  itself.  In  the  majority  of  cases  a  six-hour  run  on  full-load  is 
quite  sufficient  to  determine  the  heating  of  a  machine.  In  many  cases,  such 
as  occur  in  tramway  and  railway  work,  it  is  almost  impossible  to  test  the 
machines  under  running  conditions.  In  such  cases  a  test  is  made  under 
certain  prearranged  conditions,  generally  a  run  of  one  hour  with  the  covers 
open,  the  load  being  kept  at  a  constant  value  to  give  the  nominal  H.P.,  and 
the  temperature  rise  determined.  It  is  usually  specified  not  to  exceed 
75°  C.  under  these  conditions. 

In  many  cases  the  load  on  a  motor  is  perfectly  definite  but  intermittent. 
Such  cases  occur  in  connection  with  cranes  and  pit  hoisting  gear.  A 
heating  test  at  the  works  would  be  rather  inconvenient  under  such  condi- 
tions, but  quite  apart  from  this  it  is  very  important  to  be  able  to  predict 
from  the  steady  heating  curve  the  probable  temperature  rise  under  any 
given  conditions  of  intermittent  loading.    The  same  problem  is  met  with 

15—2 
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in  starting  resistances  for  motors  which  are  repeatedly  stopped  and 
restarted. 

We  will  now  consider  the  question  of  temperature  rise  a  little  more 
closely.  The  rate  at  which  heat  is  radiated  by  any  body  depends  on  the 
nature  and  extent  of  its  surface,  and  on  its  excess  temperature  above  the 
surroundings.  The  temperature  will  continue  to  rise  until  the  rate  of  heat 
radiation  is  equal  to  the  rate  of  heat  production.  The  final  excess  of  tem- 
perature will  be  directly  proportional  to  the  power  dissipated  as  heat  in  the 
body  and  inversely  proportional  to  its  surface.  In  any  actual  example, 
such  as  the  armature  of  a  motor  or  dynamo,  this  simple  relation  is  compli- 
cated by  the  effect  of  ventilation.  It  is  diflfiicult  to  know  what  allowance 
to  make  for  such  surfaces  as  the  waUs  of  ventilating  ducts,  and  also  for  the 
effect  of  speed  of  rotation.  The  formulae  used  in  dynamo  design  are  more 
or  less  empirical,  being  based  on  the  results  of  numerous  tests  of  actual 
machines.  They  are  generally  of  the  form 

™_  k .  watts  per  sq.  cm 

where  T  is  the  final  rise  of  temperature, 

V  is  the  peripheral  speed  in  metres  per  second, 

and  k  and  k^  are  constants. 

k  depends  on  the  nature  of  the  surface,  but  also  very  largely  on  the  method 
of  computing  the  effective  surface,  k^  depends  on  the  cooling  effects  of 
rotation,  and  for  ordinary  armatures  is  usually  taken  as  lo. 

The  curve  representing  the  temperature  at  various  times  will  start  as  a 
straight  line  from  the  origin  and  gradually  bend  round  until  it  becomes 
horizontal  at  the  final  temperature.   We  will  now  investigate  this  curve. 

Let  M  be  the  mass  of  the  body, 

A  the  area  of  its  surface, 

r  its  excess  temperature  at  the  given  moment, 

s  its  specific  heat, 

e  the  emissivity  of  the  surface,  and 

P  the  power  dissipated  in  the  body. 

The  energy  developed  as  heat  in  a  short  interval  dt  will  be  P.M.  The 
energy  radiated  away  in  the  same  time  will  hQ  T.A.e.dt.  If  these  two 
quantities  are  equal  the  temperature  has  reached  a  steady  value,  but  if  the 
former  exceeds  the  latter,  the  temperature  will  increase  by  an  amount  dT 
and  the  heat  stored  in  the  body  by  an  amount  M.s.dT.     Hence 

P.di-  T.A.e.dl  =  M.s.dT    (a). 

If  T^  be  the  final  excess  temperature  which  would  be  reached  if  the 
power  supply  P  were  maintained  long  enough,  we  have 

P=-T^.A.e (J). 
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The  ratio    .  "  -  is  a  constant  for  the  body.     It  is  the  ratio  of  the  heat 

stored  to  the  rate  of  radiation.   We  will  call  this  the  time  constant  t  of  the 
body. 

Substituting  (&)  in  {a)  and  introducing  r,  we  have 

T^.A  .e.dt-  T.A  .e.dt  =  A  .e.r.dT, 

or  {T^-T)dt  =  T.dT. 

j'Y' 

If  we  write  this  dt  =  t  .        _  „  and  integrate  both  sides,  we  have 

t  =  —  r  log  (T^  —  T)  +  a  constant. 
When  ^  =  0,  we  know  that  T  =  o,  so  that  the  constant  must  be  t  log  T^, 
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Fig.  214 

This  is  very  similar  to  the  formula  for  the  rate  of  growth  of  current  in  an 

inductive  circuit,  when  a  p.d.  is  suddenly  applied,  in  which  case  p  is  Ccdled 

the  time  constant  of  the  circuit. 
If  we  put  <  =  T,  we  have 

T 
log  ^    "'^  =1     or    r  -  o-633r„ 


T    -T 


Hence  the  time  constant  is  the  time  taken  to  reach  0-633  of  the  final  tem- 
perature rise. 

By  using  formula  (c)  the  heating  curve  can  be  plotted,  and  similarly  the 
cooling  curve  (Fig.  214).  If,  now,  a  load  is  applied  intermittently,  the 
duration  of  the  load  being  a  and  the  intervening  pause  b,  the  temperature 
will  rise  irregularly  for  some  time,  but  will  finally  oscillate  between  a  maxi- 
mum T'  and  a  minimum  T".  This  is  shown  in  the  figure  by  the  zigzag  hue, 
which  is  always  drawn  parallel  to  the  heating  or  cooling  curve  at  the  proper 
temperature.  It  is  obvious  that  the  temperature  will  rise  until  a  point  is 
reached  at  which  the  fall  of  temperature  during  the  interval  h  is  exactly 
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equal  to  the  rise  during  the  interval  a.  The  permissible  overload  due  to  the 
heating  being  intermittent  is  obviously  equal  to  the  ratio  of  T^  to  T'.  This 

depends  not  only  on  -r ,  but  also  on  - ,  that  is,  on  the  duration  of  the  load  with 

regard  to  the  time  constant.   It  is  obvious  that  no  overload  can  be  allowed 
for  intermittent  working,  if  a  and  h  each  represent  several  hours. 

For  further  information  on  this  interesting  subject,  students  are  referred 
to  the  Elektrotechnische  Zeitschrift,  1900,  p.  1058,  and  1905,  p.  346. 


CHAPTER  X 

71.  The  instantaneous  value  of  the  induced  e.m.f. — 72.  The  electrolytic  mean  or 
average  value  of  an  alternating  current, — 73.  Power  in  A.c.  circuits  and  r.m.s. 
current. — 74  Vector  diagrams. — 75.  The  e.m.f.  of  self-induction.— 76.  Ohm's 
law  applied  to  alternating  currents. — 77.  Resistance  and  inductance  in  series. — 78. 
Resistance  and  inductance  in  parallel. — 79.  Effect  of  phase  difference  on  A.c. 
power. — 80.  Effect  of  capacity. — 81.  Resistance  and  capacity  in  series. — 82. 
Circuit  containing  resistance,  inductance  and  capacity. — 83.  Self-induction  and 
capacity  in  parallel. 

71.    The  Instantaneous  Value  of  the  Induced  E.M.F. 

When  a  coil  of  wire  is  rotated  about  a  diameter  in  a  uniform  magnetic 
field,  electromotive  forces  are  induced  in  it  which  change  periodically  both 
in  strength  and  direction.  The  axis  about  which  the  coil  rotates  should  be 
at  right  angles  to  the  direction  of  the  field,  as  shown  in  Figs.  215  and  216, 


Fig.  216 


where  a  rectangular  coil  is  wound  on  a  non-magnetic  cylinder.  The  dotted 
lines  represent  the  lines  of  force,  the  large  circle  the  non-magnetic  cylinder, 
and  the  smaller  circles  the  sides  of  the  coil  in  section.  In  Fig.  215  the  coil 
is  at  right  angles  to  the  lines  and  the  magnetic  flux  threading  the  coil  is  a 
maximum.  The  motion  of  the  conductors  on  the  cylindrical  surface  is,  at 
the  given  moment,  parallel  to  the  lines  of  force,  and  no  e.m.f.  is  induced  in 
them.  We  shall  take  this  position,  in  which  there  is  no  induced  e.m.f.,  as 
our  starting  point  or  origin.  In  Fig.  216  the  coil  has  moved  through  an 
angle  a  and  is  cutting  obliquely  through  the  lines  of  force,  so  that  an  e.m.f. 
is  being  induced  in  the  coil.  If  we  assume  that  the  lines  of  force  pass  up  the 
page  and  that  the  cylinder  is  rotated  in  a  clockwise  direction,  an  application 
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of  the  right-hand  rule  shows  the  direction  of  the  induced  e.m.f.  to  be  as 
indicated  in  the  figure. 

The  E.M.F.  induced  in  the  coil  is  greater  the  more  rapidly  the  lines  of 
force  are  cut,  that  is,  the  less  obUquely  the  coil  cuts  through  them.  The 
E.M.F.  will  therefore  reach  its  maximum  value  when  the  Unes  are  cut  at 
right  angles,  that  is,  when  the  coil  is  vertical  and  is  threaded  by  no  Une  of 
force.  On  rotating  the  coil  still  further  the  instantaneous  value  of  the  e.m.f. 
decreases,  and  reaches  zero  when  the  coil  is  once  more  horizontal.  At  this 
moment  the  direction  of  the  induced  e.m.f.  in  the  coil  is  reversed.  So  long 
as  the  wire  is  on  the  upper  half  of  the  drum  it  cuts  the  Unes  from  left  to 
right,  but  when  it  passes  over  to  the  under  side  of  the  drum  it  cuts  them  from 
right  to  left.  Hence,  the  induced  e.m.f.  varies  both  in  magnitude  and  in 
direction. 

If  H  be  the  strength  of  field  in  lines  per  sq.  cm, 

O  the  maximum  flux  through  the  coil, 

i^o  the  constant  peripheral  speed  in  cm  per  sec, 

n  the  revolutions  per  second, 

D  the  diameter  of  the  drum  in  cm, 

L  the  induced  length  of  the  coil-side, 

and    z'  the  number  of  wires  connected  in  series  (if  the  coil  consist  of  a 
single  loop  z'  =  2), 

then  for  the  instantaneous  value  of  the  induced  e.m.f.  we  have  equation  (62) 
on  page  81,  according  to  which 

E  =  H .l.v.io~^  volts. 

For  I,  which  is  the  total  length  of  induced  wire,  we  must  put  L.z'.  With 
regard  to  the  speed  v  with  which  the  lines  are  cut,  it  is  evident  from  Fig.  216 
that  it  is  merely  the  horizontal  component  of  the  peripheral  speed  Vo-  The 
same  lines  would  be  cut  if  the  conductor  moved  horizontally  with  a  speed  v 
equal  to  Vg  sin  a.   Now 

Vg  =  TT.D.n. 

Making  these  substitutions  in  the  above  equation,  we  have 

e  =  H.L.z' .D.n.n. sin  a.io~^, 

where  e  is  the  instantaneous  value  of  the  induced  e.m.f. 

The  product  D.L  is  equal  to  the  area  of  the  coil  in  square  centimetres, 

and  H  is  the  number  of  lines  per  sq.  cm.    Hence  the  product  H .D.L  is 

equal  to  the  total  flux  $  passing  through  the  coil  when  it  is  perpendicular 

to  the  field. 

We  have,  therefore, 

e  =Tr. (p. n.z  .10  *.sin  a  (107). 

The  instantaneous  value  of  the  e.m.f.  is  therefore  proportional  to  the 
sine  of  the  angle  which  the  plane  of  the  coil  makes  with  the  initial  position. 
When  a  =  0,  e  =  0,  and  when  a  =  90°,  sin  a  =  i,  and  the  e.m.f.  has  its 
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maximum  value,  as  we  have  already  seen.    The  value  of  this  maximum 
E.M.F.  is  seen  from  equation  (107)  to  be 


.(108). 


e  =  rr.^.n.z'  .10  * 

Equation  (107)  can  now  be  written  in  the  form 

A 

e  =  esina    (109). 

For  values  of  a  between  o  and  180°,  sin  a  is  positive,  whereas  for  values 
between  180°  and  360°  it  is  negative.  This  is  in  agreement  with  the  fact 
already  mentioned,  that  the  e.m.f.  changes  its  direction  in  the  horizontal 
position  of  the  coil,  corresponding  to  a  =  180°.  If  a  curve  be  drawn,  having 
the  values  of  the  angle  a  for  abscissae  and  the  corresponding  instantaneous 
values  of  the  induced  e.m.f.  for  ordinates,  the  well-known  sine  curve  is 
obtained.  We  can,  however,  introduce  the  time  i  as  the  variable  and  express 
the  E.M.F.  as  a  function  of  the  time.  If  oj  be  the  angular  velocity  of  the  coil 
and  i  the  time  taken  to  reach  its  present  momentary  position,  the  angle 


Fig.  217 

co.t  is  identical  with  the  angle  a,  and  we  may  write  equation  (109)  in  the 
form  /v 

e  =  e.sin  (w.t)  (no)- 

If  the  abscissae  of  our  curve  be  made  to  represent  the  time  i  instead 
of  the  angle  a,  we  merely  alter  the  scale  and  obtain  the  curve  shown  in 
Fig.  217.  This  shows  clearly  how  the  e.m.f.  varies  from  moment  to  moment. 
The  time  t-^  of  a  complete  revolution  corresponds  to  the  angle  2tt.  During 
this  time  the  e.m.f.  passes  through  both  a  positive  and  a  negative  maximum, 
and  returns  to  its  initial  value  ready  to  pass  again  through  the  same  cycle. 
The  time  thus  taken  to  go  through  a  complete  cycle  is  called  the  period, 
or  the  periodic  time.  A  common  value  of  the  periodic  time  in  alternating 
current  practice  is  a  fiftieth  of  a  second,  so  that  the  current  or  e.m.f.  passes 
through  50  periods  or  cycles  per  second.  It  is  then  said  to  have  a  frequency 
or  periodicity  of  50.  Some  American  engineers  call  a  half-period  an  alter- 
nation, and  speak  of  a  current  with  a  frequency  of  50  as  having  6000 
alternations  per  minute. 

If  the  drum  on  which  the  coil  is  wound  be  made  of  iron  and  it  be  rotated 
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between  the  poles  of  an  electromagnet  in  the  usual  way  (Fig.  218),  the 
induced  e.m.f.  will  not  be  a  sine  function  of  the  time.  The  lines  of  force  now 
pass  perpendicularly  across  the  gap,  so  that  they  are  no  longer  cut  obliquely 
according  to  a  fixed  trigonometrical  rule.  It  is  possible,  however,  by  suit- 
ably shaping  the  pole-tips,  to  make  the  gradation  from  the  neutral  zone  to 
the  strong  field  under  the  pole  very  gradual,  so  that  we  may  assume  that 
the  field  strength  is  distributed  round  the  armature  according  to  the  sine 
law.  Its  maximum  value  wiU  be  under  the  centre  of  the  pole  and  it  will 
gradually  decrease  on  either  side  towards  the  neutral  zone,  in  the  centre  of 
which  it  will  be  zero.  The  induced  e.m.f.  wiU  again  be  a  sine  function  of  the 
time,  and  wiU  be  given  by  equation  (107).  As  before,  O  represents  the 
maximum  flux  passing  through  the  coil.  This  is  here  the  same  thing  as  the 
flux  leaving  the  north  pole  of  the  field  magnet. 

For  multipolar  machines  with  p  pairs  of  poles,  the  equation  must  be 
slightly  modified.  As  in  direct  current  armatures  each  coil  will  span  a  pole- 
pitch,  the  wire  which  passes  under  the  centre  of  a  north  pole  crossing  at  the 


end  and  coming  up  under  the  next  south  pole  (Fig.  219).  The  number  of 
lines  of  force  cut  in  one  revolution  will  be  p  times  as  many  as  in  a  bipolar 
machine  with  the  same  value  of  O.  The  e.m.f,  induced  in  the  coil  will  be 
p  times  as  great,  and  we  get  the  following  general  formula: 

e  =  TT  .<S>  .p  .n  .z'  .-LO'^  .sin  a. 

The  product  p.n  is  equal  to  the  number  of  cycles  per  second.  This  is 
sometimes  represented  by  the  sign  ~,  which  is  derived  from  the  sine  wave 
but  we  shall  employ  the  letter/.  If  we  substitute  the  frequency  /  for  ^.w 
in  the  above  equation,  we  get 

e  =  TT .(^ .f.z' .io~^ .sin a  (m). 

Similarly  e  =  tt.O./.^'.io-s     (112). 

These  formulae  are  equally  applicable  to  two-pole  or  multipolar 
machines.  The  angle  a  has  not,  however,  the  same  meaning  in  both  cases. 
In  the  four-pole  machine  in  Fig.  219,  a  movement  of  the  wire  from  the 
neutral  axis  to  the  middle  of  the  pole  represents  a  geometrical  angle  of  45°. 
The  E.M.F.  has  increased,  however,  from  o  to  its  maximum  value,  so  that 
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sin  a  must  have  its  maximum  value  i  for  the  position  under  the  middle  of 
the  pole.  It  is  evident  that  we  cannot,  in  such  a  case,  put  sin  a  equal  to 
sjn  45°-  The  difficulty  could  be  avoided  by  putting  sin  {p. a)  instead  of 
sin  a  in  the  equation,  in  which  case  a  would  always  represent  the  geometrical 
angle.  This  is,  however,  an  unnecessary  complication.  We  shall  assume  in 
all  that  follows  that  a  degree  is  not  the  360th  part  of  a  complete  revolution, 
but  the  360th  part  of  a  complete  period  or  cycle.  A  complete  cycle  thus 
corresponds  to  an  angle  zv.  The  angle  tt  represents  half  a  period,  that  is, 
the  time  taken  for  a  wire  to  pass  from  the  middle  of  a  north  pole  to  the  middle 
of  the  adjacent  south  pole.  A  rigid  adherence  to  this  assumption  will  make 
a  mistake  in  applying  the  above,  or  similar,  equations  impossible. 

72.    The  Electrolytic  Mean  or  Average  Value  of  an 
Alternating  Current. 

We  have  seen  in  the  previous  section  that  the  induced  electromotive 
force  varies  as  a  sine  function  of  the  time.  If  we  assume  that  the  circuit 
contains  only  ohmic  resistance  and  is  free  from  self-induction,  we  can  deter- 
mine the  current  at  any  moment  by  dividing  the  electromotive  force  at  that 
moment  by  the  constant  resistance.  Hence,  by  simply  altering  the  ordinate 
scale,  the  sine  curve  of  e.m.f.  may  represent  the  alternating  current.  The 
instantaneous  value  of  the  current  is  therefore  proportional  to  the  sine  of 
the  angle  a  which  the  plane  of  the  coil  makes  with  its  initial  position,  and  we 

may  write  a 

i  —  i  sin  a. 

In  order  to  determine  the  mean  value  of  the  current  experimentally,  the 
ends  of  the  coU  are  connected  to  a  two-part  commutator,  in  the  manner 
already  described  in  Section  43.  The  current  in  the  external  circuit  is  then 
pulsating,  but  always  in  one  direction,  and  we  are  said  to  have  rectified  the 
alternating  current.  If  this  current  is  passed  through  a  copper  voltameter, 
the  quantity  of  copper  deposited  in  a  given  time  is  a  measure  of  the  quantity 
of  electricity  which  has  passed  through  the  circuit.  To  find  the  mean  value 
of  the  current,  we  must  divide  the  mass  w  of  the  deposit  in  milligrammes  by 
the  time  t  and  by  the  electrochemical  equivalent  of  copper,  0-328.  We  thus 
have 


"^^  ~  0-328 .  t  ■ 

The  average  value  of  the  current  may  thus  be  called  the  electrolytic 
mean.  To  determine  it  graphically,  we  plot  the  time  t  as  abscissa  and  the 
current  i  as  ordinate.  After  a  time  t,  reckoned  from  the  initial  position,  the 
value  of  the  current  is  given  by  the  equation 

A  A 

i  =  i  sin  a  =  «'  sin  (o) .  if) . 

For  an  infinitely  short  interval  of  time  dt,  the  current  may  be  assumed 
to  be  constant.  Since  the  current  is  defined  as  the  quantity  of  electricity 
passing  per  second,  the  product  i.dt,  which  is  represented  by  the  narrow 
vertical  strip  in  Fig.  220,  is  equal  to  the  quantity  of  electricity  passing  in 
the  time  dt.  The  total  quantity  passing  during  the  whole  period  t^  is  equal  to 
the  sum  of  all  such  elemental  strips,  that  is,  to  the  shaded  area  in  the  figure. 
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The  average  value  of  the  current  is  found  by  dividing  this  area  by  the  tinie 
t^.  If  a  rectangle  of  equal  area  be  drawn  on  the  same  base,  the  height  of  this 
rectangle  gives  the  required  mean  current. 

An  approximate  value  can  be  obtained  by  finding  the  mean  of  the  values 

of  sin  o,  sin  10°,  sin  20°,  and  so  on  up  to  sin  90°,  and  multiplying  it  by  i. 
To  obtain  an  accurate  value  of  the  mean  current,  we  must  determine  the 
area  of  the  shaded  area  (Fig.  221)  corresponding  to  half  a  period.  The  inte- 
gration is  simphfied  by  plotting  angles  as  abscissae.  The  area  of  the 
narrow  vertical  strip  in  Fig.  221  is 

A 

i.da  =  J. sin  a. da. 

To  find  the  whole  area  we  must  integrate,  or  add  up  all  the  strips, 
between  the  limits  o  and  tt.  This  gives  us 

Til  .da  =  i  I   sm a.da=  2i. 
0  '" 


Fig.  220 


Fig.  221 


Bydividing  this  area  by  the  base  tt  we  get  the  average  height  or  average 
current.    Hence 

4v  =  -.?=o-636.» (113). 

TT 

Hence,  on  the  assumption  that  the  current  is  a  simple  sine  function  of  the 
time,  its  average  value  is  to  the  maximum  value  as  2 :  tt  or  as  7 :  11. 
Similarly  for  the  electromotive  force,  we  have 


2    ^        /-  £   ^ 
-  .  e  =  0-03D  .  e 

TT 


.(114). 


The  average  values  of  the  alternating  current  and  pressure  are,  however, 
little  used  in  electrical  engineering,  since  they  cannot  be  used  to  calculate 
the  power.  The  reason  for  this  will  be  clear  after  reading  the  next  section. 


73.    Power  in  A.C.  Circuits  and  Root-mean-square  Current. 

As  we  have  just  mentioned,  the  power  cannot  be  obtained  by  multiplying 
together  the  mean  values  of  the  current  and  pressure.  We  must  find  the 
momentary  value  of  the  power  by  multiplying  the  momentary  value  of  the 
current  by  the  value  of  the  pressure  at  the  same  instant.   The  same  result 
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is  obtained  by  squaring  the  momentary  value  of  the  current  and  multiplying 
by  the  resistance.  Hence,  for  the  power  at  any  instant,  we  have 

P  =  e.sincs.i.sin  a  =  {i.sinaj^.R. 

These  values  of  P  are  found  for  various  moments  during  the  period,  and 
plotted  as  ordinates  in  Fig.  222.  As  power  is  the  work  done  per  second,  the 
area  of  the  small  strip  P .  dt  must  represent  the  work  done  during  the  interval 
dt.  The  whole  shaded  area  must  represent  the  total  work  done  during  a 
period.  If  this  be  divided  by  the  time  t-^  in  which  the  work  is  done,  we  get 
the  mean  work  per  second,  that  is,  the'  mean  power.  This  is  given  by  the 
height  of  a  rectangle  of  the  same  area  and  on  the  same  base  as  the  shaded 
figures.  This  height  is  found  to  be  exactly  half  of  the  total  height  of  the 
curves. 

The  same  result  is  obtained  by  calculation.  This  is  simplified,  as  before, 
by  plotting  the  angle  a  as  abscissa  (Fig.  223).  The  area  of  the  narrow  strip 


Fig.  222 


Fig.  223 


in  Fig.  223  is  equal  to  P. da.   Substituting  the  value  of  P  found  above,  we 
find  the  total  area  of  the  figure  as  follows : 

r  P.da  =  ("t^ .  R .  sin^  a.  da; 
Jo  Jo 

but  /   sm^a.da=(- sin  a.  cos  a)   =-, 

Jo  \2     2  /o     2 

hence,  the  shaded  area  in  Fig.  223  is  equal  to 

i^  .R  i    sin^  a  .  da  =  i^  .R  .  -■ 
Jo  2 

To  obtain  the  mean  power  we  must  divide  this  area  by  the  base  n.  We 
thus  get  ^n  R 


•(115). 


If  the  circuit  contain  no  self-induction,  we  can  put 

A  A 

e  =  i.R, 
and  equation  (115)  becomes 


A       A 
P  =  t--1 

2 


.(116). 
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It  is  interesting  to  obtain  this  result  in  another  way,  which  requires 
no  higher  mathematics,  but  which,  at  the  same  time,  does  not  give  one 
such  an  insight  into  the  reasons  for  the  result  as  is  obtained  from  a  careful 
study  of  the  above.  We  assume  that  a  two-pole  machine  has  a  drum  con- 
taining two  independent  windings  at  right  angles  to  each  other.  Both 
windings  are  connected  to  equal  external  resistances.  When  the  plane  of 
one  coil  makes  an  angle  a  with  the  zero  position,  the  other  will  make  an 
angle  90°  +  a  with  the  same  position,  and  the  momentary  value  of  the  total 
power  of  the  two  windings  together  is 

e.i.  [sin^  a  +  sin^  (90°  +  a)]  =  e.».  (sin^  a  +  cos^  a). 
Since  sin^  a  +  cos^  a  is  always  equal  to  i,  it  follows  that  the  power  of 

A     A 

the  two  coils  together  is  always  constant  and  equal  to  e.i.  This  is  the  mean 
power  of  the  two  coils,  and  that  of  each  will  therefore  be  a  half  of  this,  viz. 

p_e_A 
2    ' 
as  found  above.  Had  we  calculated  the  power  by  multipl5dng  together  the 
average  values  of  the  current  and  pressure,  the  result  would  have  been 

2    A      2       •^  A     A 

-  e  .-  .1  =  0-405  e . t. 

This  is  20  per  cent,  smaller  than  the  real  average  power. 

We  must  now  define  and  calculate  the  values  of  current  and  pressure, 
which  can  be  applied  directly  to  the  calculation  of  the  power.  For  this 
purpose  we  write  equation  (115)  in  the  following  form: 

•V2     V2 

The  expression  — :=  in  this  equation  represents  a  certain  strength  of 

current  which,  if  squared  and  multiplied  by  the  resistance,  gives  the 
mean  power.  This  strength  of  current  is  called  the  effective  or  root- 
mean-square  value  of  the  alternating  current.  This  is  the  current 
strength  which  is  meant  when  speaking  generally  of  the  strength  of  an 
alternating  current.  We  shall  represent  it  by  the  capital  letter  I.  We  have 
therefore  f  ^ 

^  = -7- =  0707  ■  »■ (117)- 

V2 

We  can  therefore  define  the  effective  value  of  an  alternating  current  in 
the  three  following  ways: 

(i)  as  that  value  which,  squared  and  multipUed  by  the  resistance, 
gives  the  mean  power; 

(2)  as  the  root  of  the  mean  value  of  the  squares  of  the  momentary 
values  of  the  current; 

(3)  in  true  sine  waves,  as  0707  of  the  maximum  value  of  the  current. 
Since  we  found  the  electrolytic  mean  to  be  -^j  of  the  maximum,  the  effec- 
tive value  is  to  the  average  value  as  11: 10,  or  more  accurately  as  77:  2V2. 
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If,  therefore,  we  wish  to  caUbrate  an  ammeter  for  alternating  currents  by 
rectifying  the  alternating  current  and  passing  it  through  a  copper  volta- 
meter, it  will  be  necessary  to  multiply  the  average  current,  as  calculated 
from  the  deposit  in  the  voltameter,  by  i-i  in  order  to  obtain  the  correct 
value  of  the  effective  current  which  should  be  indicated  on  the  scale  of  the 
ammeter.  Those  instruments,  however,  in  which  the  deflecting  force  is 
proportional  to  the  square  of  the  current  at  any  moment,  will  give  the  same 
deflection  with  direct  current  as  with  an  alternating  current  of  the  same 
effective  value.  They  take  up  a  position  corresponding  to  the  mean  value 
of  the  squares  of  the  alternating  current,  and,  if  calibrated  with  direct 
current,  indicate  directly  the  effective  value  of  the  alternating  current. 

To  this  class  belong  those  instruments  in  which  a  current-carrying  coil 
attracts  or  deflects  a  small  piece  of  soft  iron.  The  force  exerted  at  any 
moment  is  proportional  to  the  product  of  the  momentary  value  of  the  cur- 
rent and  that  of  the  magnetism  induced  in  the  soft  iron.  For  low  values  of 
the  saturation  the  force  will  be  therefore  proportional  to  the  square  of  the 
current,  and  we  should  expect  the  instrument  to  read  correctly  both  direct 
and  alternating  currents.  As,  however,  no  iron  is  entirely  free  from  hys- 
teresis and  remanent  magnetism,  these  instruments  are  not  suitable  for 
very  accurate  work  even  with  direct  currents.  With  alternating  currents 
the  hysteresis  causes  the  reading  to  be  lower  than  that  obtained  with  a 
direct  current  of  the  same  effective  value. 

Hot-wire  instruments,  on  the  other  hand,  have  exactly  the  same  scale 
for  aU  currents.  In  this  type  of  instrument  a  platinum  or  platinum-silver 
wire  is  heated  by  the  passage  of  the  current  and  thereby  caused  to  elongate. 
This  elongation  is  magnified,  and  transmitted  to  the  pointer  of  the  instru- 
ment. Since  the  wire  possesses  a  certain  thermal  capacity  and  the  pointer, 
etc.,  a  certain  inertia,  the  instrument  is  unable  to  follow  the  rapidly  pulsa- 
ting current,  and  consequently  takes  up  a  position  corresponding  to  the 
mean  power  dissipated  as  heat  in  the  wire.  The  readings  on  the  scale  corre- 
spond to  effective  currents,  that  is,  the  currents  which,  if  passed  steadily 
through  the  wire,  would  produce  the  same  heating  as  the  alternating 
current.  It  follows  that  the  instrument  must  be  equally  applicable  to  both 
direct  and  alternating  currents. 

The  same  holds  true  for  dynamometers,  in  which  the  current  flows 
through  a  fixed  and  a  moving  coil  connected  in  series.  It  was  seen  in  Section 
32  that  currents  flowing  in  the  same  direction  are  attracted,  while  currents 
in  opposite  directions  are  repeUed  from  each  other.  Since  the  current  is 
reversed  simultaneously  in  both  coils,  the  turning  moment  exerted  by  the 
fixed  on  the  moving  coil  will  act  always  in  one  direction.  The  deflection, 
being  proportional  to  the  product  of  the  currents  in  the  two  coils,  is  pro- 
portional to  the  square  of  the  current.  In  consequence  of  the  inertia  of 
the  moving  coil,  the  pointer  takes  up  a  position  corresponding  to  the  mean 
torque,  and  therefore  to  the  mean  of  the  squares  of  the  current.  The  scale 
can  be  marked  so  as  to  read  directly  the  effective  current.  This  is,  as  before, 
that  continuous  current  which  gives  the  same  deflection  as  the  periodically 
varying  current.  The  same  scale  can  evidently  be  used  both  for  direct  and 
alternating  currents.   The  same  is  naturally  true  for  voltmeters. 
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74.    Vector  Diagrams. 

The  sine  curve  represents  very  clearly  the  changes  occurring  in  the 
current  or  in  the  electromotive  force  during  a  period,  and  we  shall  often 
make  use  of  it  in  our  further  studies  of  alternating  current  phenomena. 
The  vector  diagram  is  to  be  preferred,  however,  when  we  wish  to  determine 
rapidly  the  relations  between  the  various  currents  and  electromotive  forces 

A 

in  an  alternating  current  circuit.  In  Fig.  225  the  Une  OE  represents  e  to  a 
certain  scale,  and  rotates  about  the  point  0  with  a  constant  angular 
velocity  w  =  zirf.  If  we  are  considering  a  bipolar  machine,  the  vector  will 
rotate  at  the  same  rate  as  the  armature.  The  direction  of  rotation  is  im- 
material, but  we  shall  always  assume  it  to  be  anti-clockwise.  In  its  initial 
position  the  vector  will  lie  horizontally  to  the  right  of  0.  The  angle  a  which 
it  makes  with  its  initial  position  at  any  moment  is  equal  to  the  angle  made 
by  the  plane  of  the  coil  in  Fig.  224  with  its  zero  position.  The  projection  of 

OE  on  the  vertical  axis  is  evidently  equal  to  05. sin  a,  that  is,  to  e.sin  a. 


Fig.  225 


Hence,  the  instantaneous  value  of  the  electromotive  force  is  equal  at 
every  moment  to  the  projection  of  the  radius  vector  upon  the  vertical 
axis. 

To  make  the  matter  still  clearer,  a  sine  curve  representing  half  a  period 
has  been  added  in  Fig.  225  to  show  the  connection  between  it  and  the  vector 
diagram.  The  radius  of  the  circle  described  about  point  0  as  centre  is  equal 
to  the  maximum  ordinate  of  the  sine  curve.  The  instantaneous  value  OA 
in  the  vector  diagram  is  equal  to  the  ordinate  BD  in  the  sine  curve.  Finally, 
the  arc  subtending  the  angle  a  at  unit  radius  in  the  vector  diagram  is  equal 
to  the  abscissa  CD  in  the  sine  curve. 

Electromotive  forces  of  different  magnitude  and  of  different  phase  can 
be  very  conveniently  compounded  and  their  resultant  determined  by  means 
of  the  vector  diagram.  When  we  speak  of  electromotive  forces  being  of 
different  phase  we  mean  that  they  are  out  of  step,  as  it  were,  and  do  not 
attain  their  maximum  values  at  the  same  moment.  On  the  armature  in 
Fig.  226,  for  example,  there  are  two  coils  consisting  of  a  different  number  of 
turns  and  displaced  by  a  certain  angle  from  each  other.  Coil  I  possesses  the 
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greater  number  of  turns  and  will  therefore  have  a  greater  maximum  e.m.f. 
than  coil  II.    Two  circles  are  drawn  about  the  centre  0  (Fig.  227),  one 

A  A 

having  a  radius  OE^  =  e^  and  the  other  a  radius  OE^  =  e^ ,  and  the  vectors 
OE^  and  OE^  are  drawn  in  directions  corresponding  to  the  positions  of  the 
coils  I  and  II  on  the  armature.  As  in  the  case  of  forces,  we  find 
the  resultant  OR  by  completing  the  parallelogram  OE^RE^-  At  the  given 

OA  is  the  instantaneous  value  of  the  e.m.f.  in  coil  I, 

^■^  il  tt  H  It  It  ^^1 

and  OC  is  the  projection  on  the  vertical  of  the  resultant  OR.  From  the 
similarity  and  equality  of  the  shaded  triangles,  it  follows  that 

OC  =  0A  +  OB. 

Now,  OC  is  the  instantaneous  value  of  an  e.m.f.  represented  both  in 
magnitude  and  phase  by  the  vector  OR.  Thus  the  sum  of  the  instantaneous 
values  of  the  electromotive  forces  in  the  two  coils  is  equal  at  every  moment 


1  w 


S. 


0 

Fig.  227 

to  the  instantaneous  value  of  the  resultant.  It  follows  that  electromotive 
forces  can  be  compounded  by  the  parallelogram  law  in  exactly  the  same 
way  as  mechanical  forces. 

To  make  this  important  result  still  clearer,  we  have  represented  in  Fig. 
228  the  moment  when  the  resultant  e.m.f.  has  its  maximum  value.  Its 
vector  lies  vertically,  while  the  vector  of  E^  lies  a  Httle  to  the  left  and  that 
of  E2  a  httle  to  the  right  of  the  vertical.  If  we  consider  the  wires  constituting 
the  adjacent  coil-sides  on  one  side  of  the  armature,  we  can  see  that  the  maxi- 
mum resultant  e.m.f.  will  be  induced  when  the  wires  as  a  whole  he  under  the 
middle  of  the  pole.  In  this  position,  however,  the  wires  of  coil  I  He  just 
past  the  pole  middle,  while  the  wires  of  coil  II  He  just  behind  it,  exactly  as 
we  have  found  from  the  vector  diagram. 

In  a  similar  manner  we  may  consider  the  moment  when  the  coils  lie  in 
the  neutral  zone  and  the  resultant  e.m.f.  is  nil  (Fig.  229).  One  coil-side 
is  under  the  influence  of  the  north  pole,  while  the  other  is  under  the  influence 
of  the  south  pole,  and  the  opposing  electromotive  forces  induced  in  the  two 
coils  exactly  neutralise  each  other.  We  arrive  at  the  same  conclusion  from 
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a  consideration  of  the  vector  diagram  in  which  the  resultant  OR  is  horizontal 
and  its  projection  on  the  vertical  axis  is  0.  The  vector  OE^  lies  above  the 
abscissa  axis,  while  the  vector  OE^  lies  below  it.  The  projection  of  OE^  is 
therefore  positive  and  the  projection  of  OE^  negative,  and  since  they  oppose 
each  other,  their  resultant  vanishes.  Here  again,  the  directions  of  the 
vectors  correspond  with  the  geometrical  positions  of  the  coils.  Such  con- 
siderations as  these  diminish,  to  a  certain  extent,  the  difficulty  experienced 
by  the  student  in  grasping  the  idea  of  difference  of  phase  and  in  the  ap- 
phcation  of  the  parallelogram  of  forces  to  electromotive  forces. 


Fig.  228 


Fig.  229 


We  can,  however,  go  a  step  further  and  substitute  effective  values  of  the 
electromotive  forces  instead  of  maximum  values.  This  will  simply  alter  the 
scale  of  the  vector  diagram  without  altering  the  angles.  The  length  OR  wiU 
then  represent  the  effective  value  of  the  resultant.  In  a  similar  way  we  can 
find  the  resultant  of  two  currents  flowing  in  parallel  paths,  but  differing  in 
magnitude  and  phase.  Such  a  compounding  of  electromotive  forces  or 
currents  is  called  a  vectorial  or  geometrical  addition. 

We  have  in  the  foregoing  drawn  all  vectors  from  the  origin  and  have 
compounded  them  by  means  of  the  parallelogram.  Although  this  is  to  be 
recommended  to  beginners,  the  reader  should 
make  himself  familiar  with  a  simpler  method  in 
which  the  vectors  are  not  necessarily  drawn  from 
the  origin,  and  in  which  the  triangle  and  polygon 
of  forces  are  used  instead  of  the  parallelogram.  The 
direction  of  the  vector  must  be  indicated  by  an 
arrow,  and  in  referring  to  it  by  its  terminal 
letters,  these  must  be  placed  in  the  correct  order. 
For  example,  the  vector  a  in  Fig.  230  is  equivalent 
to  the  vector  OD  and  must  be  referred  to  as  ^B 
and  not  BA.  Similarly  the  vector  b  is  equivalent 
to  the  vector  OC  and  must  be  referred  to  as  BO 
and  not  OB. 

In  Fig.  231  the  two  vectors  OA  and  OB  are  added  by  means  of  the 
parallelogram;  in  Fig.  232  the  vector  SC  which  corresponds  to  OA  both  in 


Fig.  230 
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direction  and  magnitude  is  added  to  the  vector  OB,  giving  the  same  resultant 
OC.  The  principle  of  geometrical  addition  is  shown  more  clearly  in  Fig.  232 
than  in  Fig.  231.   Fig.  233  shows  the  addition  of  the  vectors  AO  and  OB 


to  give  the  resultant  AB;  its  direction  is  from  ^  to  5  because  in  carrying 
out  the  addition  one  starts  at  A  and  going  always  in  the  direction  of  the 
arrows  arrives  at  B.   Finally  in  Fig.  234  the  vectors  BA  and  AC  give  the 


Fig.  233 

resultant  EC.   The  student  should  check  both  these  examples  by  drawing 
the  vectors  from  the  origin  and  completing  the  parallelogram. 

Kirchhoff's  second  rule  for  any  closed  circuit  can  now  be  expressed  as 
follows:  The  vector  sum  of  the  electromotive  forces  is  equal  to  the  vector 
sum  of  the  products  IR.  This 
product  has  the  same  phase  as  the 
current.  In  Fig.  235  the  vector 
OA  represents  the  electromotive 
force  induced  in  the  armature  of 
an  alternating  current  generator 
by  the  magnetic  field  of  the  pole 
system,  the  vector  I  represents  the 
current  flowing  through  the  arma- 
ture and  round  the  external  circuit ; 
this  current  is  assumed  to  lag  45° 
behind  OA.  OB  represents  the 
electromotive  force  induced  in  the 
armature  'by  the  flux  produced  by  the  current  I  flowing  through  the 
armature  winding;  as  will  be  shown  in  the  following  section,  this  e.m.f. 
lags  90  degrees  behind  the  current,  as  seen  in  Fig.  235.    OD  represents  the 

16 — 2 
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resultant  e.m.f.  induced  in  the  armature.  This  e.m.f.  will  be  used  up  to 
some  extent  i»  overcoming  the  internal  resistance  of  the  armature;  the 
product  IRa  will  be  in  phase  with  the  current  and  is  shown  in  Fig.  235  as 
the  vector  OC  or  ED.  The  other  component  of  OD,  viz.  OE,  represents 
the  terminal  p.d.  of  the  generator. 

Fig.  236  is  the  same  construction  but  without  the  parallelograms.  The 
electromotive  force  ^D  is  added  to  OA  giving  the  resultant  OD,  which  must 
be  also  the  resultant  of  the  internal  ohmic  drop  OC  and  the  terminal  voltage 
CD.  It  will  be  noted  that  in  the  closed  figure  OADCO  in  Fig.  236,  all  the 
electromotive  forces  are  directed  one  way  around  the  figure,  while  the  ohmic 


Fig.  236 


Fig-  237 


drops  and  the  terminal  p.d.  are  directed  in  the  reverse  direction.  Since  the 
figure  closes,  the  vector  sums  in  the  two  directions  must  be  equal  and 
opposite.  For  the  same  conditions  different  diagrams  are  obtained  depending 
on  the  order  in  which  the  vectors  are  drawn ;  thus,  in  Fig.  237  the  two  electro- 
motive forces  OA  and  AD  are  added  and  then  the  line  DE -is  set  out  equal 
and  opposite  to  the  ohmic  drop  vector;  the  figure  is  then  completed  by  the 
line  EO  which  is  equal  and  opposite  to  the  terminal  p.d. 

75.    The  Electromotive  Force  of  Self-induction. 

It  was  seen  in  Section  35  that  the  electromotive  force  e^,  induced  by  a 
change  of  current  in  a  coil  of  self-induction  L,  is  given  by  the  equation 

6^=  —L  .-^  volts, 


where 


o-^n.T^.a.A  ., 

L= —^ j — £— -    .  I o~° henries. 


For  the  angular  velocity  of  the  radius  vector  we  have 

ct)  =  zn.f, 

A  A 

so  that  i  =  ^'.sin  a  =  j.sin  [wt). 

Differentiating,  we  have 


dt 


=  i .  cos  (wt)  .(x)  =  i  .(X) .  cos  a. 
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Introducing  this  into  the  above  formula  for  e^,  we  get 

A 

65  =  —  Loi.i.cosa (ii8)- 

The  E.M.F.  of  self-induction  is  thus  a  cosine  function  and  by  plotting  it 
as  ordinates  with  either  the  angle  a  or  the  time  t  as  abscissae  we  obtain  a 
cosine  curve.  This  is  identical  in  form  with  the  sine  curve,  but  is  displaced 
90°  from  it.  The  relations  found  for  the  sine  function  can  therefore  be 
applied  here,  so  that  the  effective  value  of  the  e.m.f.  of  self-induction  is 
0-707  of  the  maximum  value. 

From  equation  (ii8)  it  can  be  seen  that  the  maximum  value  is  reached 
when  cos  a  =  —  i,  that  is,  when  a  =  180°.   Its  value  will  therefore  be 

^  'i 

Bg  =  JLCD  .  I. 

If  both  sides  of  this  equation  be  multiplied  by  0-707,  the  maximum 
values  of  e.m.f.  and  current  wUl  be  converted  into  effective  values,  and  we 
^^"^^"^ite  E.^Lco.I. 

Hence,  the  effective  value  of  the  e.m.f.  of  self-induction  is  given  by  the 
product  of  the  coefficient  of  self-induction,  the  angular  velocity  of  the 
vector  and  the  effective  current. 

A  coil  purposely  made  so  as  to  have  a  large  self-induction  is  called  a 
choking  coil.  Such  a  coil  is  shown  in  Fig.  242,  and  consists  of  an  iron  core 
in  the  form  of  a  ring  with  a  small  air-gap  and  wound  with  insulated  copper 
wire.  If  the  magnetic  flux-density  is  kept  small,  the  reluctance  of  the  iron 
may  be  neglected  and  only  the  air-gap  need  be  considered  in  calculating 
the  self-induction. 

We  shall  assume  the  following  data  for  the  choking  coil : 

Length  of  magnetic  path  in  air-gap     ...     ^  =  0-6  cm. 
Cross-section  of  path  normal  to  the  flux  ^  =  12  sq.  cm. 
Number  of  turns  in  coil  ...         ...  T  =  200. 

Effective  value  of  current  ...         ...    7  =  10  amps. 

Frequency  ...         ...         ...         ...    /  =  50. 

Then,  since  the  permeability  of  the  air  is  i,  we  have 

0-477  .T^.IL.A          _.             _  200^ .  1 .  12  s  , 

L  =  —^ -, — .  10  8  =  1-25  ^ .  10-8  =  o-oi  henry. 

We  have  also  ^  ^  ^irf  =  314. 

Hence,  for  the  electromotive  force  of  self-induction,  we  have 
Es  =  Loi.I  =  0-01.314. 10  =  31-4  volts. 

We  shall  see  presently  that  a  voltmeter  connected  across  the  terminals 
of  the  choking  coil  will  read  almost  exactly  31-4  volts,  showing  that  the 
coil  acts  like  a  resistance  in  causing  this  drop  of  pressure. 

In  order  to  design  a  choking  coil,  however,  the  formula  needs  to  be 
modified,  as  we  might  otherwise  choose  a  value  of  cross-section  for  the  iron 
or  a  number  of  turns  for  the  coil  which  would  lead  to  a  very  unsuitable 
flux-density  in  the  core.  If  O  be  the  total  flux  at  the  moment  of  maximum 
current,  we  have  O  =  B   ^ 
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For  the  value  of  the  flux  at  any  moment  we  have 

O  sina  =  O  sin  (co<). 

Hence  the  rate  of  change  of  the  flux  will  be 

.  d .  sin  a     ^  ,    ,, 

O  — J- —  =  O .  cu .  cos  (cut). 

If  the  coil  have  T  turns,  the  momentary  value  of  the  e.m.f.  will  be 

gj  =  -  O .  CO .  r .  cos  (wt) .  10-8. 
The  only  variable  here  is  the  cosine,  which  has  a  maximum  value  of  i. 

Hence  -^^  1-  a  jr    /u     ^r  a 

e,  =  0 .  oj .  r .  10-8  =  2it/.  <P  .  r .  10-8. 
If  we  divide  the  maximum  value  by  V2  we  get  for  the  effective  or  k.m.s. 

^^^""^  E,  =  4-44/-^-r.io-8  (119). 

If  in  the  formula  „  ,      ^   f- 

B  =  /x.H  =  °-4"-f-^-^, 

we  put « =  V  2  .  /,  we  get  B  I 

1=  on-—        (120). 

This  equation  is  very  convenient  for  calculating  the  magnetising  current 
of  a  transformer. 

From  the  two  equations  (119)  and  (120)  a  choking  coil  can  be  designed 
when  we  have  chosen  a  suitable  value  for  the  magnetic  flux-density.  If,  for 
example,  an  e.m.f.  of  30  volts  is  to  be  induced  by  a  current  of  10  amperes  at 
a  frequency  of  50,  we  may  proceed  in  the  following  manner.  The  flux- 
density  is  taken  as  5000  lines  per  sq.  cm  and  the  path  in  the  iron  is  neg- 
lected, so  that  we  need  only  consider  the  length  I  of  the  air-path.  The  cross- 
section  of  the  iron  is  assumed  to  be  15  sq.  cm.  We  have  then 

O  =  B.^  =  5000.15  =  75,000. 

From  equation  (119)  we  have 

„        E  .10^  30 .  10^  o 

T  = ST— r= =  180. 

4-44.0./     4-44.75,000.50 

Putting  the  number  of  turns  T  equal  to  180  in  equation  (120)  we  get 

,      1-78.  r.u,.  7      1-78.180.1.10         , 

/  =  —^ — =-£- —  =  —^ =  0-64  cm. 

B  5000  ^ 

This  is  the  length  of  the  air-gap.  The  cross-section  of  the  path  across  the 
air-gap  has  been  taken  as  equal  to  the  cross-section  of  the  iron.  As  a  matter 
of  fact,  however,  the  lines  of  force  do  not  pass  straight  across  the  gap,  but 
curve  round  from  pole  to  pole,  being  driven  outwards  by  the  lateral  pressure 
which  we  have  seen  to  exist  between  the  lines.  The  cross-section  of  the  path 
across  the  gap  is  therefore  considerably  greater  than  the  cross-section  of  the 
iron.  The  presence  of  the  paper  or  varnish  insulation  between  the  sheet-iron 
stampings  of  which  the  core  is  built  up  will  still  further  increase  this  effect. 
The  above  coil  wUl  consequently  cause  a  greater  drop  than  30  volts  when 
carrying  10  amperes. 


75.  The  Electromotive  Force  of  Self-induction  247 

Having  considered  the  magnitude  of  this  e.m.f.  of  self-induction,  we  must 
now  turn  to  its  phase.  We  saw  above  that  the  curve  is  a  cosine  curve,  and 
is  consequently  displaced  90°  from  the  sine  curve  of  the  current.  This  will 
be  made  plainer  if  we  determine  the  magnitude  and  direction  of  the  e.m.f. 
of  self-induction  at  several  critical  moments  during  the  period. 

The  current  curve  is  represented  by  the  thick  black  line  in  Fig.  238. 
When  a  =  o,  sin  a  =  o,  but  cos  a  =  i.  This  is  the  moment  when  the  current 
passes  through  zero  and  the  e.m.f.  of  self-induction  has  its  maximum  value, 
as  seen  from  equation  (118)  on  page  245.  The  current  curve  is  steepest  at 
this  point,  which  means  that,  although  there  is  no  current  at  the  moment, 
yet  the  rate  at  which  the  current,  and  with  it  the  flux,  is  changing  is  then  a 
maximum.  That  the  e.m.f.  induced  in  the  coil  is  negative  follows  at  once 
from  the  fact  that  it  opposes  the  growing  current  and  tends  to  keep  up  the 
d37ing  current. 

When  the  angle  a  is  equal  to  90°  we  have  sin  a  =  i  and  cos  a  =  0.  The 
current  is  then  a  maximum  and  the  induced  e.m.f.  is  equal  to  0.   At  the 


Fig.  238 

moment  when  the  current  is  a  maximum,  the  current  curve  in  Fig.  238  is 
parallel  to  the  base,  and  for  an  instant  both  current  and  flux  are  constant. 
There  is  therefore  no  cutting  of  lines  at  this  moment,  and  the  dotted  curve 
must  pass  through  the  base  line  at  the  point  representing  a  =  90°. 

By  finding  the  various  points  on  the  curve  e^  in  this  manner,  the  whole 
curve  can  be  drawn,  with  the  result  that  the  e.m.f.  of  self-induction  is  found 
to  lag  90°  behind  the  current.  This  point  should  be  carefully  noticed,  since 
one  might  easily  come  to  the  conclusion  that,  as  the  curve  e^  in  Fig.  238 
is  further  to  the  right  than  the  curve  i,  the  e.m.f.  is  therefore  ahead  of  the 
current.  This  conclusion  is  quite  wrong,  for  we  see  that  the  curve  e^  reaches 
its  maximum  value  at  a  time  when  the  curve  i  has  already  passed  its  maxi- 
mum. Hence  the  e.m.f.  of  self-induction  lags  behind  the  current  by  a 
quarter  of  a  period  or  by  an  angle  of  90°. 

This  is  made  clearer  by  a  consideration  of  the  vector  diagram  in  combi- 
nation with  the  laws  of  self-induction  already  found  in  Section  35.  The 
diagram  is  shown  in  Figs.  239,  240  and  241  for  three  successive  moments. 
When  the  current  vector  passes  through  the  horizontal  position  (Fig.  240), 
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its  projection  on  the  vertical,  and  therefore  also  the  instantaneous  value  of 
the  current,  is  equal  to  0.  The  e.m.f.  of  self-induction  is  a  maximum  at  this 
moment,  and  its  vector  must  consequently  be  vertical;  moreover,  since  it 
lags  90°  behind  the  current,  it  must  be  vertically  downwards. 

We  shall  now  consider  the  relations  a  moment  earlier  and  a  moment 
later.  In  Fig.  239  the  current  is  decreasing  and  its  vector  lies  below  the 
horizontal,  so  that  its  projection  is  in  the  same  direction  as  that  of  the 
electromotive  force  E^.  The  e.m.f.  is  thus  in  the  same  direction  as  the 
decreasing  current,  which  agrees  exactly  with  what  we  found  in  Section  35. 

In  Fig.  241  the  current  has  passed  through  its  zero  value  and  is  increas- 
ing. The  projection  of  its  vector  is  now  above  the  horizontal,  and  therefore 


Fig.  239 


Fig.  240 


Fig.  241 


in  the  opposite  direction  to  the  projection  of  the  e.m.f.,  which  has  hardly 
changed.  The  self-induced  e.m.f.  is  thus  opposed  to  the  growing  current, 
as  was  found  in  Section  35. 

If  now  we  agree  to  consider  the  magnetic  flux  as  having  the  sariie  sign 
as  the  current  producing  it,  there  will  be  no  difference  of  phase  between  the 
magnetising  current  and  the  flux.  The  current  curve  will  then  represent  to 
a  certain  scale  the  number  of  lines  threading  the  winding  at  any  moment. 
Hence,  the  self-induced  e.m.f.  lags  not  only  90°  behind  the  current,  but  also 
90°  behind  the  magnetic  flux,  through  the  variation  of  which  the  e.m.f.  is 
induced. 

76.    Ohm's  Law  applied  to  Alternating  Currents. 

We  shall  now  consider  the  circuit  represented  in  Fig.  242,  in  which  an 
ohmic  resistance  R  is  connected  in  series  with  a  choking  coil,  the  resistance 
of  which  is  so  small  compared  with  its  self-induction  that  it  can  be  neg- 
lected. We  have  to  determine  the  magnitude  of  the  current  which  flows 
round  the  circuit  under  the  joint  influence  of  the  terminal  pressure  V  of  the 
generator  and  the  self-induced  e.m.f.  of  the  choking  coil.  In  addition  to  the 
magnitude  of  the  current,  its  phase  relation  with  regard  to  the  terminal 
pressure  should  be  considered. 

To  simplify  the  problem  we  shall  first  consider  it  in  the  reverse  form, 
viz.  what  terminal  pressure  will  be  required  to  drive  a  given  current  through 
the  external  circuit?  In  the  first  place  we  determine  the  momentary  value 
of  the  ohmic  pressure  drop  by  multiplying  the  momentary  value  of  the 
current  by  the  resistance.  This  ohmic  pressure  drop  is  plotted  as  ordinates 
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and  gives  the  heavy  black  curve  in  Fig.  243.  Since  it  must  have  its  maxi- 
mum value  at  the  same  moment  as  the  current,  it  must  be  in  phase  with  it. 
The  curve  i .  R  differs  from  the  current  curve  merely  in  the  matter  of  scale. 


rji^ 


Fig.  242 

The  ohmic  pressure  drop  must  be  provided  by  the  combined  action  or 
resultant  of  the  terminal  pressure,  which  is  at  present  unknown,  and  the 
electromotive  force  e^,  the  curve  of  which  lags  90°  behind  the  curve  i.R. 
We  proceed  now  to  determine  the  value  of  the  terminal  pressure  for  a  few 
characteristic  points  during  the  period. 


Fig.  243 


At  the  origin  0  there  is  momentarily  no  current,  although  the  e.m.f.  of 
self-induction  has  at  this  very  moment  its  maximum  negative  value.  It  is 
evident,  therefore,  that  its  effect  is  exactly  neutralised  by  an  equal  and 
opposite  terminal  pressure  OF.  The  current  can  only  vanish  when  forward 
and  back  pressures  exactly  neutralise  each  other. 

At  the  moment  A,  on  the  other  hand,  the  terminal  pressure  has  not  only 
to  overcome  a  considerable  e.m.f.  of  self-induction,  but  has  now  to  cover  a 
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large  ohmic  pressure  drop.  The  terminal  pressure  must  therefore  be  equal 
to  the  sum  of  these  two,  and  wiU  be  represented  by  GA. 

At  the  moment  B  there  is  no  e.m.f.  of  self-induction,  and  the  terminal 
pressure  has  merely  to  provide  for  the  ohmic  pressure  drop  HB.  The  curves 
of  termincd  pressure  and  ohmic  drop  will  therefore  cross  at  the  point  H. 

Finally,  at  the  moment  C,  the  self-induced  e.m.f.  is  just  sufficient  to 
drive  the  diminishing  current  through  the  resistance  without  assistance  from 
the  generator,  the  terminal  pressure  of  which  is  therefore  zero.  The  curve 
V  cuts  the  horizontal  axis  at  the  point  C.  In  this  way  we  obtain  the  thin 
full-line  curve  in  Fig.  243,  the  data  for  which  are  as  follows: 

7  =  10  amperes,     i?  =  10  ohms,    cdL  =  6-28. 

The  maximum  value  of  the  ohmic  pressure  drop  is  found  as  follows : 

i.R  =  Va.io.io  =  i4i'4  volts, 
while  for  the  maximum  value  of  the  self-induced  e.m.f.  we  have 
e^s  =  wZ,.?=  6-28.  Vi.  10  =  88-8  volts. 

The  maximum  value  of  the  terminal  pressure  of  the  generator  is  found 
from  Fig.  243  to  be  167  volts. 

An  examination  of  the  figure  leads  to  the  following  important  conclu- 
sions : 

1.  The  curve  of  ohmic  pressure  drop  does  not  reach  such  a  high  value  as 
the  terminal  pressure  curve,  that  is,  the  current  is  smaller  than  one  would 
expect  from  the  terminal  pressure  and  the  given  resistance.  The  formula 
F  =  7 .  i?  is  therefore  not  applicable  to  alternating  current  circuits  containing 
self-induction. 

2.  The  sum  of  the  maximum  values  of  the  ohmic  pressure  drop  and  the 
self-induced  e.m.f.  is  greater  than  the  maximum  value  of  the  terminal 
pressure.  The  sum  of  the  first  two  is  230-2  volts,  whereas  the  latter  is  given 
by  the  figure  as  167  volts.  This  fact  is  illustrated  in  a  striking  manner  by 
connecting  three  voltmeters  as  shown  in  Fig.  242.  One  is  across  the  machine 
terminals,  one  across  the  resistance,  and  the  other  across  the  choking  coil. 
The  following  effective  values  will  be  read  on  the  three  instruments : 

F=4-  =  ^=xi8. 

V2        V2 

I.R  =  10.10  =  100, 
Eg  =a}L.I  =  6-28.10  =  62-8. 

Thus,  the  sum  of  the  two  separate  pressures  7. i?  and  E^  is  greater  than 
the  total  pressure  V.  This  result  seems  quite  contradictory  to  the  ideas 
which  we  have  formed  in  connection  with  direct  currents.  It  must  be  care- 
fully borne  in  mind,  however,  that  this  is  only  true  of  the  effective  or  maxi- 
mum values,  and  not  of  the  instantaneous  values  at  any  moment.  For  the 
latter  the  total  pressure  is  the  algebraic  sum  of  the  separate  pressures. 

3.  The  curve  representing  the  ohmic  pressure  drop  or  the  current  lags 
behind  the  curve  of  terminal  pressure  by  the  angle  ^,  which  is  represented  in 
Fig.  243  by  the  distance  CD.  The  current  reaches  its  maximum  value  a 
short  time  after  the  pressure  has  passed  through  its  maximum  value.  The 
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angle  corresponding  to  this  interval  is  known  as  the  angle  of  lag.  When  the 
current  is  ahead  of  the  pressure,  that  is,  when  the  current  reaches  its  maxi- 
mum a  short  time  before  the  pressure,  the  current  is  said  to  lead  by  a  certain 
angle  which  we  call  the  angle  of  lead. 

The  striking  phenomena  occurring  in  a  circuit  containing  self-induction 
are  brought  out  very  clearly  in  the  vector  diagram.  Instead  of  the  current 
vector  we  may  consider  the  vector  of  the  ohmic  pressure 
drop  I.R,  which  is  in  phase  with,  and  proportional  to, 
the  current.  In  Fig.  244  it  is  passing  through  the  zero 
position,  and  the  vector  of  the  e.m.f.  of  self-induction 
points  vertically  downwards.  Since  the  current  is  equal 
to  o  at  this  moment,  the  e.m.f.  of  self-induction  must 
be  exactly  neutralised  by  an  equal  and  opposite  com- 
ponent of  the  applied  terminal  pressure.  This  component 
—  Eg  is  therefore  drawn  vertically  upwards  from  0. 
The  resultant  terminal  pressure  V  is  given  by  the  hypo- 
tenuse of  a  right-angled  triangle,  the  sides  of  which 
E.M.F.  of  self-induction  and  the  ohmic  pressure  drop  respectively. 

It  is  seen  that  the  terminal  pressure  has  a  double  duty  to  perform,  viz. 
to  overcome  the  ohmic  resistance  on  the  one  hand,  and  counterbalance  the 
E.M.F.  of  self-induction  on  the  other.  Although  the  e.m.f.  of  self-induction 
is  sometimes  acting  with  the  current  and  sometimes  against  it,  we  must 
always  look  upon  it  as  a  back  e.m.f.  which  must  be  overcome  by  a  component 
of  the  applied  pressure.  This  is  specially  evident  in  the  case  shown  in  the 
figure,  for  the  whole  terminal  pressure  is  momentarily  engaged  in  counter- 
balancing this  back  e.m.f.  of  self-induction. 

Several  of  the  characteristic  points  noticed  in  connection  with  Fig.  243 
are  even  more  evident  in  the  vector  diagram.  The  terminal  pressure  V  is 
greater  than  the  pressure  I.R  required  to  overcome  the  ohmic  resistance, 
while  the  sum  of  the  component  pressures  I.R  and  Eg  exceeds  the  total 
pressure  V.  As  before,  the  current  lags  behind  the  terminal  pressure  by  an 
angle  cj).  It  is  to  be  observed  that  this  angle  must  be  measured  between  the 
hypotenuse  of  the  right-angled  triangle  and  the  side  representing  the  ohmic 
pressure  drop. 

For  the  vector  diagram  we  can  easily  determine  the  equation  expressing 
the  relation  between  current  and  pressure  in  an  inductive  circuit.  It  is 
evident  from  Fig.  244  that 

F2  =  (7.i?)2  +  £/. 

By  substituting  for  E^  its  value  Loj .  I  and  transposing,  we  get 

1  =  —, ^^—     (121). 

VR^+{coL)^ 

This  may  be  called  the  Ohm's  law  for  alternating  current.  It  emphasizes 
the  fact  that  self-induction  causes  an  apparent  increase  in  the  resistance  of 
a  circuit,  since  the  denominator  is  increased  from  R  to  VR^  +  (coL)^. 

This  increased  resistance  is  represented  graphically  by  the  hypotenuse 
of  a  right-angled  triangle,  the  sides  of  which  are  equal  to  the  resistance  R 
and  the  quantity  cdL  respectively.   Since  this  triangle  (Fig.  245)  is  similar 
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to  the  corresponding  pressure  triangle  in  Fig.  244,  it  follows  that  the  angle 
between  its  hypotenuse  and  the  side  R  is  equal  to  the  phase  difference  or 
angle  of  lag  ^,  and 'we  have  therefore 


tan  <p  =  -p- 


.(122). 


The  quantity  VR^  +  {ojL)^  is  called  the  apparent  resistance  or,  more 
generally,  the  impedance,  while  the  quantity  wL  is  known  as  the  reactance 
or  inductive  resistance.  The  quantity  cuL  can  only  be  looked  upon  and 
treated  as  a  resistance  if  its  dimensions  are  those  of  resistance.  It  would 
otherwise  be  quite  impossible  to  add  R^  and  (coL)^.  Now,  the  dimension  of 
the  coefficient  of  self-induction  is  simply  a  length,  and  that  of  angular 
velocity  is  the  reciprocal  of  time,  so  that 

the  dimensions  of  reactance  are  L .  T~\ 
These  are,  however,  the  dimensions  of  velocity,  which  were  seen  in  Section 
40  to  be  also  those  of  resistance.   Moreover,  since  a  henry  is  equal  to  lo® 
absolute  units,  and  an  ohm  is  also  equal  to  10®  absolute  units,  the  product 
wL  must  give  the  inductive  resistance  directly  in  ohms. 

With  the  help  of  equation  (121)  we  are  now  in  a  position  to  calculate  the 
current  for  any  given  values  oi  I.R  and  wL.  We  are  no  longer  compelled 


is  Besistance 

Fig.  245  Fig.  246 

to  follow  the  reverse  course  to  find  the  terminal  pressure  for  an  assumed 
value  of  the  current.  We  shall  assume  the  same  data  as  cdready  used  on 
page  250,  viz.  F  =  ii8,     i?  =  10,    wL  =  6-28. 

From  equation  (121)  we  have 

118 

=  10  amperes. 


Vio^  +  6-282 

For  the  phase-lag  o?  the  current  behind  the  terminal  pressure  we  have 

,       ,      uiL     6-28         ,  „ 

tan  0=  -TT  = =  0-628. 

^      R        10 

This  corresponds  to  an  angle  of  32°  10'  or  -p  .    This  is  in  evident  agreement 
with  the  length  CD  in  Fig.  243,  which  was  drawn  for  the  same  conditions. 

77.    Resistance  and  Inductance  in  Series. 

We  shall  now  consider  the  case  in  which  two  parts  of  a  circuit  are  con- 
nected in  series,  each  part  containing  both  ohmic  and  inductive  resistance, 
as  represented  in  Fig.  247.  The  total  pressure  V  is,  in  this  case,  the  hypo- 
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tenuse  of  a  right-angled  triangle,  one  side  of  which  is  equal  to  the  sum  of  the 

pressure  drops  I  .R^  and  I  .R^  due  to  the  ohmic  resistances,  while  the  other 

side  is  equal  to  the  sum  of  the  inductive  pressure  drops  Eg^  and  E^.^^.  At  the 

same  time,  however,  the  total  pressure  V  is  the  geometrical  sum  of  the 

terminal  pressures  Fj  and  Fg  of  each  half  of  the  circuit.   The  triangle  of 

pressures  can  be  drawn  for  each  half  of  the  circuit  (Fig.  248).  The  terminal 

pressure  V-y  of  the  left-hand  half  forms  the  hypotenuse  to  the  sides  /.i?i  and 

Egi,  and  makes  an  angle  (j>i  with  the  current  vector  or  side  / .  R^,  the  tangent 

of  which  is  given  by  the  equation 

,       ,         E.I       wL-, 
tan<^,=  ^=^. 

In  a  similar  manner  the  terminal  pressure  Fg  of  the  right-hand  half  of  the 
circuit  forms  the  hypotenuse  to  the  two  sides  I.R2  and  £^2,  and  makes  an 
angle  ^2  with  the  current  vector,  the  tangent  of  which  is  given  by  the 

^^1"^*^°"  ,       ,         E,,       ojL, 


^.. 


\  -Si.  ^-' 

Fig.  247 


1/ 


.J/ 


The  phase-lag  of  the  current  behind  the  terminal  pressure  F  of  the  whole 
circuit  will  he  somewhere  between  ^1  and  <f>2.  Hence,  although  the  current 
in  all  parts  of  a  series  unbranched  circuit  must  necessarily  have  the  same 
phase,  the  pressure  differences  between  various  parts  of  the  circuit  generally 
differ  in  phase  (Fig.  248). 

The  circuit  made  up  of  an  alternating  current  generator  working  on  an 
external  circuit  containing  both  resistance  and  inductance  is  similar  to  that 
just  considered.  As  an  example  we  shall  assume  the  following  data: 


Terminal  pressure  of  generator 

Current         

Armature  resistance 
Self-induction  of  armature 

Frequency    

Phase-lag  in  external  circuit 
We  wish  to  determine  the  pressure  drop  in  the  generator  and  the  electro- 
motive force  induced  in  the  generator,  both  as  regards  its  magnitude  and 


F  =  2000  volts, 
/  =  50  amperes, 
Ra  =  T  ohm, 
L  =  0-04  henry, 

/=50, 
cos  (f>  =  0'8. 
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its  phase.  For  the  construction  of  the  diagram  shown  in  Fig.  249,  we  have 
the  following  values : 

I .R  =  50.1  =  50  volts, 

^smtemal  =  0)L.I  =  0-04. 2.3-14.50.50  =  628  Volts. 

From  these  two  values  we  find  the  internal  drop  of  pressure  OF  as  the 
hypotenuse  of  a  right-angled  triangle,  one  side  of  which  is  equal  to  the 
ohmic  resistance  drop,  while  the  other  side  is  equal  to  the  e.m.f.  due  to  the 
armature  self-induction.   We  thus  get 

OF  =  Vso^  +  628^  =  630  volts. 

We  now  find  the  ohmic  resistance  drop  in  the  external  circuit,  thus: 

I.R  =  F.cos  (f)  =  2000.0-8  =  1600  volts. 

If  cos  <f>  =  0-8  we  know  that  sin  ^  =  0-6,  so  that  the  inductive  drop  in 
the  external  circuit  can  be  found  in  the  following  manner: 

•Ssext.  =  F.sin^  =  2000.0-6  =  1200  volts. 


Es2  Esi  '^    *  EsSxt. 

Fig.  248  Fig.  249 

The  total  ohmic  resistance  drop  in  the  whole  circuit  is  equal  to 
I. Ra  +  I.R  =  50  +  1600  =  1650  volts, 
and  the  total  inductive  drop  is  equal  to 

Esiat.  +  Esext.  =  628  +  1200  =  1828  Volts. 

From  these  two  values  we  find  the  e.m.f.  of  the  machine  E-^  as  the  hypo- 
tenuse of  a  right-angled  triangle,  one  side  of  which  is  equal  to  the  sum  of  the 
resistance  pressure  drops,  while  the  other  is  equal  to  the  sum  of  the  induc- 
tive pressure  drops.  We  thus  have 

E^  =  -v/16502  +  1828*  =  2460  volts. 

The  angle  ^^  by  which  the  current  lags  behind  the  e.m.f.  of  the  generator 
can  be  found  from  the  equation 

S  (7  ■  J?)  _  1650 


cos  ^i  = 


0-67. 


£1         2460 

Neglecting  secondary  effects,  we  can  say  that  the  terminal  p.d.  on  open 
circuit  will  be  equal  to  the  electromotive  force  E-^.  On  loading  the  generator 
the  pressure  drops  from  2460  to  2000  volts,  i.e.  460  volts,  whereas  the 
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pressure  required  to  drive  the  current  through  the  armature  was  seen  to  be 
OF  =  630  volts.  This  apparent  contradiction  is  due  to  the  fact  that  the 
pressure  drop  OF  in  Fig.  249  is  subtracted  geometrically  and  not  alge- 
braically from  the  e.m.f.,  to  obtain  the  terminal  pressure  V. 

The  drop  of  460  volts  which  we  have  found  between  no-load  and  full 
load  represents  i8-6  per  cent,  of  the  no-load  pressure.  This  is  approxi- 
mately the  usual  figure  found  in  practice,  and  is,  as  we  have  seen,  almost 
entirely  due  to  the  internal  self-induction  of  the  machine.  This  brings  out 
very  clearly  the  detrimental  action  of  the  self-induction  in  increasing  the 
apparent  internal  resistance  of  an  alternating  current  generator. 

78.    Resistance  and  Inductance  in  Parallel. 

In  the  case  illustrated  in  Fig.  250  two  branches  are  connected  in  parallel, 
each  containing  both  ohmic  and  inductive  resistance.  The  terminal  pres- 
sure V  is  exactly  the  same  both  in  magnitude  and  phase  for  each  branch. 
This  is  true  even  if  one  or  both  of  the  branches  contain  either  ohmic  or 
inductive  resistance  alone,  instead  of  each  branch  being  partly  non-inductive 


Ji-  wL, 


Fig.  250 

and  partly  inductive,  as  shown  in  Fig.  250.  We  have  now  to  determine  the 
magnitude  and  phase  of  the  total  current,  and  the  current  in  each  branch, 
from  a  knowledge  of  V,  Ri,  wLi,  i?2  ^^^  mL^.  The  line  OG  in  Fig.  251  is 
drawn  to  represent  the  terminal  pressure  V,  and  a  semicircle  is  described 
upon  it.  OA  is  drawn  so  as  to  make  an  angle  (j)^  with  OG.  This  angle  is  given 
by  the  formula  r 

'tan,^,  =  '^^ 

The  line  OA  represents  the  ohmic  pressure  drop  in  the  upper  branch  of 
Fig.  250.  If  we  divide  this  by  the  resistance  i?j  we  get  the  current  I^,  which 
may  be  represented  by  the  length  OC.  In  a  similar  manner  the  line  OB  is 
drawn  at  an  angle  ^2  with  the  diameter,  where 

,       ,       toLn 

tan  <pi  =  -5— . 

The  line  OB  represents  the  ohmic  pressure  drop  in  the  lower  branch,  and 
by  dividing  it  by  the  resistance  R.^  we  get  the  current  I^,  which  may  be 
represented  by  the  length  OD.  The  resultant  OJ  of  I^  and  I^  gives  us  the 
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total  current  I  both  in  magnitude  and  phase.  If  the  vector  I  be  produced 
to  meet  the  semicircle  at  F,  the  length  OF  represents  the  ohmic  drop,  and 
the  length  FG  the  inductive  drop  of  a  single  coil  or  piece  of  apparatus  which 
could  replace  the  branched  circuit  of  Fig.  250.  The  total  current  lags  behind 
the  terminal  pressure  by  the  angle  FOG. 


79.    Effect  of  Phase  Difference  on  A.C.  Power. 

If  the  current  is  not  in  phase  with  the  pressure,  the  instantaneous  value 
of  the  power  is  positive  whenever  the  pressure  and  current  are  momentarily 
in  the  same  direction  (Fig.  252).  On  the  other  hand,  the  power  is  momen- 
tarily negative  whenever  the  current  and  pressure  are  in  opposite  directions 
(Fig.  253).  By  the  direction  of  the  pressure  we  mean  the  direction  from  the 
positive  terminal  or  terminal  of  high  potential  to  the  negative  or  low  poten- 
tial terminal.  We  shaU  not  consider  the  internal  electromotive  forces,  but 
only  external  potential  differences.   When  we  speak  above  of  power  being 


Fig.  252 


Fig-  253 


positive,  we  mean  that  the  apparatus  or  part  of  the  circuit  under  considera- 
tion is  absorbing  electrical  energy  and  transforming  it  into  some  other  form 
such  as  thermal  or  mechanical  energy.  When  an  apparatus  has  a  negative 
power  it  is  generating  electrical  energy  at  the  expense  of  energy  in  some 
other  form.  In  a  dynamo,  for  example,  the  current  flows  from  the  negative 
terminal  to  the  positive,  that  is,  against  the  terminal  pressure,  and  the 
power  is  therefore  negative,  or,  in  other  words,  electrical  energy  is  being 
generated.  In  the  motor  the  cuxrent  flows  from  positive  to  negative  and  the 
power  is  positive,  that  is,  the  motor  is  absorbing  electrical  energy.  We  are 
thus  led  to  the  conclusion  that  a  simple  alternating  current  generator  in 
which  the  current  is  out  of  phase  with  the  e.m.f.  does  not  act  continuously 
as  a  generator,  but,  twice  in  each  period,  takes  electrical  energy  from  the 
circuit  and  is  driven  for  a  moment  as  a  motor. 

The  same  rule  can  be  applied  to  any  apparatus  to  which  electrical  energy 
is  supplied.  If,  at  any  moment,  the  current  flows  in  the  direction  of  the 
terminal  pressure,  i.e.  from  -I-  to  —  ,  electrical  energy  is  being  absorbed, 
but  if  the  current  is  flowing  in  the  other  direction,  i.e.  from  —  to  +  ,  the 
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apparatus  is  acting  momentarily  as  a  generator  and  returning  electrical 
energy  to  the  circuit. 

Fig.  254  refers  to  a  coil  or  other  apparatus  in  which  the  current  /  lags  by 
an  angle  0  behind  the  terminal  pressure.  This  lag  is  due  to  the  self-induc- 
tion of  the  coil.  The  time  is  plotted  as  abscissae  and  the  current  and  p.d.  as 
ordinates.  The  angle  0  by  which  the  current  lags  behind  the  p.d.  corresponds 
to  the  time  AB. 

A  curve  is  now  plotted  giving  the  momentary  values  of  the  power  found 
by  multiplying  together  the  corresponding  values  of  current  and  p.d.  These 
values  of  the  power  are  positive  during  the  intervals  OA  and  BC,  but  nega- 
tive during  the  shorter  intervals  AB  and  CD,  as  shown  by  the  dotted  curve 
P,  which  represents  the  rapidly  changing  power  to  a  certain  scale.  The  area 
enclosed  between  this  curve  and  the  horizontal  axis  represents  the  energy 
supplied  to  the  apparatus.  This  area  lies  partly  above  the  axis  and  partly 


Fig-  254 


below.  The  mean  power  is  found  by  subtracting  the  area  below  the  line 
from  the  area  above  the  line,  and  dividing  the  difference  by  the  time.  It  is 
evident  that  the  power  supplied  to  the  apparatus  is  less  than  we  should 
expect  from  multiplying  together  the  pressure  and  the  current  as  read  on 
suitable  instruments. 

In  order  to  calculate  the  mean  power,  we  shall  imagine  the  curves  to  be 
plotted  to  a  base  representing  the  angular  movement  of  the  vector,  instead 

A 

of  the  time.  If  the  strength  of  the  current  at  a  given  moment  be  i .  sin  a,  the 

A 

terminal  pressure  at  the  same  moment  will  be  v .  sin  (a  +  ^),  and  the  momen- 
tary value  of  the  power  will  be  equal  to  their  product,  thus 

A     A 

P  =  !;.».sina.sin  {a  +  <p). 

We  may  imagine  this  power  to  remain  constant  over  the  infinitely  small 
angle  da,  so  that  the  area  of  an  infinitely  narrow  vertical  strip  will  be 


P. da  =  D.i.sina.sin  (a  +  <f}),da. 


T.  E. 
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The  mean  value  of  the  power  is  obtained  by  integrating  this  expression 
between  the  limits  o  and  tt  and  dividing  the  resulting  area  by  the  base  it.  In 
this  way  we  get 

I     /  A       A 

P=  -  \     w  .  i  .  sin  a .  sin  (a  +  0) .  da. 
ttJ  0 

Now,  sin  («  +  ^)  =  sin  a. cos  ^  +  cos  a. sin  0. 

Substituting  this  value  for  sin  {a  +  4>),  we  have 

IJ'aa  I/aa 

P  =  -       V  .i . sm^ a. cos di  .da  +  -       v .%.s,\aa.cosa.sva.6.da. 

77-Jo  "■■'0 

Since  1    sin  a .  cos  a  =  o,  the  second  integral  vanishes,  and  we  have 

I       A       A  \^ 

P  =  ~.v .i.cosd)  \     s,in^a.da. 

77  ^   '0 

["     .  IT 

We  saw  on  page  237  that  I    sin^ a.da=  ~ ,  wherefore 


„      I     '^   '^  ,    IT 

P=  -  .V  .1 .  cos  0  .  -  . 

77-  '^      2 

This  may  be  written  in  the  following  form: 

A  A 

P=  -7=.  -7=.COS0. 
V2    V2 

Since  the  maximum  values  divided  by  Vz  are  equal  to  the  e.m.s.  or 

effective  values,  we  have         „      ^,  ^  ,         .  ,      , 

P  =  V.I.cosfp  (123). 

The  law  that  the  power  is  equal  to  the  product  of  current  and  pressure 
is  therefore  only  applicable  to  instantaneous  values,  and  not  to  effective 
values.  In  any  case  where  there  is  difference  of  phase,  the  true  power  is 
found  by  multiplying  the  apparent  power  by  the  cosine  of  the  angle  of 
phase  difference.  For  this  reason  cos  ^  is  generally  called  the  power-factor. 
This  designation  is  the  more  suitable  since  the  curves  of  current  and  pressure 
depart  in  practice  more  or  less  from  the  sine  form  and  rob  cos  0  of  the  exact ' 
meaning  which  we  have  attached  to  it  in  the  case  of  pure  sine-curves.  The 
power-factor  is  then  generally  defined  as  the  ratio  of  the  actual  power,  as 
indicated  on  a  wattmeter,  to  the  apparent  power,  as  calculated  from  the 
current  and  pressure.   Thus  p 

cos(f,=  y^  (124). 

In  the  example  considered  in  Section  75,  for  example,  the  terminal 
pressure  V  of  the  generator  was  2000  volts,  while  the  current  I  was  50 
amperes.  The  apparent  power  in  this  case  is  2000.50  =  100,000  watts. 
Since,  however,  the  power-factor  was  given  as  cos  ^  =  o-8,  the  true  power 
is  only  80  per  cent,  of  this,  or 

P  =  F./.cos^  =  100,000. 0-8  =  80,000  watts. 
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The  power  transmitted  to  the  generator  from  the  steam  engine  corre- 
sponds to  the  load  of  80,000  watts  only,  so  that  no  direct  loss  is  entailed  by 
this  reduction  of  output  from  100,000  to  80,000  watts.  On  the  other  hand, 
however,  both  the  operation  of  the  generator  and  the  efficiency  of  the  whole 
system  are  adversely  affected  by  the  phase  displacement  or  lag  of  the  current. 
The  output  of  80,000  watts  is  only  maintained  by  a  disproportionately  great 
E.M.F.,  which  has  to  overcome  the  back  e.m.f.  of  self-induction,  in  addition 
to  the  resistance.  The  generator  must  therefore  be  capable  of  working  at  a 
higher  pressure,  a  part  only  of  which  is  applicable  to  the  external  load. 

This  is  perhaps  more  evident  if  we  imagine  the  whole  load  to  consist  of 
resistance  and  self-induction.    We  have  then 

P  =  P.R, 
which  may  be  written  in  the  form 

P  =  I.R.I. 
It  is  evident  from  Fig.  244  that  I .R  may  be  replaced  by  F.cos  <j}, 
giving  us  P=F.cos,^./. 

This  shows  us  clearly  that,  in  calculating  the  actual  power  or  output, 
we  must  only  consider  the  component  V .  cos  <f)  of  the  total  pressure  V,  that 
is,  the  component  in  phase  with  the  current. 

There  is  stiU  another  point  of  view  from  which  we  may  consider  this 
equation.  We  may  look  upon  the  power  P  =  V.I. cos  ^  as  the  product  of 
the  pressure  V  and  the  component  I .  cos  <f) 
of  the  total  current.  This  component  is 
equal  to  the  projection  OC  (Fig.  255)  of 
the  current  vector  I  upon  the  pressure 
vector  V.  Hence  the  true  power  is  found 
by  multipl3dng  the  pressure  by  the  com- 
ponent of  the  current  in  phase  with  it. 

This  component  OC  =  I .  cos  <j}  is  called 
the  watt-component  of  the  current,  or  the 
energy-component,  whUe  the  component 
OD  at  right  angles  to  it  is  called  the  watt- 
less current.  Since  a  generating  station 
works  at  a  constant  terminal  pressure,  this 
last  method  of  imagining  the  current  to 
be    divided  into  two  components  is  the  Fig.  255 

more  convenient,  and  is  the  one  generally 

adopted,  although  it  is  sometimes  more  in  accordance  with  the  real  nature  of 
the  case  to  resolve  the  pressure. 

We  saw  above  that  the  lag  of  the  current  behind  the  pressure  had  the 
effect  of  unduly  increasing  the  necessary  E.m.f.  for  a  given  load  and  current. 
We  might  now  express  this  in  another  way  and  say  that  the  current  must 
be  very  large  for  a  given  load  and  pressure,  since  only  a  component  of  the 
current  enters  into  the  calculation  of  the  output.  This  increased  current 
necessitates  a  greater  cross-section  of  copper  in  generators,  cables  and 
motors,  or  else  increased  losses  due  to  heating.  Every  effort  is  made  there- 
fore to  reduce  the  self-induction  of  generators  and  motors  to  a  minimum. 

17 — 2 
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The  effect  of  phase  difference  on  the  power  or  output  of  a  generator  is 
clearly  illustrated  by  the  following  interesting  experiment  (Fig.  256).  A 
variable  non-inductive  resistance  is  connected  in  series  with  a  highly  in- 
ductive coil  across  the  terminals  of  an  A.C.  generator.  The  terminal  P.D. 
of  the  generator  is  maintained  constant.    The  output  of  the  generator  is 


measured  by  means  of  a  wattmeter.  When  the  rheostat  handle  is  over  to 
the  right  and  the  resistance  consequently  large,  the  current  and  therefore 
also  the  power  will  be  small.  As  the  rheostat  handle  is  turned  to  the  left, 
the  resistance  is  decreased  and  the  power  increases  as  one  would  expect. 
Beyond  a  certain  point,  however,  the  wattmeter  reading  decreases  in  spite 


Fig.  257 

of  the  increased  current  caused  by  cutting  out  the  resistance.  The  reason 
for  this  is  evident,  if  we  turn  to  Fig.  244  on  page  251,  in  which  the  area  of  the 
triangle  is  equal  to  half  the  product  of  the  base  and  height.  The  area  is 
therefore  equal  to  |F.cos ^.wL./.  Since,  in  our  case,  onL  is  constant,  the 
area  is  proportional  to  F./.cos  <f),  and  is  therefore  a  measure  of  the  output 
of  the  generator.   With  a  constant  hypotenuse  V,  the  triangle  has  a  maxi- 
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mum  area  when  the  other  two  sides  are  equal,  that  is,  when  the  resistance 
R  is  equal  to  the  reactance  ojL,  and  the  angle  of  lag  is  45°.  The  output  is 
then  a  maximum  for  the  given  terminal  pressure  and  inductance. 

If  the  rheostat  arm  be  put  right  over  to  the  left,  the  current  naturally 
increases  still  further,  while  the  wattmeter  reading  falls  almost  to  zero. 
This  is  explained  by  the  fact  that  the  resistance  of  the  circuit  is  almost 
entirely  inductive,  so  that  the  angle  of  lag,  as  found  from  the  equation 

ta.n(f>  =  -^, 

is  almost  90°.  The  power-factor  cos  cf)  is  therefore  nearly  0,  and  the  output 
consequently  very  small  in  spite  of  the  large  current.  The  latter  is  almost 
entirely  wattless. 

In  order  to  show  this  in  a  graphical  manner,  we  have  drawn  in  Fig.  257 
the  sine-curves  for  a  circuit  containing  much  self-induction,  but  Uttle  ohmic 
resistance.  The  curve  of  ohmic  pressure  drop  is  so  flat  that  it  could  almost 
be  neglected  in  finding  the  curve  of  terminal  pressure.  The  latter  has  little 
to  do  beyond  counterbalancing  the  back  e.m.f.  of  self-induction.  The  curve 
V  is  subsequently  nearly  180°  out  of  phase  with  the  curve  e^  of  self-induction, 
and  therefore  almost  90°  ahead  of  the  current.  By  forming  the  products  of 
the  momentary  values  of  pressure  and  current,  we  find  that  the  power  is 
positive  from  0  to  ^,  and  negative  from  ^  to  S.  Since  these  two  intervals 
are  almost  equal,  the  resultant  mean  power  is  very  small.  It  would  vanish 
entirely  if  the  winding  of  the  coil  had  no  resistance  and  the  iron  were  free 
from  hysteresis. 

It  follows  from  these  considerations  that  a  choking  coil  can  be  used  to 
cause  a  large  drop  of  pressure  without  absorbing  very  much  power.  They 
have  been  largely  employed  as  steadying  resistances  in  series  with  a.c. 
arc  lamps.  Their  employment  is  limited,  however,  owing  to  the  disadvan- 
tage, pointed  out  above,  of  loading  the  station  and  mains  with  wattless 
current.  If  the  pressure  has  to  be  reduced  considerably,  it  is  far,  preferable 
to  use  a  small  transformer  instead  of  a  choking  coil. 

A  further  use  to  which  choking  coils  have  been  put  is  in  connection  with 
the  series  running  of  a  number  of  glow  lamps  on  high  pressure  mains.  Each 
lamp  has  a  small  choking  coU  connected  in  parallel  with  it,  through  which 
the  current  passes  when  the  lamp  breaks,  thus  enabling  the  other  lamps  in 
series  with  it  to  continue  burning.  If  the  broken  lamp  were  short-circuited 
the  current  through  the  whole  circuit  would  be  increased  and  the  other 
lamps  endangered.  This  does  not  happen  if  choking  coils  are  used  instead 
of  short-circuiting  devices.  When  the  lamp  is  burning,  the  current  divides 
between  the  lamp  and  the  coil  but  on  the  lamp  breaking,  the  whole  current 
passes  through  the  coil,  with  the  result  that  the  total  current  is  shghtly 
reduced.  This  reduction  of  current  is  hardly  appreciable  when  the  number 
of  lamps  in  series  is  very  large,  and  it  is  further  limited  by  making  the  chok- 
ing coils  so  as  to  have  a  variable  coefficient  of  self-induction.  When  the  lamp 
breaks,  the  whole  current  is  forced  to  pass  through  the  coil,  and  the  flux  is 
thereby  increased.  This  increase  in  the  magnetic  flux  causes  an  increase  in 
the  back  e.m.f.,  and  consequently  a  decrease  in  the  current.  If,  however, 
the  iron  core  of  the  choking  coil  is  already  highly  saturated,  a  large  increase 
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in  the  current  has  but  a  small  effect  on  the  flux  and  therefore  also  on  the 
back  E.M.F. 

Choking  coils  are  sometimes  used  in  connection  with  the  parallel  running 
of  alternators.  We  saw  in  Section  35  that  self-induction  acts  as  a  sort  of 
electrical  inertia,  opposing  sudden  variations  of  the  current.  There  is  often 
a  danger  of  heavy  currents  surging  backwards  and  forwards  between  two 
or  more  alternators  when  connected  in  parallel  (see  Sections  104  and  106). 
These  currents  can  be  largely  prevented  by  connecting  choking  coUs 
between  the  generators  and  the  common  bus-bars  at  the  switch-board. 
The  advantage  gained  in  this  way  will  more  than  compensate  for  the  small 
pressure  drop  in  the  coils.  The  power  lost  in  such  a  coil  is  very  small, 
as  the  current  is  nearly  90°  out  of  phase  with  the  terminal  pressure  of 
the  coil. 

Swinburne  has  suggested  an  arrangement  whereby  the  pressure  drop 
in  the  choking  coils  can  be  prevented.  The  iron  core  of  the  choking  coil  has 
two  windings,  one  in  series  with  each  of  the  two  generators.  These  are  so 
connected  that  the  ampere-turns  are  normally  in  opposition,  and  if  the 
currents  are  equal  no  flux  is  produced.  If,  however,  current  passes  from  one 
generator  to  the  other,  the  ampere-turns  act  in  conjunction,  the  iron  core  is 
magnetised  and  the  circulating  current  is  limited  by  the  inductive  action. 

80.    Effect  of  Capacity. 

A  condenser  consists  essentially  of  two  metal  plates  separated  from  each 
other  by  a  thin  sheet  of  insulating  material.  If  the  two  plates  are  connected 
to  the  terminals  of  a  battery  or  dynamo,  the  one  plate  becomes  charged 
positively  and  the  other  negatively.  Although  this  way  of  looking  at  the 
matter  agrees  with  the  general  ideas  of  frictional  electricity,  it  is  hardly  in 
accordance  with  the  supposition  of  Maxwell  that  the  electric  current  is  due 
to  the  motion  of  positive  electricity  only.  The  two  ideas  can  be  brought  into 
agreement,  however,  by  assuming  that  the  negative  plate  is  charged  by  the 
flowing  away  of  positive  electricity  instead  of  the  flowing  into  it  of  negative 
electricity.  We  thus  have  a  current  round  the  circuit  at  the  moment  of 
charging;  the  current  flows  from  the  positive  terminal  of  the  generator  to 
the  condenser,  and  from  the  negative  terminal  of  the  condenser  back  to  the 
generator.  This  current  flows  until  the  condenser  is  fully  charged,  that  is, 
until  the  back  e.m.f.  of  the  condenser  is  equal  to  the  p.d.  applied  to  it. 
A  certain  quantity  of  electricity  will  have  to  flow  into  the  positive  plate 
(and  out  from  the  negative  plate)  in  order  to  charge  the  condenser  to  the 
given  back  electromotive  force  E,.. 

The  effect  of  capacity  in  A.c.  circuits  is  of  great  practical  interest  on 
account  of  electric  cables  acting  as  condensers.  To  simplify  the  problem  as 
much  as  possible,  we  .shall  assume  that  the  cable  has  neither  ohmic  resist- 
ance nor  self-induction.  For  the  instantaneous  value  of  the  terminal  pressure 

of  the  machine  we  have  a  a 

w  =  y.sin  a  =  w.sin  {wt). 

If  this  pressure  increases  by  an  amount  dv  in  the  succeeding  interval  dt, 
we  have  a 

dv  =  w.cos  {wt).(ji.dt. 
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The  quantity  of  electricity  dq  which  passes  into  the  positive  plate  of 

the  condenser  during  this  interval  is  proportional  to  the  increase  of  pressure 

dv  and  to  the  capacity  of  the  condenser  (see  page  105).  The  capacity  C  must 

be  expressed  in  units  corresponding  to  the  ampere  and  volt,  i.e.  in  farads. 

We  have  then  „    ,        „  a 

dq  =  C .dv  =  C .V. cos  {tDt) .oj.dt. 

Now,  -^  is  the  rate  at  which  electricity  flows  into  the  condenser  in 

coulombs  per  second,  i.e.  in  amperes,  during  the  short  interval  dt.  It  is  the 
instantaneous  value  i  of  the  condenser  current,  and  can  be  expressed  as 

*°11°^^=  .      dq      ^         A 

«  =  j7  =  C  .  o) .  w .  cos  «. 
at 
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Hence,  the  current  is  a  cosine  function  of  the  angle  «  which  the  terminal 
pressure  vector  makes  with  its  zero  position.  When  a  =  "0,  cos  a  =  i,  and 
the  current  has  its  maximum  value 

A  A 

i  =  C  .w.v. 
By  dividing  both  sides  by  V2  we  obtain  the  effective  value  of  the  current, 
which  is  therefore  given  by  the  equation 

I  =  C.w.V (125). 

Since  the  terminal  pressure  of  the  machine  and  the  back  e.m.f.  of  the 
condenser  are  exactly  equal  and  opposite  to  each  other  at  every  moment, 
they  must  be  numerically  equal,  so  that  we  may  write  the  above  equation 
in  the  following  form:  77 

We  see,  then,  that  there  is  another  pressure  in  the  circuit  in  addition 
to  the  generator  pressure,  viz.  the  back  e.m.f.  of  the  condenser,  which  has 
to  be  overcome  by  the  generator.  We  must  now  determine  the  phase  of  this 
new  electromotive  force. 

The  thin  fuU-Une  curve  in  Fig.  258  represents  the  terminal  pressure  of 
the  generator.    The  abscissae  represent  the  angular  displacement  of  the 
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vector  V  from  its  initial  position.  On  the  assumption  that  the  circuit  con- 
tains neither  resistance  nor  self-induction,  we  saw  above  that  the  current 
is  proportional  to  the  cosine  of  the  angle  a.  It  wiU  therefore  have  a  positive 
maximum  when  a  =  o,  and  will  vanish  when  a  =  90°.  In  this  way  we  obtain 
the  heavy  Une  curve  i  for  the  current.  Since  we  have  seen  that  the  back 
E.M.F.  of  the  condenser  is  directly  opposed  to  the  terminal  pressure,  the 
dotted  curve  e^  must  represent  the  former.  The  current  curve  i  lags  90° 
behind  the  back-pressure  curve  e^,  but  is  90°  ahead  of  the  terminal  pressure 
curve  V. 

It  is  necessary,  however,  to  check  this  mathematical  result  by  considering 
the  relation  between  current  and  pressure  at  several  characteristic  moments 
during  the  period.  The  curve  v  cuts  the  axis  at  the  point  0,  and  is  steepest 
at  this  point.  This  is  the  moment  at  which  the  terminal  pressure  is  changing 
most  rapidly,  and  at  which  the  quantity  of  electricity  passing  into  the  con- 
denser per  second  has  its  maximum  value.  The  current  has  therefore  its 
maximum  value.  So  long  as  the  terminal  pressure  continues  to  increase, 
that  is,  during  the  interval  OA,  the  current  wiU  have  the  same  direction  as 
the  pressure,  and  the  ordinates  of  both  are  positive. 

When  the  terminal  pressure  reaches  its  maximum  value  at  the  moment 
A  it  is  constant  for  a  moment,  and  the  current  into  the  condenser  ceases. 
When,  however,  the  terminal  pressure  decreases,  it  is  overcome  by  the  back 
E.M.F.  of  the  fully  charged  condenser,  and  a  current  is  driven  back  through 
the  generator  in  opposition  to  its  terminal  pressure.  This  continues  during 
the  quarter  period  AB,  in  which  the  ordinates  of  current  and  terminal 
pressure  are  of  opposite  sign.  Hence,  the  relative  positions  of  the  curves  in 
Fig.  258  are  quite  correct,  and  we  see  clearly  why  the  current  curve  is  90° 
ahead  of  the  curve  of  terminal  pressure,  or  why  the  back  e.m.f.  of  the  con- 
denser is  90°  ahead  of  the  current. 

81.    Resistance  and  Capacity  in  Series. 

We  assumed  in  the  last  section  that  no  ohmic  resistance  was  interposed 
between  the  generator  and  the  condenser,  so  that  the  terminal  pressure  of 
the  condenser  was  identical  with  that  of  the  generator.  If,  however,  a 
resistance  R  lies  between  the  generator  and  the  condenser,  the  terminal 
pressure  v  of  the  generator  has  to  cover  the  drop  of  pressure  i .  R,  in  addition 
to  overcoming  the  back  e.m.f.  of  the  condenser.  These  two  components  are 
shown  in  Fig.  259,  in  which  the  thick  black  line  represents  the  pressure  drop 
i .  R,  while  the  dotted  line  represents  the  back  e.m.f.  of  the  condenser  leading 
90°  ahead  of  i.R. 

At  the  moment  0  there  is  no  back  e.m.f.,  and  the  terminal  pressure  v  has 
only  to  supply  the  drop  in  the  resistance.  Its  momentary  value  will  there- 
fore be  OF. 

At  the  moment  A  there  is  still  a  considerable  ohmic  drop  and,  in  addition 
thereto,  a  back  e.m.f.  to  overcome.  The  momentary  value  of  the  terminal 
pressure  must  therefore  be  GA. 

At  the  moment  B  the  current  is  passing  through  zero,  and  there  is  conse- 
quently no  ohmic  drop;  the  terminal  pressure  HB  has  only  to  counter- 
balance the  equal  and  opposite  back  e.m.f.  of  the  condenser. 
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Finally,  at  the  moment  C  the  ohmic  pressure  drop  is  exactly  covered  by 
the  back  e.m.f.  of  the  condenser,  which  is  now  acting  with  the  current.  The 
terminal  pressure  of  the  generator  is  therefore  equal  to  0. 
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When  the  curve  v  has  been  drawn  in  this  manner,  we  find  that  it  lags 
behind  the  current  curve.  In  Fig.  259  the  current  is  ahead  of  the  terminal 
pressure  by  an  angle  represented  by  BC.  The  effect  of  capacity  is  thus  the 
opposite  of  that  of  self-induction,  in  that  it  causes  the  current  to  lead  ahead 
of  the  pressure,  whereas  self-induction  causes  the  current  to  lag. 


82,    Circuit  containing  Resistance,  Inductance  and  Capacity. 

We  must  now  consider  the  case  in  which  ohmic  resistance,  self-induction 
and  capacity  are  all  connected  in  series.  At  the 
moment  represented  in  Fig.  260  the  current  /  is 
passing  through  its  zero  value,  and  the  vector  I .  R 
is  therefore  horizontal.  The  vector  £,,  of  the  back 
E.M.F.  due  to  self-induction  lags  90°  behind  the 
current  vector,  and  is  therefore  vertically  down- 
wards. This  vector  must  be  counterbalanced  by 
an  equal  and  opposite  component  —  Ej  of  the 
terminal  pressure  of  the  generator.  From  I.R 
and  —  Eg  we  get  the  resultant  OA.  There  is  another 
E.M.F.  acting  in  the  circuit,  however,  viz.  the  back 
E.M.F.  E,,  of  the  condenser,  which  is  90°  ahead  of 
the  current,  and  is  therefore  represented  by  a 
vector  vertically  upwards  from  0.  This  must  be 
counterbalanced  by  an  equal  and  opposite  com- 
ponent of  the  terminal  pressure.  The  resultant  OC 
of  the  vectors  OA  and  —  E„  is  the  required  vector  Fig.  260 
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of  the  terminal  pressure  V.  Under  certain  conditions  the  terminal  pressure 
V  may  be  much  smaller  than  either  the  pressure  E,  due  to  the  self- 
induction,  or  the  pressure  E^  across  the  condenser. 

By  means  of  the  diagram  in  Fig.  260  we  are  now  able  to  calculate  the 
current  for  any  given  values  of  the  terminal  pressure,  ohmic  resistance,  self- 
induction  and  capacity.  From  the  figure,  we  have 

BC  =  E,.  —  £j, 

so  that,  for  the  right-angled  triangle  OBC  we  have 

V^=[I.RY+{E,-E,Y^ 

From  equation  (126)  on  page  263,  we  have 

E=-L 
and  from  page  245 

By  substituting  these  values  in  the  above  equation,  we  get 

which  is  equivalent  to 

I  =  —r- = =„    (127). 


y^^+(aTc-^y 


This  may  be  called  the  general  expression  of  Ohm's  law  for  an  alternating 
current  circuit,  since  the  denominator  is  the  apparent  resistance  or  imped- 
ance of  the  circuit.  It  is  represented  by  the  hypotenuse  of  a  right-angled 
triangle,  one  side  of  which  is  equal  to  the  ohmic  resistance,  while  the  other 

is  equal  to  the  difference  — ^  -  coL.    We  must  not  forget  that  C  is  to  be 

expressed  in  farads,  so  that  the  value  of  the  capacity  in  microfarads  must 
be  multiplied  by  10-^  before  it  is  introduced  into  the  above  equation. 

It  is  a  point  of  great  importance  in  the  above  equation  that  the  angular 
velocity  cu  occurs  in  the  numerator  of  one  of  the  two  terms  within  the 
brackets,  and  in  the  denominator  of  the  other.  This  indicates  that  there  is 
a  value  of  the  frequency  for  which  the  two  terms  wUl  be  equal  and  their 
difference  consequently  vanish.   To  find  this  frequency  we  simply  put 

-  >,  —  cuL  =  0, 

-=  vi?x ^''^^- 

The  frequency  at  which  the  difference  —^-coL  vanishes  is  therefore 

^=S=27rVC7L    ^'^9^- 
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For  this  value  of  the  frequency,  equation  (127),  which  we  have  called 
the  general  expression  of  Ohm's  law  for  an  a.c.  circuit,  becomes  simplified 
to  the  following  form : 

The  current  reaches  its  maximum  value  at  this  frequency,  and  is  as 
great  as  if  both  self-induction  and  capacity  were  absent,  and  the  pressure 
V  were  applied  directly  to  the  resistance  R. 

Let  us  consider  as  an  example  an  alternating  current  generator  with  an 
E.M.F.  of  10,000  volts  and  a  coefficient  of  self-induction  L  of  0-4  henry.  We 
shall  assume  that  it  is  connected  to  a  length  of  cable  the  far  end  of  which  is 
open,  and  which  has  a  total  resistance  of  5  ohms  for  the  double  length.  The 
two  cores  of  the  cable  act  as  the  plates  of  a  condenser,  and  have  a  capacity 
of  2-5  microfarads.  A  condenser  with  this  capacity  may  be  assumed  to 
replace  approximately  the  distributed  capacity  of  the  cable,  if  connected 
between  the  cores  halfway  between  the  generator  and  the  free  end  of  the 
cable.  The  resistance  in  series  with  this  condenser  will  be  half  that  of  the 
whole  cable,  viz.  2-5  ohms.  On  this  assumption  the  capacity  current  at  a 
frequency  of  50  can  be  found  from  equation  (127) : 

T  10,000  „ 

^~  =87. 


V^'" 


■5^ +(6-28  .'50. 2-5 -^"^- 5° -"-^y 

This  current  flows  in  the  cable  in  spite  of  the  fact  that  it  is  open  at  the 
further  end.  The  current  leads  nearly  90°  ahead  of  the  pressure,  so  that 
cos  (f>  is  practically  equal  to  o  and  the  power  is  negligibly  small. 

It  is  interesting  to  determine  the  frequency  at  which  the  current  in  this 
example  would  reach  its  maximum  value.*  From  equation  (129)  we  find  the 
critical  frequency,  as  follows: 

/■= ,         = -= —  =  160. 

27T  VC .  L     277  V  2-5  .  10-^ .  0-4 

At  this  frequency  the  denominator  in  equation  (127)  becomes  equal  to 
R,  and,  although  the  further  end  of  the  cable  is  open,  the  current  reaches  an 
enormous  value,  viz. 

r        V        10,000 

/  =  P  = =  4000  amperes. 

XV  2'5 

The  p.D.  across  the  condenser  is  then  equal  to  that  across  the  self- 
induction,  and  for  both  we  find  the  following  incredible  value : 

— ^  =  oiL  .  /  =  27r .  160 . 0-4 .  4000  =  1-62 .  10®  volts. 

The  cross-section  of  the  conductor  is  naturally  unable  to  stand  the  large 
current,  and  the  insulation  would  be  broken  down  by  the  enormous  pressure. 
This  dangerous  condition  which  arises  at  the  critical  frequency  is  known  as 
resonance.  The  above  example  is  exaggerated  on  account  of  the  value 
chosen  for  the  self-induction  of  the  generator  being  much  larger  than  the 
actual  value  for  a.  practical  alternating  current  generator.    For  smaller 
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values  of  L  the  critical  frequency  is  higher  than  i6o.  The  two  characteristic 
pecuUarities  of  resonance  are  large  currents  and  enormous  pressures,  in 
spite  of  open  circuits  and  normally  excited  machines. 


83.    Self-induction  and  Capacity  in  Parallel. 

In  Fig.  261  is  shown  a  circuit  containing  two  parallel  branches,  one  of 
which  consists  of  a  choking  coil  in  series  with  ohmic  resistance,  while  the 
other  contains  a  condenser,  also  in  series  with  ohmic  resistance.  The 
terminal  pressure  V  is  common  to  both  branches.  Its  vector  must  conse- 
quently be  the  hypotenuse  of  two  right-angled  triangles,  one  of  which  has 
sides  equal  to  I^-Rx  and  (uL.I^,  while  the  sides  of  the  other  are  equal  to 

1 2 .  R2  and  — ^  (Fig.  262).    The  current  I^  must  lag  behind  the  pressure  V 

by  an  angle  0^,  which  is  given  by  the  equation 


tan^i  =  ^^ 


L  R, 


Fig.  261 


Fig.  262 


The  current  I^,  on  the  other  hand,  leads  ahead  of  the  terminal  pressure 
by  the  angle  <^2,  where 

A  circle  is  drawn  on  OG  =  F  as  diameter,  and  a  chord  OA  drawn  so  as 
to  make  an  angle  ^^  with  the  diameter.  OA  represents  the  drop  in  the  lower 
branch  due  to  ohmic  resistance,  while  ^G  is  equal  to  the  inductive  drop. 
The  chord  OB  is  drawn  so  as  to  make  an  angle  02  with  OG.  OB  represents 
the  ohmic  pressure  drop  in  the  upper  branch,  and  BG  represents  the  pressure 
lost  in  counterbalancing  the  back  e.m.f.  of  the  condenser.  The  angles  0i 
and  02  must  naturally  lie  on  opposite  sides  of  the  diameter.  By  dividing 
the  chord  OA  by  the  resistance  R^,  we  get 
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The  current  I^  is  obtained  in  a  similar  manner  by  dividing  the  chord  OB  by 

OB 
R, 


the  resistance  R^,  thus 


7a=^=0Z). 


The  resultant  OJ  is  found  from  the  components  /^  =  OC  and  I2  =  OD 
by  the  parallelogram  of  forces.  The  vector  OJ  represents  the  resultant 
current  both  in  magnitude  and  phase.  It  is  noteworthy  that  its  displacement 
from  the  terminal  pressure  vector  is  very  small.  It  is  evident  that  by  a 
suitable  choice  of  capacity  the  displacement  between  resultant  current  and 
terminal  pressure  could  be  altogether  prevented.  Condensers  have  been 
employed  to  a  small  extent  for  this  very  desirable  purpose.  In  Section  no, 
however,  it  will  be  shown  that  an  over-excited  synchronous  motor,  the 
back  E.M.F.  of  which  exceeds  the  terminal  pressure,  resembles  a  condenser, 
in  that  it  takes  a  leading  current  from  the  mains.  Such  motors  have  there- 
fore been  used  to  reduce  the  displacement  between  the  current  and  pressure 
vectors  caused  by  self-induction. 


CHAPTER  XI 

84.  The  electromotive  forces  induced  in  a  transformer. — 85.  The  magnetising  current. 
— 86.  The  hysteresis  current. — 87.  Transformer  on  non-inductive  load. — 88. 
Transformer  on  inductive  load. — 89.    The  effect  of  magnetic  leakage. 

84.    The  Electromotive  Forces  induced  in  a  Transformer. 

The  principle  of  the  transformer  has  already  been  explained  in  Section  34. 

The  magnetic  flux  produced  by  the  alternating  current  alternately  grows 

and  dies  away,  first  in  the  one  direction  and  then  in  the  other.  In  so  doing, 

it  cuts  through  the  turns  of  two  separate  windings  on  the  core,  and  induces 

in  them  electromotive  forces  proportional  to  the  number  of  turns  in  each. 

We  shall  consider,  in  the  first  place,  the  conditions  existing  in  the  primary 

winding  when  the  transformer  is  on  open  circuit,  that  is,  when  no  current 

is  taken  from  the  secondary  winding.  The  primary  winding  is  then  nothing 

more  than  a  choking  coil,  in  which  the  flux  produced  by  the  alternating 

current  induces  a  back  e.m.f.  of  self-induction.    We  shall  not,  however, 

make  use  of  the  idea  of  self-induction,  but  shall  speak  of  the  induced  or  back 

electromotive  force.  If  <I)  be  the  highest  value  reached  by  the  flux  linking  the 

winding,/the  frequency,  and  T^  the  number  of  turns  in  the  primary  winding, 

then  the  primary  e.m.f.  can  be  found  from  equation  (119)  on  p.  246,  as 

follows:  _  A  J-  T-        -s  /      X 

£:i  =  4-44.0./.ri.io  8  (130). 

The  external  p.d.  applied  to  the  primary  terminals  has,  as  we  have 
already  seen  in  the  fundamental  diagram  on  page  251,  a  double  function  to 
perform,  viz.  to  overcome  this  back  e.m.f.  and  to  drive  the  current  through 
the  ohmic  resistance  of  the  winding.  The  resistance  of  transformer  windings 
is  generally  so  small  that  the  latter  component  of  the  terminal  pressure  can 
be  neglected.  The  induced  electromotive  force  E^  is  therefore  almost  exactly 
equal  and  opposite  to  the  terminal  pressure  V^,  and  only  allows  that  current 
to  flow  through  the  winding,  which  is  necessary  to  produce  the  magnetic 
flux.  Since  the  magnetic  circuit  of  a  modern  transformer  consists  entirely 
of  iron  and  has  a  low  reluctance,  a  very  small  current  suffices  to  produce  the 
necessary  flux,  so  that  the  no-load  current  is  always  very  small. 

Whether  the  secondary  circuit  be  open  or  closed,  the  secondary  winding 
is  cut  by  the  alternating  flux,  which  induces  in  it  an  e.m.f.  E^  in  phase  with 
the  primary  e.m.f.  If  the  number  of  turns  in  the  secondary  winding  be  T,, 
we  have,  from  equation  (119)  on  page  246, 

£"2  =  4-44  •^•/- 7^2 -10-8 (131). 

The  electromotive  forces  are  thus  proportional  to  the  number  of  turns  in 
the  windings.   At  no-load  there  is  no  secondary  current,  and  the  electro- 
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motive  force  E^  is  equal  to  the  secondary  terminal  pressure  V.^.  Neglecting 
the  primary  copper  drop,  we  have 

f;-?; (^33). 

Hence,  at  no-load  the  terminal  pressures  are  proportional  to  the  number 
of  turns  in  the  windings. 

It  is  assumed  here  that  the  two  windings  retain  the  same  relative 
positions.  If,  however,  one  winding  be  wound  on  an  iron  ring  as  in  the  stator 
of  an  induction  motor,  whilst  the  other  is  wound  on  the  iron  drum  which 
constitutes  the  rotor  of  the  motor,  the  ratio  of  the  primary  to  the  secondary 
voltage  can  be  varied  by  turning  the  drum.  When  the  axes  of  the  coils 
coincide  the  secondary  voltage  is  a  maximum,  and  when  they  are  at  90°, 
the  secondary  voltage  is  zero.  Such  induction  regulators,  as  they  are  called, 
have  been  used  for  starting  and  regulating  single  phase  railway  motors. 

85.    The  Magnetising  Current. 

Since  the  unloaded  transformer  is  equivalent  to  a  choking  coil,  the  mag- 
netising current  is  given  by  equation  (120)  on  page  246,  viz. 

I    =        ^-^ 

B  is  the  highest  value  reached  by  the  number  of  lines  per  sq.  cm,  I  is  the 
length  of  the  magnetic  path,  and  fi,  is  the  permeability  of  the  iron.  The  value 
of  /x  is  not  quite  constant  during  the  period,  but  since,  in  order  to  reduce 
hysteresis  loss  and  magnetising  current,  transformers  are  always  worked  at 
low  flux-densities,  i.e.  on  the  first  part  of  the  magnetisation  curve,  the  value 
of  /x  varies  very  little. 

Instead  of  taking  the  value  of  ju,  from  magnetisation  curves  found  by  the 
baUistic  method,  we  can  determine  it  by  actually  measuring  the  magnetising 
current  taken  by  a  transformer  or  annular  ring  built  up  of  the  same  iron. 
The  maximum  flux  O  can  be  found  by  equation  (130)  on  p.  270,  and  the 
flux-density  B  is  obtained  by  dividing  O  by  the  cross-section  of  the  iron. 
The  permeability  can  then  be  found  from  the  following  formula: 

B.l  ,       . 

^^^■78.I^.T, (^33). 

The  value  of  /x  found  in  this  way  is,  of  course,  the  correct  one  to  employ 
in  the  transformer  calculation.  It  is  not,  however,  exactly  the  same  as  the 
value  of  fji  corresponding  to  B  in  the  magnetisation  curve,  but  is  a 
sort  of  mean  value  which  can  hardly  be  defined,  except  by  means  of 
equation  (133). 

The  curve  /x  in  Fig.  263  has  been  determined  in  this  manner.  It  is  taken 
from  Kapp's  Dynamo  Construction,  and  gives  what  we  may  call  the 
mean  permeability  for  the  values  of  B  shown  on  the  abscissa  axis.  As  one 
would  expect  from  the  shape  of  the  magnetisation  curve  in  Fig.  56  on  p.  63, 
the  permeability  increases  up  to  a  certain  value  of  B,  beyond  which  it 
decreases.  The  highest  permeability  has  hardly  been  reached  in  the  figure. 
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which  only  goes  up  to  a  flux-density  of  7000.  It  is  easy  to  see  from 
Fig.  56  that  the  permeability  B/H  would  reach  its  maximum  at  the  point 
where  the  tangent  to  the  curve  would  pass  through  the  origin. 

We  shall  now  determine  the  phase  of  the  various  pressures  and  no-load 
current  by  means  of  a  vector  diagram  (Fig.  264).  The  induced  electromotive 
forces  lag  90°  behind  the  magnetising  current  /^.  If  the  vector  7^  is  drawn 
horizontally  to  the  right,  the  vectors  representing  E^  and  E^  must  be 
drawn  vertically  downwards.  Since  the  electromotive  forces  are  propor- 
tional to  the  number  of  turns,  we  have 

-'2 
Hence,  the  vector  of  the  primary  electromotive  force  represents  to  a 
certain  scale  the  secondary  electromotive  force.  This  greatly  simplifies  the 

T 

diagram.    All  secondary  electromotive  forces  are  therefore  multiphed  by  =r 
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to  reduce  them  to  equivalent  primary  forces,  which  are  then  drawn  on  the 
diagram. 

We  have  seen  that  the  primary  terminal  pressure  F^  is  almost  exactly 
equal  and  opposite  to  the  primary  electromotive  force  E^.  The  F^  vector 
will  therefore  be  vertically  upwards.  The  angle  between  the  terminal  pres- 
sure Fi  and  the  primary  current  7„  is  90°,  so  that  no  power  is  taken  by  the 
open-circuited  transformer.  We  have,  however,  not  only  neglected  the 
power  lost  in  heating  the  copper,  which  is  very  small,  but  we  have  also 
neglected  the  power  absorbed  in  continually  reversing  the  magnetic  field 
in  the  iron.  This  latter  loss  is  by  no  means  negligible,  and  we  must  now 
investigate  this  effect  of  the  so-called  hysteresis  of  the  iron. 


86.    The  Hysteresis  Current. 

If  the  power  supphed  to  a  transformer  on  open  circuit  be  measured  by 
means  of  a  wattmeter,  it  is  found  to  be  by  no  means  negligible.  This  power 
is  principally  absorbed  by  the  hysteresis  of  the  iron.    If  P^  is  the  power 
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measured  on  the  wattmeter,  /q  the  primary  current,  and  V^  the  primary 
terminal  pressure,  we  have  p 

cos  6  =  T^-V  ■ 

The  primary  no-load  current  lags  therefore  behind  the  terminal  pressure 
by  an  angle  ^,  while  the  primary  back  E.M.F..is,  as  before,  exactly  equal  and 
opposite  to  V-i.  Now,  the  back  e.m.f.  must  lag  90°  behind 
the  magnetic  flux,  by  the  variation  of  which  it  is  produced. 
When,  for  example,  the  e.m.f.  is  a  maximum,  as  shown  in 
the  figure,  the  magnetic  flux  must  be  passing  through  its 
zero  value,  since  this  is  the  moment  when  the  steepness  of 
the  sine  curve  or  rate  of  change  of  the  flux  is  at  its  maximum. 
The  vector  of  the  flux-density  B  must  therefore  be  drawn 
horizontally  to  the  right.  Hence,  we  are  led  to  the  conclusion 
that  the  magnetic  flux-density  B  lags  behind  the  no-load 
primary  current  I„  by  an  angle  ;8. 

In  order  to  make  this  clearer,  a  hysteresis  loop  is  drawn 
in  Fig.  266,  in  which  the  instantaneous  values  of  the  no-load 
current  are  plotted  as  abscissae  and  the  values  of  the  flux- 
density  B  as  ordinates.  If  the  applied  terminal  pressure  V^ 
is  a  sine  function  of  the  time,  the  induced  e.m.f.  must  also 
be  a  sine  function.  The  curve  representing  the  Hux-density 
is  drawn  on  the  right,  and  since  it  is  merely  displaced  90°  from  the 
induced  e.m.f.  it  is  also  a  sine  curve.  Its  maximum  value  is  the  same  as 
that  of  the  hysteresis  loop  on  the  left  of  the  figure. 


Ei 


Fig.  265 


Fig.  266 


A  point  is  found  in  the  sine  curve  having  an  ordinate  equal  to  the  re- 
manent magnetism  OR.  This  point  corresponds  to  the  moment  0  at  which 
the  current  is  consequently  zero. 
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At  the  moment  A,  on  the  other  hand,  the  flux-density  has  fallen  to  zero, 
und  we  must  measure  off  the  corresponding  current  OA  from  the  loop  and 
:set  it  up  as  the  ordinate  at  the  point  A. 

At  the  moment  B,  the  flux-density  is  seen  from  the  right-hand  figure  to 
ibe  EB,  which  corresponds  on  the  loop  to  a  current  OB.  The  latter  is  there- 
fore set  up  as  the  ordinate  at  the  point  B. 

Both  the  flux-density  and  the  current  reach  their  maximum  values  at  the 
moment  C.  The  point  D  at  which  the  curve  cuts  the  base  line  is  determined 
by  finding  the  point  for  which  the  ordinate  DG  is  equal  to  the  remanent  flux- 
density  OG  in  the  hysteresis  loop. 

It  is  evident  from  Fig.  266  that  the  current  is  out  of  phase  with  the  mag- 
netic flux.  The  current  curve,  moreover,  is  distorted,  so  that,  although  both 
curves  reach  their  maximum  values  at  the  same  moment, 
they  pass  through  their  zero  values  at  different  times.  We 
are  met  with  the  difficulty  that  our  rotating  vectors  re- 
present true  sine  waves,  so  that  we  cannot  exactly  represent 
the  no-load  current  by  a  vector.  For  practical  purposes, 
however,  the  distorted  current  wave  can  be  replaced  by  an 
equivalent  sine  wave,  i.e.  one  with  the  same  effective 
value  /q-  The  flux  wave  will  lag  behind  this  sine  wave  of 
current  by  an  angle  ^,  which,  however,  will  be  less  than 
the  angle  represented  by  O'A  in  Fig.  266. 

In  Fig.  267  the  current  I^  is  resolved  into  two  com- 
Fig  267  ponents,  one,  7^,  in  the  direction  of  the  terminal  pressure 

Fi,  the  other,  7^,  in  the  direction  of  the  induction.  The 
former  is  the  hysteresis  current,  while  the  latter  is  the  wattless  magnetising 
current. 

We  see  from  the  figure  that 

Ih  =  7o.cos^. 

Now,  the  power  absorbed  at  no-load  by  hysteresis,  viz.  P^,  is  equal  to 
Fj . 7q . cos  1^,  or,  if  the  copper  drop  is  not  neglected,  to  Ei.I^. cos ^.  We 
have  then  P^  =  E^.Io. cos  <f>. 

p 

or  ^'^=1^    (^34)- 

We  then  find  7^  from  the  equation 

7„  =  Vio'  -  h^ (135). 

The  physical  meaning  of  this  is  made  plainer,  perhaps,  by  drawing  the 
vector  —  7ft  in  Fig.  267  equal  and  opposite  to  7^.  Then  the  theoretical 
magnetising  current  7„  is  the  resultant  of  the  total  current  7,,  and  the  current 
—  7ft,  which  may  be  called  the  demagnetising  effect  of  hysteresis.  Hence, 
we  may  consider  the  current  I^  to  be  made  up  of  two  components,  viz.  the 
true  magnetising  current  7„  and  the  component  7^,  which  counteracts  the 
demagnetising  effect  due  to  hysteresis.  If  hysteresis  could  be  eliminated  the 
no-load  current  would  be  identical  with  the  wattless  magnetising  current 
7„ ,  although  the  curve  would  still  be  distorted  from  the  sine  form  owing  to 
varying  permeability. 
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We  shall  now  apply  the  above  results  to  an  actual  example.  The  following 
data  apply  to  a  36-kilowatt  transformer,  described  by  Kapp: 

Cross-section  of  iron ^  =  900  sq.  cm, 


I  =  100  cm, 
Ti  =  315, 
/=5o, 

Fj  =  2000  volts, 
•^0  =  0-36  ampere, 
Pj  =  400  watts, 

=  765  kilogrammes. 


Length  of  path  in  iron 
Number  of  primary  turns 

Frequency        

Primary  terminal  pressure 
Current  at  no-load 
Power  taken  at  no-load 
Weight  of  iron 

We  are  required  to  determine  the  permeability  yu  of  the  iron.    From 

equation  (134)  we  have 

J       Pft      400 

ift  =  tt^  =  — —  =  0-2  ampere, 
Fj     2000  ^     ' 

and  from  equation  (135),  for  the  wattless  magnetising  current, 
Im  =  V/q^  -  /ft2  =  •\/o-362  -  0-22  =  0-3  ampere. 

Before  we  can  determine  the  permeability  we  must  calculate  the  maxi- 
mum flux-density.  This  can  be  obtained  by  means  of  equation  (130)  on 
page  270,  thus  ^  y     ^^g 

B  =  -7  = ^j  „ — J  =  3180. 

A     4-44.  f.T^.  A     •=* 

The  permeability  can  now  be  found  from  equation  (133)  on  page  271, 
B .  I  3180 .  100 

'^  =  1.78. I^.T,  =  1.78.0.3.315^  '9°°- 
This  is  approximately  the  value  given  by  Fig.  263  for  a  flux-density  of 
3180.    The  power  absorbed  per  kilog.  at  a  frequency  of  50  works  out  to 

^-p-  =  0"52  watt.     The  curve  of  iron  loss  per  kilogramme  in  Fig.  263  was 

experimentally  determined  in  this  manner.  This  curve  gives  a  somewhat 
lower  value  than  that  just  found,  viz.  0-42  watt  per  kilogramme  at  50  cycles 
per  second.  When  accurate  curves  are  available,  giving  the  iron  loss  and 
permeability  for  the  material  to  be  used,  the  losses  and  no-load  current  of 
a  transformer  can  be  accurately  calculated.  This  is  done  by  simply  working 
backwards  through  the  calculation  by  which  the  curves  were  obtained  from 
the  experiment.  It  should  be  borne  in  mind  that  the  experimentally  deter- 
mined iron  losses  are  not  entirely  due  to  hysteresis,  but  contain  the  eddy 
current  losses  in  the  iron. 


87.    Transformer  on  Non-inductive  Load. 

To  any  one  who  has  clear  ideas  on  self-induction  and  of  the  action  of  a 
choking  coil,  the  behaviour  of  a  transformer  on  open  circuit,  as  dealt  with 
in  Section  84,  will  have  presented  no  difficulties.  A  clear  understanding  of 
the  action  of  a  loaded  transformer  is,  however,  much  more  difficult  to 
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obtain.  It  is  not  easy  to  see  that  any  current  we  choose  can  be  taken  from 
the  secondary  winding,  and  that  the  primary  current  will  automatically 
adjust  itself  to  a  corresponding  value. .  Whereas  on  open  circuit  the  back 
E.M.F.  prevented  all  but  a  very  small  current  from  flowing  through  the  pri- 
mary winding,  this  current  grows  immediately  on  current  being  taken  from 
the  secondary  winding.  We  naturally  ask  the  reason  for  this  sudden  increase 
of  primary  current,  or  apparent  decrease  of  self-induction  of  the  transfor- 
mer. The  difficulty  is  due,  to  some  extent,  to  the  lack  of  visible  connection 
between  the  two  windings  which  are  so  completely  insulated  from  each 
other. 

The  relation  between  the  primary  and  secondary  currents  can  be  easily 
determined  from  a  consideration  of  the  conservation  of  energy.  The  supply 
of  energy  to  the  primary  must  be  equal  to  the  sum  of  the  energy  given  out 
from  the  secondary  and  the  losses  within  the  transformer.  If  R^  be  the 
resistance  of  the  primary  winding  and  R^  that  of  the  secondary,  we  can 
write  down  the  following  equation  for  non-inductive  loads,  neglecting  the 
small  displacement  caused  by  the  wattless  magnetising  current  7^: 

Fi./i  =  F2./2  +  hKR^  +  1,KR,  +  Pj,. 

Now,  the  losses  are  very  small,  even  when  compared  with  a  fraction  of 
the  full  load.   We  shall  therefore  neglect  them,  and  write 

h    Vi    r.,  ,   ^, 

T=vr%  ('36). 

Hence,  the  currents  are  inversely  proportional  to  the  pressures 
or  inversely  proportional  to  the  number  of  turns  in  the  respective 
windings. 

Now,  although  we  have  obtained  this  result  from  a  consideration  of  the 
principle  of  the  conservation  of  energy,  which  we  know  from  experience 
can  be  applied  with  perfect  confidence,  yet  the  difficulty  mentioned  above 
will  not  have  been  removed.  It  will  remain  with  us  until  we  study  the 
magnetic  effect  of  each  winding  and  draw  a  diagram  showing  the  magneto- 
motive forces. 

With  a  non-inductive  load,  the  secondary  current  is  in  phase  with  the 
induced  e.m.f.  The  primary  current,  on  the  other  hand,  is  practically  in 
phase  with  the  primary  terminal  pressure,  which  is  almost  exactly  opposed 
to  the  induced  e.m.f.  It  is  therefore  obvious  that  the  primary  and  secondary 
currents  are  nearly  180°  out  of  phase,  and  consequently  neutralise  each 
other  in  their  magnetic  effects.  The  apparent  decrease  in  the  self-induction 
as  the  load  is  increased  can  therefore  be  explained  by  the  neutralisation  of 
the  larger  part  of  the  primary  ampere-turns  by  the  opposing  ampere-turns 
of  the  secondary. 

We  have  already  seen  that,  if  we  neglect  the  ohmic  drop  in  the  primary 
winding,  the  electromotive  force  j^i  must  be  numerically  equal  to  the  con- 
stant primary  terminal  pressure.  For  the  maximum  value  of  the  total  flux 

we  have,  then, 

JVjo^ 

4-44  •/•?^i' 


Sy.  Transformer  on  Non-inductive  Load 


277 


Since  everything  on  the  right-hand  side  of  the  equation  is  constant,  the 
maximum  value  of  the  flux  must  also  be  constant,  quite  irrespective  of  the 
load  on  the  transformer.  If  an  unloaded  transformer  be  suddenly  loaded, 
the  sudden  rush  of  secondary  current  exerts  a  powerful  demagnetising 
effect.  The  magnetic  flux  and  back  e.m.f.  are  momentarily  decreased,  but 
•  the  primary  current  instantly  rises  to  such  a  value  that  the  demagnetising 
effect  is  neutralised,  and  the  magnetic  flux  maintained  at  its  no-load  value. 
In  other  words,  the  combined  magnetic  effect  of  the  primary  ampere-turns 
ZiTi  and  the  secondary  ampere-turns  I^T^  is  equal  to  the  effect  of  the  no-load 
ampere-turns  I^T^.  The  vector  IJ'^  in  the  diagram  is  the  resultant  of  the 
vectors  J^Tj  and  I^T^. 

If  the  no-load  ampere-turns  I^^T^  are  very  small  compared  with  the 
ampere-turns  when  loaded,  l-JT-^^  is  approximately  equal  to  1.^7^. 

This  is  also  true  in  the  case  of  the  series  transformer  (Fig.  268)  in  which 
the  primary  winding  is  inserted  in  one  of  the  leads  connecting  the  alter- 
nator with  the  external  circuit.  Its  secondary  winding  can  be  closed  through 


Fig.  268 

an  adjustable  resistance  R^.  When  the  secondary  circuit  is  open,  the  pri- 
mary winding  acts  as  a  choking  coil,  but  if  the  number  of  primary  turns  is 
small,  the  potential  drop  will  be  small  compared  with  the  terminal  p.d.  of 
the  alternator;  it  will,  however,  have  its  maximum  value  under  this  con- 
dition. On  closing  the  secondary  circuit  through  a  large  resistance  as  shown 
in  the  figure,  current  flows  in  this  circuit,  which  will  be  unaltered  on  reducing 
i?2-  Assuming  a  constant  primary  current,  the  secondary  current  is  also 
constant,  being  dependent  namely  on  the  transformation  ratio.  As  R^  is 
decreased,  the  secondary  terminal  p.d.,  which  is  equal  to  I^R.^,  decreases, 
and  consequently  also  the  primary  p.d.  Hence  the  primary  acts  as  a 
choking  coil  of  adjustable  inductance ;  the  p.d.  across  it  will  be  zero  when  the 
secondary  winding  is  short-circuited. 

We  shall  now  consider  the  vector  diagram  of  a  transformer  on  non- 
inductive  load,  taking  into  account  the  no-load  current,  but  neglecting  in 
the  first  diagram  the  resistance  of  the  windings. 

Before  making  the  diagram,  however,  we  divide  all  the  ampere-turns 
by  the  number  of  primary  turns  Tj.  The  vectors  then  represent  currents 
reduced  to  the  primary  winding.    The  diagram  of  currents  in  Fig.  269  is 
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obtained  ^n  this  way,  and  the  vector  Zq  is  the  resultant  of  the  vectors 
Ii  and  ■ 


hT^ 


To  construct  the  diagram  we  must  first  draw  the  triangle  OAB  of  no- 
load  current  from  the  three  vectors  Ig,  I^  and  I^-    If  the  vector  7^  is 

T 
horizontal,  the  vector  of  electromotive  force  E^  =  £'2 .  ~*  will  be  vertically 


"^-ff 


Fig.  269 

downwards,  since  the  induced  e.m.f.  lags  90°  behind  the  magnetic  flux.  In 
Fig.  269 

-'  2 

Since  the  load  is  non-inductive,  the  secondary  vector  must  be  in  the 
same  direction  as  the  induced  e.m.f.   As  the  diagram  is  derived  from  the 
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ampere-turns,  the  actual  secondary  current  must  be  reduced  to  an  equi- 
valent current  in  the  primary  winding,  so  that 

Since  the  no-load  current  Zq  is  the  resultant  of  the  reduced  secondary 
current  and  the  primary  current,  the  latter  is  easily  determined  by  com- 
pleting the  parallelogram  OCAD.   We  find  then  that 

OD  =  I^. 

This  primary  current  vector  lags  behind  the  primary  terminal  pressure 
by  an  angle  ef)^,  which  is  exaggerated  in  Fig.  269  for  the  sake  of  clearness,  but 
which,  in  reality,  is  negligibly  small.  A  transformer  on  a  non-inductive 
load  is  therefore  equivalent  to  a  non-inductive  load  in  the  primary  circuit. 

We  must  now  investigate  the  effect  of  the  primary  pressure  drop  I^Ri, 
which  we  have  so  far  neglected.  The  vector  OG  is  drawn  along  the  primary 
current  vector,  and  made  equal  to  Ii-R^  (Fig.  270).  OE'  is  made  equal  and 
opposite  to  OE.  The  resultant  OH  of  the  vectors  OG  and  OE'  represents  the 
terminal  pressure  V^  both  in  magnitude  and  phase. 

The  correctness  of  the  diagram  can  be  checked  by  means  of  the  principle 
of  the  conservation  of  energy.  Putting  ^^  =  8  —  a  where  8  =  DOE'  and 
a  =  HOE'  (Fig.  270),  the  power  supplied  to  the  primary  may  be  expressed 
as  follows: 

P^  =  Fj/i  cos  <f>i  =  V^Ii  (cos  8. cos  a  +  sin  8. sin  a)     (a). 

By  projecting  the  vectors  F^,  IiR^  and  I^  on  to  the  vertical,  it  can  be 
seen  that 

I^cosS  =  I,p+fj, (6), 

Fi  cos  a  —  I^R^  cos  8  =  E^  (c), 

Fi  sin  a  =  I^R^  sin  8    [d). 

By  multiplying  together  equations  {b)  and  (c)  and  substituting  the 
result  in  (a)  together  with  the  value  of  F^  sin  a  obtained  from  {d),  the  fol- 
lowing result  is  obtained : 

P,  =  EJ,  +  EJ,  +  I,m,  (137). 

The  product  £3  •  ^2  represents  the  total  secondary  power,  both  internal 
and  external.  The  product  Ii^.Ri  is  the  power  lost  as  heat  in  the  primary 
winding,  while  E^.I^  represents  the  iron  loss.  The  total  supply  of  power 
is  thus  equal  to  the  sum  of  the  secondary  output  and  the  transformer  losses. 
It  is  important  to  notice  that  the  induced  back  e.m.f.  is  affected  by  the 
ohmic  pressure  drop  in  the  primary  winding.  If  the  applied  primary 
pressure  F^  is  maintained  constant,  the  magnetic  flux  decreases  as  the  load 
comes  on.  The  no-load  test  should  therefore  be  made  at  a  pressure  equal 
to  the  induced  e.m.f.  when  loaded.  The  flux  will  then  be  the  same  both  on 
open  circuit  and  on  load,  and  the  no-load  triangle  OAB  will  be  exactly 
correct  at  that  load,  but  not  at  any  other  load.  The  difference  is  so  small 
in  actual  practice,  however,  that  this  refinement  may  be  safely  neglected. 
We  turn  now  to  the  efficiency  of  the  transformer  on  non-inductive  load. 
If  the  secondary  winding  have  a  resistance  of  i?2,  the  secondary  terminal 
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pressure  V^  will  be  less  than  the  induced  e.m.f.  E^  by  an  amount  I^.R^. 
The  secondary  copper  loss  will  be  I^ .  R^,  and  the  real  output  V^ .  I^.  The 
efficiency  on  non-inductive  load  is  therefore. 


71  = 


V,.h 


V,.I, 


Fi.Ji.  cos<^,     F2.72  +  J/.i?i  +  V.i?2  +  P/ 


•(138). 


As  this  equation  shows,  the  efficiency  is  very  bad  on  small  loads,  on 
account  of  the  iron  loss  being  relatively  so  large.  With  increasing  load  the 
iron  loss  becomes  of  less  relative  importance,  and  as  the  copper  losses  are 
small  compared  with  the  load  when  the  latter  is  not  too  large,  the  efficiency 
rises  rapidly  with  the  load.  It  reaches  a  maximum  when  the  variable  copper 
losses  are  together  equal  to  the  constant  iron  loss.  If  the  load  be  increased 
beyond  this  point,  the  copper  losses,  which  increase  as  the  square  of  the 
current,  become  so  important  that  the  efficiency  decreases. 

We  pass  now  to  a  consideration  of  the  most  efficient  distribution  of 
losses  between  the  windings  for  a  given  winding  space. 
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T 
Since  I^=  I-^^ .  the  total  [^loss  in  the  two  windings  is  given   by  the 

following  formula: 

If  li  and  1.2  be  the  mean  lengths  of  a  turn  in  the  two  windings,  we  have 


R^  =  p.^-^andR^ 


k-T^ 


By  substituting  these  values  in  the  above  formula,  we  get 

P,  =  7,..r^,.(^^  +  ^j K 

where  A^  and  A^  are  the  cross-sections  of  the  wire  with  which  the  trans- 
former is  wound. 

With  the  fiat  coil  winding  (Fig.  271)  the  turns  of  each  winding  have  the 
same  mean  length,  so  that  ,       ,       , 

If  we  assume  that  the  percentage  space  lost  by  insulation  is  the  same 
m  both  coils,  we  may,  if  we  omit  a  constant  factor,  say  that 
T^.Aj^a.h,     T^.A^={h-a).h. 
The  combined  copper  losses  are  therefore  given  by  the  formula 


Pi 


\a     o~  a/ 


.{b). 
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To  find  the  minimum  value  of  this  expression,  we  must  differentiate  it 
with  regard  to  a  and  equate  the  result  to  o.   This  gives  us 


b 
or  a  =  - . 

2 

That  is  to  say,  the  most  efficient  distribution  of  space  is  an  equal  dis- 
tribution. The  cross-section  of  the  wire  will  then  be  inversely  proportional 
to  the  number  of  turns,  and  directly  proportional  to  the  current.    The 

current  density  wUl  be  the  same  in  each  winding.    If  we  put  a  =  -  in  equation 

(6),  we  see  that  the  losses  are  the  same  in  each  winding. 

If  the  winding  consists  of  cylindrical  coils,  as  shown  in  Fig.  272,  we  have 

l^  =  {d  +  a)  TT, 

li  =  [d  +  2h  ~  {h  —  a)]  .TT  =  {d  +  h  +  a)  IT, 
Ti.Ai  =  b  {h  —  a),     T^.A^  =  b.a. 
Equation  [a)  will  then  take  the  following  form, 

p  _I-^ .T-^ptT   rd  +  h  +  a     d  X  ar\ 
'  ~         b         ■  L  (h-a)    "^  ~«~ J  ■ 
By  differentiating  with  regard  to  a  and  equating  the  result  to  0,  we  get 

a^  +  a  .d =  0. 

2 

This  is  the  same  equation  as  we  obtain  if  we  equate  the  two  terms  in  the 
bracket  in  the  last  equation  for  P;.  The  efficiency  for  a  given  winding  space 
is  therefore,  as  before,  a  maximum  when  the  copper  losses  are  equally  dis- 
tributed. The  current  density  will  not  be  the  same  in  each  winding.  These 
calculations,  however,  are  only  rough  approximations,  since  the  relative 
loss  of  space  due  to  insulation  will  be  much  greater  in  the  high  pressure  than 
in  the  low  pressure  winding.  A  further  inaccuracy  is  caused  by  the  necessary 
space  between  the  two  windings  in  Fig.  272. 

As  an  example,  we  shall  consider  a  transformer  with  a  primary  terminal 
pressure  of  2000  volts,  taking  a  current  of  20  amperes,  and  having  a  ratio 
of  10  to  I,  so  that  the  secondary  current  is  200  amperes  and  the  secondary 
terminal  pressure  at  no-load  200  volts.  If  3  per  cent,  of  the  power  is  lost  in 
heating  the  conductors,  the  pressure  drop  due  to  resistance  will  be  3  per 
cent.,  and  this  drop  must  be  equally  divided  between  the  primary  and 
secondary  windings.   We  have  then 

/, .  i?i  =  — ^ .  2000  =  30  volts, 
1      ^     100  ^ 

1,.R,=  — ~  .  200  =  3  volts. 
^      ^     100 

Hence  i?j  =  |5  =  1-5  ohms. 


R,  =  -^  =  O'OiS  ohm. 

^     200  -^ 
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The  error  introduced  by  subtracting  the  drop  from  the  terminal  pressure 
algebraically  instead  of  geometrically  is  negligibly  small.  We  have  therefore 

El  =  Fi  -  7i .  i?i  =  1970  volts, 
^2=f^=^=i97volts, 


and 


V^  =  E^- 


10 


194  =  6 


,  4  Amps. 


n' 


:  2 Amps. 


2  Amps. 


Vf 


4- Amps 


Fig. 


2Anips. 
273 


194  volts, 

The  drop  of  pressure  between  no-load  and  full  load  is  200 
volts,  i.e.  3  per  cent. 

In  order  to  reduce  the  losses  and  to  economise  copper  a  type  of  trans- 
former known  as  an  auto-transformer  is  sometimes  employed.    This  is 

shown   diagrammatically  in   Fig.   273,  in 

which  it  may  be  assumed  that  the  primary 
voltage  Vy  is  220  and  that  the  load  to  be 
supplied  from  the  secondary  consists  of 
10  lamps  each  taking  0-4  ampere  at  no 
volts.  These  would  be  connected  between 
one  end  and  the  middle  point  of  the 
primary  winding.  The  secondary  current 
is  10  X  0'4  =  4  amperes  and  the  secondary 
output  4  X  no  =  440  watts.  The  primary 
current  is  therefore  440/220  =  2  amperes. 
This  arrangement  has  the  obvious  advantage 
that  the  separate  secondary  winding  is 
dispensed  with  and  that  the  portion  of  the  primary  winding,  which  serves 
also  as  the  secondary,  carries  a  smaller  current  than  would  flow  in  a 
separate  secondary.  Although  this  device  is  unsuitable  where  the  trans- 
formation ratio  is  large,  it  is  very  advantageous  for  arc  lamp  circuits 
and  for  starting  and  regulating  single-phase  raUway  motors.  If  lamps  are 
connected  not  only  across  the  left-hand  half,  but  also  across  the  right-hand 
half  of  the  winding,  the  arrangement  constitutes  an  A.c.  three-wire  system 
with  the  transformer  as  balancer.  It  should  be  pointed  out  that,  even  with 
the  conditions  shown  in  Fig.  273,  the  right-hand  half  of  the  winding  must 
not  be  regarded  as  a  choking  coil  reducing  the  pressure  from  220  to  no, 

88.    Transformer  on  Inductive  Load. 

We  pass  now  to  the  consideration  of  the  case  where  the  secondary 
terminals  of  the  transformer  are  connected  to  a  load  consisting  of  both  ohmic 
and  inductive  resistance.  If  R^  be  the  resistance  and  wLj  the  reactance  of 
the  external  secondary  circuit,  the  phase  difference  between  the  secondary 
terminal  pressure  and  the  secondary  current  is  given  by  the  equation 

tan^2  =  ^^ 

The  difference  of  phase  between  the  induced  e.m.f.  E^  and  the  current 
/j  is  given  by  the  equation  j 
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The  vector  OE  in  Fig.  274  is  made  equal  to    1^    ^ ,  which  is  the  secondary 

2 
induced  e.m.f.  reduced  to  its  primary  equivalent.  A  right-angled  triangle 

is  constructed  on  the  hypotenuse  OE,  so  that  the  side  OM  lags  behind  OE 
by  the  above  angle  <j>.  OM  is  then  equal  to  the  secondary  pressure  used  in 
overcoming  ohmic  resistance,  the  part  OL  being  the  internal  drop,  and  the 
remainder  LM  the  pressure  used  against  the  external  ohmic  resistance. 
Since  the  whole  diagram  is  reduced  to  the  primary  turns,  we  have 

OM  =  I^{R^  +  R^).'fy.  OL  =  I^R^.^. 

■^2  •*  2 

Similarly  EM  represents  the  equivalent  inductive  drop  in  the  external 
circuit,  or  -r 

EM  =  wL2.l2.p. 
-'  2 

The  secondary  terminal  pressure  is  found  by  subtracting  geometrically 

the  internal  drop  OL  from  the  induced  e.m.f.  OE.   We  have  therefore 

RE^V^.^. 
^  2 
The  figure  shows  that  the  terminal  pressure  is  the  hypotenuse  of  the 
right-angled  triangle  formed  by  the  ohmic  and  inductive  pressure  drops  in 
the  external  circuit. 

We  must  now  draw  the  primary  and  secondary  current  vectors.  The 
secondary  current  is  in  phase  with  the  ohmic  pressure  drop  produced  by  it. 
When  reduced  to  the  equivalent  primary  current,  we  get 

-'1 

The  vector  OD  must  now  be  drawn  so  that  its  resultant  with  OC  is  the 
no-load  current  OA.  Since  the  no-load  ampere-turns  are  the  resultant  of 
the  primary  and  secondary  ampere-turns,  the  vector  OD  must  represent 
the  primary  current  both  in  magnitude  and  phase. 

The  primary  ohmic  drop  OG  must  be  equal  to  Jj .  R^  and  must  be  in  phase 
with  the  primary  current.  Equal  and  opposite  to  OE  we  draw  OE',  to 
represent  the  pressure  required  to  overcome  the  back  e.m.f.  The  resultant 
OH  of  OG  and  OE'  gives  us  the  applied  primary  terminal  pressure  V^.  From 
an  examination  of  the  diagram  we  learn  the  following  important  facts : 

I.  The  primary  and  secondary  current  vectors  are  now  almost  exactly 
opposite  to  one  another,  and  the  no-load  ampere-turns  are  almost  equal  to 
the  algebraic  difference  between  the  primary  and  secondary  ampere-turns. 
Since  the  no-load  current  is  actually  much  smaller  than  shown  in  the  figure, 

r. 

the  equation  1^  =  I^.-~is  still  very  nearly  correct. 
-'1 

2.  Since  the  ohmic  drop  in  the  windings  is  usually  very  small,  the  ter- 
minal pressure  vectors  V-y  and  V2  come  almost  exactly  vertical,  that  is,  they 
coincide  in  direction  with  the  induced  e.m.f. 

3.  The  angle  of  lag  <^2  iii  the  external  secondary  circuit  is  consequently 
nearly  equal  to  the  angle  ^^  between  the  primary  terminal  pressure  and 
primary  current.  Hence,  the  secondary  phase  displacement  reacts  directly 
on  the  primary  circuit. 
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This  last  result  enables  us  to  look  upon  the  transformer  as  a  single  piece 
of  apparatus,  and  to  bridge  over,  in  imagination,  the  separation  of  the  two 
windings.  Thus,  we  speak  of  the  pressure  drop  and  copper  loss  of  the  trans- 
former as  a  whole,  as  if  it  had  but  a  single  winding.  The  dotted  line  joining; 
the  points  G  and  E  in  Fig.  274  is  parallel  with,  and  equal  to,  the  primary 
terminal  pressure  F^.   Moreover,  as  the  ohmic  pressure  drops,  OG  and  OL 


Fig.  274 


are  practically  in  the  same  straight  line,  they  can  be  added  together  to  give 
a  total  drop,  and  we  can  write 


GL  =  OG  +  OL=^Ii.R^+I^.R^        . 


Putting  /g  equal  to 


-^ —  ,  we  have 


gl  =  i^.r^^i,.r^.^-^  =  i^(r^  +  r^.^^ 
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It  would  appear  from  this  equation  that  the  primary  current  passed 

through  the  two  resistances  i?i  and  R^.tj—  in  series.    The  latter  is  the 

-'  a 
secondary  resistance  reduced  to  its  equivalent  primary  value.  After  over- 
coming this  total  resistance  the  initial  terminal  pressure  V^  is  reduced  to  the 
secondary  terminal  pressure  V^.  The  transformer  is  somewhat  similar  to  a 

generator  with  an  e.m.f.  F^,  an  internal  resistance  R  =  R.+R.,.%^„,  and 

T 

a  terminal  pressure  Fj .  j^ .     To  make  this  quite  clear,  the  corresponding 

diagram  for  the  generator  is  drawn  in  Fig.  275,  in  exactly  the  same  position 
as  it  has  in  the  transformer  diagram.  The  electromotive  force  is  the  hypo- 
tenuse, the  side  GM  is  the  total  ohmic  drop,  both  internal  and  external, 
while  the  side  EM  is  the  external  inductive  drop.  The  generator  is  assumed 
to  have  no  internal  self-induction,  because  we  have  neglected  leakage. 

If,  for  example,  we  assume  that  the  transformer  considered  in  the  last 
section  is  connected  to  a  secondary .  circuit  with  a  power-factor  of 
cos  <^2  =  07,  and  that  the  primary  current  I^  is  20  amperes,  we  can  find 
the  primary  terminal  pressure  which  is  necessary  to  maintain  a  secondary 
terminal  pressure  of  200  volts.  We  have 

y  2 

/?!  -I-  i?2  •  tH  =  ^'5  +  0-015  •  100  =  3  ohms. 
■'■  2 

The  total  internal  ohmic  drop  reduced  to  the  primary  winding  is 


therefore 


GL  =  I-L  (Ri  +  R2 .  ^2)  =  60  volts 


The  drop  of  pressure  in  external  ohmic  resistance,  when  reduced  to  the 
primary  winding,  is  found  as  follows: 

T 

LM  =  F2 .  cos  1^2  •  T^  =  200 .  07 .  10  =  1400  volts. 
■'  2 

The  side  GM  representing  total  ohmic  drop  both  internal  and  external 

is  therefore  equal  to  1460  volts.  Since  cos  ^2  =  0-7,  sin  ^2  must  equal  0-714, 

and  the  inductive  drop  EM  is  found  as  follows : 

T 

EM  =  F2 .  sin  ^2  •  T^  =  200  . 0-714 .  10  =  1428  volts. 
•^  2 


For  the  hypotenuse  EG  we  have  VGM^  +  EM^, 

or  Fj  =  V14602  +  14282  =  2040  volts. 

This  then  is  the  primary  pressure  required  to  give  a  pressure  of  200  volts 
on  the  secondary  terminals.  This,  however,  is  on  the  assumption  that  every 
line  of  force  produced  by  the  primary  winding  passes  through  the  secondary 
winding  and  vice  versa,  so  that  the  two  windings  have  a  common  field  and 
no  other.  As  a  matter  of  fact,  there  is  a  partial  leakage  of  lines,  which  in- 
creases the  drop  of  pressure  due  to  increasing  load.  In  the  following  section 
it  will  be  shown  that,  with  these  actual  relations,  we  can  stiU  imagine  the 
two  windings  to  be  combined  to  form,  as  it  were,  a  single  winding. 
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89.    The  Effect  of  Magnetic  Leakage. 

In  Section  84  we  compared  the  back  e.m.f.  induced  in  the  primary  wind- 
ing with  the  E.M.F.  of  self-induction  of  a  choking  coil.  Since  then,  however, 
we  have  purposely  avoided  the  use  of  the  term  "self-induction,"  and  have 
always  spoken  of  the  induced  e.m.f.  This  was  necessary  because,  in  addition 
to  this  useful  induced  e.m.f.,  there  is,  in  both  windings,  a  useless  and  harm- 
ful self-induction  due  to  magnetic  leakage. 

In  order  to  make  this  clear,  we  shall  consider  a  very  bad  arrangement, 
which  would  never  be  adopted  in  practice,  viz.  a  core-type  transformer  with 
the  primary  winding  on  one  limb  and  the  secondary  on  the  other  (Fig.  276). 
The  lines  of  force  produced  on  no-load  pass,  for  the  most  part,  completely 
round  the  iron  circuit  and  thus  thread  the  secondary  winding,  but  some  of 
the  primary  lines  pass  through  the  air  and  constitute  the  no-load  leakage. 
The  number  of  lines  threading  the  secondary  winding  is  therefore  smaller 
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Fig.  277 


than  the  total  number  threading  the  primary  winding.  The  e.m.f.  induced 
in  the  secondary  winding  must  consequently  be  less  than  that  induced  in 
the  primary  winding.  We  may  consider  that  a  part  of  the  primary  terminal 
pressure  is  used  in  overcoming  the  back  e.m.f.  due  to  this  leakage  self-induc- 
tion, leaving  the  remainder  to  overcome  the  back  e.m.f.  E-^  due  to  the  flux 
which  links  both  windings.  The  latter  e.m.f.  will  therefore  be  smaller  than 
the  terminal  p.d.,  and  consequently  the  secondary  terminal  pressure  wiU 
be  correspondingly  less.  The  effect  of  magnetic  leakage  is,  however,  quite 
negligible  at  no-load,  as  the  reluctance  of  the  iron  path  is  so  small,  compared 
with  that  of  the  air,  that  the  leakage  flux  bears  a  very  small  ratio  to  the 
useful  flux. 

The  effect  of  leakage  increases  immensely,  however,  directly  the  trans- 
former is  loaded.  We  have  seen  that  the  secondary  current  is  almost  exactly 
opposed  to  the  primary  current.  If,  at  the  moment  represented  in  Fig.  277, 
the  primary  current  is  flowing  inward  on  the  side  of  the  coil  which  is  turned 
towards  us,  then  the  secondary  current  will  be  flowing  outward.  By  appljdng 
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the  right-handed  screw  rule,  it  is  easily  seen  that  the  two  windings  are  in 
opposition  with  regard  to  the  main  flux  threading  the  two  windings,  but 
are  acting  together  with  regard  to  the  leakage  flux.  The  primary  and  se- 
condary ampere-turns  are  in  opposition  for  the  iron  path,  but  in  parallel 
for  the  leakage  through  the  air.  This  causes  a  rapid  increase  in  the  ratio  of 
the  leakage  to  the  useful  flux. 

The  increase  of  leakage  with  load  is  explained  very  clearly  if  we  consider 
the  difference  of  magnetic  potential  between  the  points  A  and  B.  At  no- 
load  (Fig.  276)  this  difference  is  only  sufficient  to  drive  the  magnetic  flux 
through  the  lower  iron  core.  When  loaded  (Fig.  277)  the  difference  of  mag- 
netic potential  has  also  to  overcome  the  counter  magnetomotive  force  of  the 
secondary  ampere-turns.  This  increased  difference  of  magnetic  potential 
naturally  drives  a  larger  leakage  through  the  air.  It  is  analogous  to  forcing 
water  through  a  leaky  pipe;  the  greater  the  back-pressure  opposing  the 
passage  of  the  water,  the  greater  will  be  the  quantity  of  water  lost  through 
the  leaks. 

Fig.  277  cannot  represent  the  actual  distribution  of  flux,  since,  in  the 
lower  half  of  the  transformer,  the  leakage  lines  are  shown  passing  through 
the  iron  in  the  opposite  direction  to  the 
useful  lines.  The  actual  flux  through  any 
part  of  the  magnetic  circuit  must  be  the 
resultant  of  these  opposing  fluxes,  and  the 
actual  distribution  wiU  be  as  shown  in 
Fig.  278  at  any  moment  when  the  primary 
current  exceeds  the  secondary  current. 
The  actual  distribution  changes  entirely  in 
character  as  well  as  in  magnitude  during  a 
period,  and  since  the  primary  and  secondary 
currents  are  not  exactly  180°  out  of  phase, 
there  are  moments  when  there  is  no  primary 
current,  but  yet  a  small  secondary  current 
which  produces  a  flux  distribution  the 
reverse  of  that  shown  in  Fig.  276.  Hence,  we  see  that  the  leakage  at  any 
moment  and  at  any  point  is  the  resultant  effect  of  the  instantaneous  values 
of  the  primary  and  secondary  currents. 

In  order  to  reduce  the  magnetic  leakage  as  much  as  possible,  the  two 
windings  are  put  as  close  together  as  possible  (Figs.  271  and  272),  or  even 
subdivided  and  alternate  primary  and  secondary  coils  sandwiched  together. 
There  is,  however,  always  a  small  drop  due  to  magnetic  leakage. 

Fig.  279  shows  the  paths  of  the  main  and  the  leakage  fluxes  with  cylin- 
drical coils.  It  is  assumed  that  the  primary  is  outside  the  secondary  winding. 
Fig.  280  shows  the  fluxes  when  flat  coils  are  employed,  two  primary  and 
three  secondary  coils  being  sandwiched  alternately  together.. 

In  some  circumstances  it  is  impossible  to  arrange  for  the  primary  and 
secondary  windings  to  be  as  close  together  as  one  would  desire.  In  an 
electric  furnace  of  the  induction  type  for  melting  steel,  the  secondary 
winding  is  represented  by  an  annular  channel  containing  metal  maintained 
in  a  molten  condition  by  the  heat  developed  in  it  by  the  induced  current 
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(see  Fig.  281).  A  considerable  distance  must  obviously  separate  the  molten 
metal  and  the  primary  winding.  In  order  to  keep  the  voltage  drop  due  to 
the  leakage  flux  within  reasonable  limits,  the  useful  flux  is  made  very  large 
by  the  employment  of  an  iron  core  of  very  large  section. 
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Fig.  280 


To  show  the  effect  of  leakage  on  the  vector  diagram,  we  shall  neglect 
the  small  no-load  current,  and  assume  that  the  primary  and  secondary  cur- 
rents are  exactly  opposed  to  each  other*.   The  angle  by  which  the  secondary 

current  I^  lags  behind  the  induced  electromotive  force  0E{=E^.^\ 

is  chosen  arbitrarily  in  Fig.  282.   It  depends,  as  a  matter  of  fact,  upon  the 

relation  between  the  total  secondary  self- 
induction  and  the  total  secondary  ohmic 
resistance.  The  pressure  drops  due  to  the 
ohmic  resistance  of  the  windings  are  drawn 
in  the  direction  of  the  currents,  viz. 

^1 


0L  =  7, 


■"■2  •  7-  • 


Fig.  281 


We  know  from  page  247  that  the  induced 
E.M.F.  due  to  the  self-induction  of  leakage 
lags  90°  behind  the  current.  To  overcome 
that  caused  by  the  secondary  current,  an 

equal  pressure  ON,  90"  ahead  of  the  current  I^,  will  be  necessary.  The  total 

pressure  drop  in  the  secondary  winding  will  be  equal  to  the  resultant  OR. 

The  line  i?£  will  represent  the  secondary  terminal  pressure  both  in  magnitude 

and  phase,  so  that 


123. 


*  The  exact  diagram  will  be  given  when  considering  the  induction  motor  in  Section 
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The  effects  of  resistance  and  self-induction  are  greatly  exaggerated  in 
Fig.  282.  In  reality  they  are  much  smaller,  so  that  the  terminal  pressure 
differs  very  little  from  the  induced  e.m.f. 

A  component  OP  will  be  required  in  the  primary  circuit  to  counter- 
balance the  back  e.m.f.  due  to  the  leakage  of  the  primary  winding.  OP  wUl 
be  90°  ahead  of  I^.  The  resultant  OQ  of  the  primary  ohmic  and  inductive 
drops  must  represent  the  total  primary  pressure  drop.  By  compounding 
OQ  with  the  pressure  OE',  which  counterbalances  the  back  e.m.f.  OE,  we 
get  the  applied  primary  terminal  pressure  OH  =  V^. 


Fig.  282 


Fig.  283 


We  have  thus  determined  the  magnitude  and  phase  of  all  the  vectors, 
and  we  can  now  determine  the  equivalent  resistance  and  leakage  self-in- 
duction of  a  single  apparatus  to  replace,  in  imagination,  the  two  separate 
windings.  For  this  purpose  we  join  QG  and  QE,  and  drop  perpendiculars 
from  R  and  E  on  to  QG  produced.  The  figure  thus  obtained  is  given  in 
Fig.  283,  and  shows  the  various  pressures  with  which  we  are  concerned. 
The  hypotenuse  QE  is  equal  to  OH,  that  is,  to  the  primary  terminal  pres- 
sure Fj.  QU  represents  the  sum  of  the  pressure  losses  due  to  magnetic 
leakage,  and  RU  the  sum  of  the  ohmic  pressure  losses.  The  total  drop  of 
pressure  in  the  transformer  is  given  by  QR,  leaving  RE  for  the  secondary 
terminal  pressure.  We  need  hardly  mention  that  the  internal  pressure  drop 
is  in  reality  much  smaller  than  indicated  in  Figs.  282,  283. 

I.E.  19 
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It  is  of  great  importance  that  the  triangle  QRU  can  be  found  experi- 
mentally. By  short-circuiting  the  secondary  terminals  we  make  RE  =  o, 
so  that  the  point  E  falls  on  the  point  R.  The  primary  pressure  must  natu- 
rally be  chosen  so  small  that  the  normal  current  flows  in  the  short-circuited 
transformer.  This  primary  pressure  is  then  directly  equal  to  QR.  The 
resistances  are  easily  measured  and  the  ohmic  pressure  drop  RU  calculated 
from  them. 

The  triangle  QRU  can  then  be  drawn  and  the  effect  of  magnetic  leakage 
determined. 

We  can  now  construct  Kapp's  transformer  diagram  for  constant  current 
but  variable  external  power-factor  (Fig.  284).  The  triangle  QRU,  which  we 
have  just  determined  for  the  normal  full  load  current,  is  drawn  in  the  position 
shown.  With  a  radius  equal  to  F^  two  circles  are  drawn,  one  with  the  centre 


Q,  and  the  other  with  the  centre  R.  For  any  given  power-factor  <f)^  in  the 
external  secondary  circuit,  RE  gives  the  secondary  terminal  pressure,  or 
rather,  its  primary  equivalent,  while  QE  or  i?F  is  equal  to  the  constant  F^. 
The  difference  between  them  is  EV,  which  gives  the  fall  of  secondary  pres- 
sure between  open  circuit  and  full  load.  For  any  other  value  of  the  current, 
QR  will  be  different,  so  that  a  new  diagram  must  be  drawn. 

The  diagram  shows  that  the  fall  of  pressure  between  open  circuit  and 
full  load  increases  as  the  point  E  moves  to  the  right,  that  is,  as  the  power- 
factor  decreases. 

If  the  current  leads  ahead  of  the  terminal  pressure,  so  that  the  point  E 
moves  over  to  the  left,  the  drop  of  pressure  may  not  only  disappear,  but 
may  be  turned  into  a  rise,  so  that  the  terminal  pressure  increases  with  the 
load.  This  may  occur  if  the  secondary  circuit  contains  condensers  or  over- 
excited synchronous  motors.  (See  the  corresponding  diagram  in  Section  96, 
also  Sections  81  and  109.) 


CHAPTER  XII 

go.  Types  of  A. c.  generators. — gi.  The  mean  e.m.f.  of  a  generator. — 92.  The  effective 
E.M.F.  with  sinusoidal  field. — 93.  The  e.m.f.  with  1,  2,  or  3  slots  per  pole  per 
phase. — 94.  The  e.m.f.  of  a  distributed  winding. — 95.  The  alternating  e.m.f.  of  a 
closed  D.c.  winding. 

90.    Types  of  Alternating  Current  Generators. 

Many  very  different  types  of  alternating  current  generators  have  been 
proposed  and  constructed  from  time  to  time,  but,  as  in  so  many  things, 
there  has  been  a  gradual  elimination  and  standardization,  until,  to-day, 
nearly  every  A.c.  generator  is  constructed  with  an  external  stationary 
armature  and  an  internal  revolving  field  magnet  system.  It  is  important, 
however,  to  study  the  various  types  of  machines,  and  this  we  shall  do,  not 
so  much  in  their  historical  order  as  in  the  order  of  their  simplicity.  We  shall 
deal  in  a  general  way  with  both  single-phase  and  polyphase  machines,  but 
shall  reserve  the  consideration  of  the  points  peculiar  to  polyphase  generators 
until  we  come  to  the  theory  of  polyphase  currents.  The  single-phase  machine 


Fig.  285  Fig.  286 

has  a  single  winding  on  its  armature.  The  side  of  each  coil  may  be  placed 
in  a  single  hole  or  slot,  as  shown  in  Fig.  285,  or  distributed  between  several 
slots,  as  shown  in  Fig.  286.  In  both  of  these  cases  there  is  a  single  coU-side 
under  each  pole.  In  polyphase  machines,  on  the  other  hand,  the  armature 
carries  two  or  three  distinct  windings,  which  may  or  may  not  be  connected, 
but  which  are  displaced  from  each  other  around  the  armature.  For  the 
present,  we  may  consider  these  phases  or  windings  to  be  entirely  discon- 
nected and  quite  distinct,  so  that  a  two-phase  generator  is  nothing  more  than 
a  machine  with  two  single-phase  windings.  In  Fig.  287,  for  example,  we 
consider  only  the  winding  i  and  neglect  the  winding  2.  In  this  way  we  shall 
be  able  to  consider  single-phase  and  polyphase  machines  together. 

External  pole  machines  were  formerly  made  with  ring  and  with  drum 
armatures.  In  the  ring  armature  shown  in  Fig.  288  all  the  coils  are  wound 
in  the  same  direction  but  are  connected  up  alternately  in  opposite  directions. 
By  drawing  arrows  on  the  ends  of  the  coils  to  show  the  direction  of  the 
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induced  e.m.f.,  and  tracing  the  circuit  from  coil  to  coil,  we  find  that  all  the 
induced  electromotive  forces  are  added  together. 

Machines  with  external  poles  and  drum  armatures  (Fig.  285)  are  stUl 
built  for  small  powers  and  high  speeds.  There  is,  as  a  rule,  one  coil  per  pair 
of  poles,  and  this  coil,  as  in  the  D.c.  machine,  spans  an  arc  equal  to  the  pole- 


Fig.  287 


Fig.  288 


pitch.  In  Fig.  285,  for  example,  the  wire  passes  up  slot  i  from  back  to 
front,  and  then  down  slot  i'  from  front  to  back,  and  so  on.  When  this  coil 
is  completely  wound,  we  pass  to  the  coil  2,  2'  by  means  of  the  dotted  con- 
nection at  the  back  end  of  the  armature. 

The  internal  pole  machine  (Fig.  289)  is  strikingly  simple  both  in  prin- 
ciple and  construction,  and  is  the  type  almost  universally  adopted.  The 
external  and  stationary  armature  is  built  up  of  sheet-iron  stampings. 


Fig.  289 
Three-phase  generator  of  the  Society  Electricity  et  Hydraulique,  Charleroi. 

secured  in  a  cast-iron  frame.  The  winding  is  carried  in  slots  or  tunnels  on 
the  inner  surface  of  the  annular  ring.  These  slots  are  hned  with  insulating 
material,  micanite  in  machines  for  high  pressures,  and  leatheroid,  or  some 
other  such  material,  in  low-pressure  machines.  The  winding  is  similar  to 
the  ordinary  drum  windings,  or  like  that  shown  on  the  rotating  armature 
in  Fig.  285,  but  here  the  ends  are  brought  out  to  fixed  terminals,  so  that  the 
collection  of  current  at  high  pressures  by  means  of  slip  rings  is  avoided. 
The  poles,  which  are  alternately  north  and  south,  are  fixed  on  the  periphery 
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of  a  flywheel,  which  rotates  within  the  armature.  The  magnetising  winding 
on  the  poles  consists  either  of  insulated  wire  or  of  bare  copper  strip  wound 
on  edge,  with  a  thin  layer  of  insulation  between  successive  turns.  The 
exciting  current  is  supphed  by  a  direct-current  dynamo  or  an  accumulator 
battery,  and  is  led  into  the  field  coils  through  brushes  and  slip  rings. 

We  have,  so  far,  considered  machines  with  a  single  ring  of  poles.  In 
machines  with  disc  armatures,  however,  there  are  two  crowns  of  poles,  so 
arranged  that  unlike  pole  faces  are  opposite  to  one  another.  We  shall  con- 
sider, in  the  first  place,  those  machines  in  which  the  poles  of  each  ring  or 
crown  are  alternately  north  and  south.  Such  is  the  case  in  the  old  Ferranti 
type  of  machine  (Fig.  290).  The  armature  consists  of  a  wave-shaped  copper 
band,  which  rotates  in  the  narrow  gap  between  the  two  crowns  of  poles. 
The  poles  shown  in  the  figure  lie  behind  the  paper,  while  a  second  set  of 
poles  is  arranged  in  front  of  the  paper  so  that  unlike  poles  are  exactly 
opposite.  This  machine  shows  very  clearly  how  the  wire  passes  down,  in 
front  of  a  north  pole,  and  up,  in  front  of  the  succeeding  south  pole.   The 


Fig.  290 


Fig.  291 


winding  has  quite  lost  its  coil-like  character  and  has  become  a  pure  wave 
winding. 

Later  Ferranti  machines  had  the  same  field  system,  but  the  armature 
was  built  up  of  thin  disc-like  coils.  The  same  construction  was  adopted 
in  the  earliest  Siemens  and  Halske  alternators.  To  show  the  essential 
similarity  of  disc  and  drum  windings,  a  winding  is  shown  in  Fig.  291  which 
is  equally  applicable  to  either.  For  a  Ferranti  machine  the  poles  have 
simply  to  be  bent  round  to  form  an  arc  of  a  circle,  like  Fig.  290,  and  another 
set  of  poles  arranged  in  front  of  them.  The  figure  may  equally  well  repre- 
sent the  development  of  a  drum  winding,  in  which  case  the  opposite  crown 
of  poles  is  produced  by  induction  in  the  armature  iron. 

In  order  that  the  electromotive  forces  may  be  added  together,  the  coils 
must  be  connected  up  alternately  in  opposite  directions,  as  is  shown  in 
Fig.  291.  We  notice  that  we  have  here  the  sides  of  two  adjacent  coils  under 
one  pole.  The  electromotive  forces  induced  in  all  the  wires  under  one  pole 
are  in  the  same  direction,  and  the  wires  virtually  form  the  side  of  a  coil 
of  twice  the  number  of  turns. 

In  the  so-called  inductor  alternators  there  is  no  reversal  of  flux,  but  simply 
an  introduction  and  withdrawal  of  lines  through  the  armature  coils.   The 
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characteristic  feature  of  these  machines  is  that  neither  the  armature  winding 
nor  the  field  winding  rotates,  the  only  moving  part  consisting  of  masses  of 
iron.  These  masses  of  iron  conduct  the  magnetic  flux  across  the  gap,  first 
at  one  point  and  the  next  moment  at  another.  The  flux  through  any  coil 
on  the  armature  is  continually  changing  and  thus  inducing  alternating 
electromotive  forces  in  the  coil.  Machines  of  this  type  are  specially  suitable 
for  running  at  high  peripheral  speeds.  A  portion  of  an  inductor  generator 
by  the  A.E.G.  of  BerUn  is  shown  in  Fig.  292.  There  are  two  armatures, 
A  and  B,  built  up  of  sheet  iron,  and  secured  by  the  frame  C  which  acts  as 
the  magnetic  yoke.  At  the  bottom  of  the  annular  space  thus  formed,  the 
magnetising  coil  F  is  wound.  On  the  left  is  shown  the  flywheel  which  carries 
a  number  of  iron  blocks,  G.  These  blocks  offer  a  path  of  low  reluctance  to 
the  lines  of  force,  which  consequently  pass,  for  the  most  part,  through  those 
parts  of  the  armature  between  which  the  blocks  are  momentarily  situated. 
The  magnetic  flux  practically  rotates  with  the  iron  blocks,  which  are  there- 


Fig.  292 

fore  equivalent  to  rotating  electromagnets.    The  armature  coils  must 
naturally  span  a  distance  equal  to  half  the  pitch  of  the  blocks. 

Were  magnetic  leakage  entirely  absent,  the  armature  wires  in  the  neutral 
zone,  i.e.  between  the  blocks,  would  be  entirely  inactive.  As  the  result  of 
leakage,  however,  each  coil  has  opposing  electromotive  forces  induced  in  its 
two  sides.  If  the  flux  passing  across  a  block  is  Oj,  while  the  leakage  flux, 
that  is,  the  flux  which  crosses  between  two  blocks,  is  O;,  then  the  e.m.f.  is 
proportional  to  O,,  —  Oj.  When  we  take  into  account  that  the  flux  does  not 
reverse,  but  simply  varies  between  zero  and  maximum,  it  is  evident  that, 
for  O  in  equation  (143)  on  page  296,  we  must  put 

0  =  ^-^  (139). 

The  great  leakage  in  this  type  of  machine  caused  it  to  be  given  up  in 
favour  of  the  alternate  pole  type.  The  chief  disadvantage  is  not  so  much  the 
additional  ampere-turns  required  to  drive  the  larger  flux  through  the  yoke 
as  the  heavy  drop  of  pressure  caused  by  the  increased  leakage  when  the 
machine  is  loaded  (see  Section  loi). 
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91.    The  Mean  E.M.F.  of  a  Generator. 

As  a  general  rule  the  armature  windings  of  d.g.  and  a.c.  generators 
differ  from  one  another  in  that  the  wires  of  the  D.c.  winding  are  equally 
distributed  over  the  whole  armature,  while  the  wires  of  a  coil-side  of  an 
A.c.  winding  are  either  contained  in  a  single  slot  or  distributed  between  two 
or  three  slots  in  close  proximity.  The  width  of  a  coil-side  is  therefore  less 
than  the  width  of  the  pole,  and,  as  a  rule,  even  less  than  the  width  of  the 
interpolar  arc.  The  instantaneous  values  of  the  induced  electromotive  forces 
in  the  various  wires  are  added  together  at  every  moment.  To  obtain  the 
mean  value  of  the  e.m.f.  induced  in  the  armature,  we  must  multiply  the 
number  of  wires  connected  in  series  by  the  number  of  hnes  cut  by  each  in  a 
complete  revolution,  divide  the  product  by  the  time  taken  for  the  revolution, 
and  by  10*  to  get  the  result  in  volts.  If,  then, 

$  be  the  flux  per  pole, 

p  the  number  of  pairs  of  poles,  and 

z'  the  number  of  conductors  in  series, 
then  the  change  of  linkages  per  revolution  will  be  2p.(^.z'.  Since  the  time 

taken  by  the  revolution  is  -  of  a  second,  we  have  for  the  mean  or  average 

E.M.F.  2*   O   z' 

£aT=       -^1^—  ■  10-8=  2^  .p.n.z'  .  10-8 (140). 

xjn 
Putting  f  =  p.n, 

thisbecomes  Eav  =  zO// . lo"*  volts     (141)- 

It  is  interesting  to  compare  this  result  with  that  obtained  for  a  series- 
wound  D.c.  armature.  Since  there  are  only  two  parallel  paths  through  the 
armature,  a  =  i  and  equation  (79)  on  page  124  may  be  written 

E  =  p.^.n.Z.io~^. 
Z  is  here  the  total  number  of  wires  on  the  armature,  of  which  only  a  half 

are  in  series,  so  that  z'  =  —  .     This  gives  for  the  D.c.  armature 

E  =p.^.  nzz' .  10-8  =  20/2' .  10-8. 

This  is  exactly  the  same  equation  as  was  obtained  above  for  the  mean 
E.M.F.  of  the  alternator. 

If  an  alternator  and  a  D.c.  dynamo  have  the  same  total  number  of 
wires  on  the  armature,  and  are  so  connected  that  the  number  of  parallel 
paths  through  the  winding  is  the  same  in  each  case,  then  the  average  p.d. 
of  the  alternator  will  be  the  same  as  the  p.d.  of  the  D.c.  machine. 

92.    The  Effective  E.M.F.  with  Sinusoidal  Field. 

On  the  assumption  that  the  flux-density  around  the  armature  varies  from 
point  to  point  in  accordance  with  the  sine  law,  and  that  the  conductors  of  a 
coil-side  are  concentrated  in  a  single  slot,  the  maximum  e.m.f.  is  given  by 
equation  (112)  on  page  234,  viz. 

e  =  TT.<t.f.z'  .10-^. 
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As  t]\e  effective  or  r.m.s.  value  is  equal  to  the  maximum  divided  by  A/2, 
we  have 

£  =  4=  -^  •  /••^'  •  io~'  =  2-22 . 0/2' .  10-8 (142). 

V2 

The  ratio  of  the  effective  to  the  mean  value  is  known  as  the  form- 
factor.  It  depends  on  the  shape  or  form  of  the  field  distribution  curve 
and  on  the  type  of  armature  winding.    In  our  case  the  form-factor  is 

2-22 

=  i-ii. 

2 

We  must  now  pass  to  the  consideration  of  the  effective  e.m.f.  for  other 

cases,  differing  from  the  ideal  one  just  considered.    We  therefore  write 

formula  (142)  in  a  more  general  form,  viz. 

E  =  ^.O./.  2'.  10-8    (143). 

By  distributing  the  coil-side  between  two  or  more  slots  the  e.m.f.  is 
reduced.  If  the  deld  is  sinusoidal  it  is  a  simple  matter  to  calculate  the  e.m.f. 
for  each  slot  from  equation  (142).  The  electromotive  forces  for  the  several 
slots  can  then  be  compounded  by  the  parallelogram  or  polygon  of  forces, 
taking  into  consideration  the  phase  difference  due  to  the  displacement  of  the 
slots  around  the  armature. 

Suppose,  for  example,  that  we  have  a  sinusoidal  field  distribution  and  a, 
double  slot  winding,  that  is,  one  in  which  the  coil-side  is  laid  in  two  slots, 
and  that  the  distance  between  these  two  slots  is  equal  to  a  third  of  the  pole- 
pitch.  The  pole-pitch  corresponds  to  an  angle  of  n  radians,  so  that  the  electro- 
motive forces  induced  in  the  two  slots  differ  by  a  phase  angle  of  77/3  or  60°. 
The  whole  winding  may  therefore  be  considered  as  made  up  of  two  parts, 
and  the  e.m.f.  in  each  part  is  given  by  equation  (142)  as 

E'  =  2-22  .  $/  -  .  I0~8  volts. 

When  we  compound  two  electromotive  forces  E',  having  a  phase  differ- 
ence of  77/3,  we  find  that  the  resultant  is  equal  to  2. cos 77/6. £'  =  i-ysE'. 
The  E.M.F.  of  the  whole  armature  is  therefore 

E  =  T-ysE'  =  i-92.0/2;'.io~8  volts. 

A  case  of  special  interest  is  that  in  which  the  coil-side  is  distributed 
between  so  many  slots  that  the  winding  is  practically  equivalent  to  a 
smooth  core  winding,  in  which  the  wires  lie  side  by  side  upoji  the  surface. 

Let  the  ratio  of  the  width  of  the  coil-side  to  the  pole-pitch  be  2y,  the 
wires  being  distributed  uniformly  over  this  width.  The  winding  will  occupy 
2y  of  the  available  space  on  the  armature  surface.  The  total  number  of 
wires  in  series  is  z',  and  if  these  wires  were  all  simultaneously  under  the 
middle  of  the  poles  the  r.m.s.  electromotive  force  would  be  (see  equation  142) 

E  =  2-22.0/z'.io~8. 

The  E.M.F.  of  each  wire  varies  according  to  a  sine  law,  and  instead  of 
reaching  the  position  of  maximum  e.m.f.  corresponding  to  the  middle  of 
the  pole,  at  the  same  moment,  the  wires  are  spread  out  uniformly  at  that 
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moment  over  an  angle  of  zyir.   The  e.m.f.  will  thus  be  reduced  from  a  value 
corresponding  to  cos  0  =  r  to  a  value  corresponding  to 

I        cos (b .ad)  .  =  — ^  . 

2Y7Tj-y„  ^        ^  yn 

The  effective  e.m.f.  will  therefore  be  reduced  in  this  ratio,  that  is 

E  =  2-22  5EJ2L.  (Dy/  .  10-8  volts (144). 

As  an  example,  we  may  consider  a  three-phase  distributed  winding,  in 
which  each  coil-side  has  a  width  equal  to  a  third  of  the  pole-pitch.  We  have 
here 

sm  yiT  =  sin  ^  =  0'5, 
siny7r^o-5  ^3 

VTT  77/6        77  ' 

and  from  equation  (144) 

E  =  2-23  .  -.  $// .  10-8  =  2-12 . 0// .  10-8 (145). 

For  a  width  of  coil-side  equal  to  two-thirds  of  the  pole-pitch,  such  as  we 
have  in  some  three-phase  windings,  the  relations  are  as  follows : 

2y  =  f, 


and  from  equation  (144) 


sin  y77  =  sin  -  =  o'866, 
^  3 


£  =  2-22  .  ^^  .$//.  10-8  =  1-84  .  0// .  10-8 (146). 

These  equations  (145)  and  (146)  will  prove  very  useful  to  us  when  we 
come  to  the  consideration  of  induction  motors,  but  for  single  and  poly- 
phase generators  other  equations  will  be  required,  which  we  now  proceed 
to  establish. 

93.    The  E.M.F.  with  i,  2,  or  3  Slots  per  Pole  per  phase. 

Instead  of  assuming,  as  we  did  in  the  previous  section,  that  the  field  is 
distributed  according  to  a  sine  law,  we  shall  now  assume  that  the  distri- 
bution is  rectangular,  having  a  constant  value  under  the  pole,  and  falling 
to  zero  at  the  pole-tip.  The  induced  e.m.f.  will  then  have  a  similar  wave  form. 
As  a  matter  of  fact,  such  a  distribution  of  the  field  is  impossible,  as  there  is 
naturally  a  falling  off  near  the  edges  of  the  pole  and  a  fringing  from  the 
pole  into  the  interpolar  space.  This  results  in  the  e.m.f.  curve  approaching 
more  nearly  to  the  sine  form,  and  gives  an  effective  E.M.F.  about  lo  per  cent, 
smaller  than  that  theoretically  calculated. 

The  theoretical  curve  of  e.m.f.  for  a  single-slot  winding  is  shown  in 
Fig.  293.  The  e.m.f.  attains  its  maximum  value  directly  the  slot  comes 
under  the  pole,  and  remains  at  this  value  until  the  slot  emerges  from  under 
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the  pole.  The  time  taken  by  a  slot  to  move  through  the  angle  ir  is  ->  second, 

o  ^\ 

and  to  move  through  the  angle  ^77  the  time  taken  is  A.  second.    This  is  the 

time  taken  by  each  wire  to  cut  through  the  flux  $  from  each  pole.  The  rate 

of  cutting  is  therefore     l     ■  and  as  there  are  z'  wires  in  series,  the  maximum 


E.M.F.  will  be 


^8 


.<!)//  .  io~*  volts  (i47)' 


In  Fig.  294  we  have  plotted  the  square  of  the  e.m.f.  from  moment  to 
moment  and  constructed  a  rectangle  on  the  base  z-n  with  an  area  equal  to 

A 

the  shaded  areas.  The  height  of  this  rectangle  is  ^ .  e^.  By  taking  the  square 
root  of  this  height  we  find  the  effective  value  of  the  e.m.f.,  viz. 

£  =  \/;8.e (148). 


® 


0 


p- ^TT * 

f* JC 

Fig.  293 


Fig.  294 


If,  for  example,  the  polar  arc  is  |  of  the  pole-pitch,  we  get  from  equa- 
tion (147)  A 

e  =  z^fz' .  io~8, 
and  from  equation  (148) 


E  =  ij -.%=  2-450/2' .  10-8  volts. 


If  we  take  into  consideration  the  fact  that  the  actual  e.m.f.  is  roughly 
10  per  cent,  less  than  this,  we  get,  for  the  ratio  j8  =  |,  almost  the  same  value 
as  we  obtained  for  the  single-slot  winding  and  sinusoidal  field. 

In  a  double-slot  winding  the  width  of  the  coil-side  2,yn  is  equal  to  the 
pitch  of  the  holes  (Fig.  295)*.  We  need  only  consider  the  case  in  which  this 
distance  is  less  than  the  interpolar  arc,  since  this  condition  is  always 
satisfied  in  actual  machines.  If  the  pole-pitch  is  -n  and  the  width  of  pole  jStt, 
the  interpolar  arc  is  tt  —  ^tt  and  we  assume  that  2777  <  tt  —  ttjS,  i.e.  that 
2y  <  I  -  ;8. 

The  E.M.F.  curve  is  made  up  of  two  rectangles,  displaced  relatively  to 


*  In  Figs.  295  to  304  the  abscissae  represent  the  various  widths  in  terms  of  the 
pole-pitch ;  when  multipUed  by  tt  they  represent  electrical  angles. 
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each  other  by  an  angle  2777.  During  the  time  that  both  slots  are  simultane- 
ously under  the  pole,  that  is,  over  the  angles  (;8  -  27)  tt,  the  e.m.f.  is  a  maxi- 
mum, and,  since  it  is  quite  immaterial  whether  the  wires  are  in  one  or  two 
slots  during  this  interval,  the  maximum  e.m.f.  is  given  by  equation  (147) 

e  =  2  o .  Ofz' .  io~8. 

When  only  one  of  the  two  slots  is  under  the  pole,  i.e.  over  the  angle  2y7r, 
the  E.M.F.  has  half  this  value. 
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We  set  up,  as  before,  the  squares  of  the  e.m.f.  from  moment  to  moment 
(Fig.  296),  and  calculate  the  shaded  area  thus  obtained.  This  is  equal  to 


■  2y.i^^-^{^-2y)>={^-y)> 


Fig.  297 


Fig.  298 


By  dividing  this  area  by  the  base  unity,  since  ^  and  y  are  in  terms  of  the 

pole-pitch,  and  taking  the  root  of  the  quotient,  we  get  the  effective  value 

of  the  e.m.f.,  viz.  _        ,- /v 

E=y/^-y.e (149). 

This  equation  is  equally  applicable  to  the  windings  shown  in  Figs.  297 
and  298.  The  portion  of  winding  shown  in  Fig.  297  is  equivalent  to  a  single 
coil  distributed  between  two  slots  per  coil-side.  The  whole  armature  will 
contain  p  such  coils,  whereas  the  winding  shown  in  Fig.  298  will  consist  of 
2p  single  coils  with  a  separate  slot  for  each  coil-side.  For  the  purpose  of, 
calculation,  however.  Fig.  298  is  to  be  treated  as  a  double-slot  winding  with 
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p  coils  on  the  armature.  The  winding  must  naturally  be  so  carried  out  that 
the  current  flows  in  the  same  direction  through  two  adjacent  slots. 

We  now  come  to  the  case  of  three  slots  per  pole  and  phase,  and  we 
assume,  as  before,  that  the  breadth  of  the  coil-side  is  less  than  the  interpolar 
gap,  so  that  2y<(i-^). 

The  curve  of  e.m.f.  is  obtained  by  adding  the  ordinates  of  three  rect- 
angles, displaced  from  each  other  by  the  pitch  of  the  slots  or  half  the 
breadth  of  the  coil-side.  For  the  sake  of  clearness,  the  rectangles  are  shown 
in  Fig.  299  as  having  unequal  heights.  At  first,  when  only  one  slot  is  under 
the  pole,  the  e.m.f.  corresponds  to  a  third  of  the  armature  wires.  This  lasts 
for  a  time  corresponding  to  y,  where  2y  is  the  breadth  of  the  coil-side.  Over 
an  equal  arc  y  the  e.m.f.  corresponds  to  f  of  the  total  wires,  and  over  an 
arc  ^  —  2y  it  has  a  constant  value  corresponding  to  the  whole  number  of 
armature  wires.    As  the  coil-side  leaves  the  pole,  the  e.m.f.  drops  in  the 
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Fig.  300 


same  way  as  it  rose  when  the  coil-side  came  under  the  pole.  The  ordinates 
in  Fig.  300  represent  the  squares  of  the  momentary  values  of  the  e.m.f., 
and  the  shaded  area  is  found  to  be  equal  to 

2y.(|.^2  +  2y(f.e)2+(^-2y).e2 

If  we  divide  this  area  by  the  base  unity  and  extract  the  square  of  the 
resultant  height,  we  get,  for  the  effective  value  of  the  e.m.f.. 


£=V^-f.y.e  (150). 

For  e  we  have  equation  (147)  on  page  298,  viz. 

We  may  consider  as  an  example  a  three-phase  generator  with  treble-slot 
winding,  or,  as  it  is  more  often  expressed,  with  3  slots  per  pole  and  phase. 
Since  there  are  3,3  =  9  slots  per  pole,  the  pitch  of  the  slots  must  be  77/9. 
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Hence  y  =  ^,  and,  assuming  that  the  ratio  j8  of  polar  arc  to  pole-pitch  is 
\,  we  have 

e  =  ?^  .  <bfz' .  10-8  =  4  .  0//  .  10-8. 
Then,  from  equation  (150),  it  follows  that 

94.    The  E.M.F,  of  a  Distributed  Winding. 

In  the  foregoing  considerations  we  have  always  assumed  that  the  breadth 
of  the  coil-side  was  less  than  the  polar  arc  jStt.  We  shall  now,  however,  con- 
sider a  case  in  which  the  coil-side  is  broader  than  either  the  polar  arc  or  the 
interpolar  gap,  so  that  2y  >  ^. 

At  the  moment  of  maximum  e.m.f.  (Fig.  303)  the  coil-side  will  project 

beyond  the  pole,  so  that  the  value  of  e  depends  on  j8  and  not  on  2y.  We 
shall  consider,  in  the  first  place,  the  moment  when  the  coil-side  is  symmetri- 
cal about  the  neutral  axis  (Fig.  301).    The  electromotive  forces  induced 

.L^>'-H-lJLJLi--^i^l  "  I     r  I 

QDqiooooooo  ooooQooooQ  DoocjoooocSSr 

Fig.  301  Fig.  302  Fig.  303 

under  each  pole  will  exactly  neutralise  each  other.  If  the  coil  moves  forward 
through  an  arc  having  the  ratio  a  to  the  pole-pitch,  the  e.m.f.  induced  by 
the  south  pole  will  increase  by  an  amount  proportional  to  «.  The  opposing 
E.M.F.  induced  under  the  north  pole  will  decrease  simultaneously  by  the 
same  amount.  The  total  e.m.f.  will  therefore  correspond  to  an  arc  2a.  Since 
the  maximum  value  of  the  e.m.f.  depends  on  the  polar  arc  ratio  ^8,  we  have, 
for  the  E.M.F.  at  any  moment. 

This  applies  to  the  interval  between  the  positions  shown  in  Fig.  301 
and  Fig.  302,  i.e.  until  the  coil-side  is  beyond  the  influence  of  the  north  pole. 

If  the  breadth  of  the  coil-side  exceeds  the  interpolar  arc  by  an  amount 
8,  it  is  evident  from  Fig.  302  that 

8  =  2y  -  (I  -  ^)  =  2y  +  ^  -  I      (151). 

The  distance  through  which  the  coil  moved  during  the  interval  con- 
sidered above  is  seen  from  Fig.  301  to  have  been  8/2.  We  draw  ordinates 
equal  to  the  squares  of  the  e.m.f.  from  moment  to  moment  during  this 
interval,  and  calculate  the  area  F^  thus  produced  (Fig.  304),  viz. 
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By  substituting  the  limits,  we  get 


^1  = 


The  second  interval  to  be  considered  is  that  between  Fig.  302  and  Fig. 
303,  when  the  coil-side  is  partly  under  a  single  pole.  If  a  represents  now  the 
amount  of  the  coil  which  is  under  the  pole  at  any  moment,  then  the  in- 
stantaneous value  of  the  e.m.f.  wiU  be  given  by  the  equation 


e  =  e 


a 


At  the  beginning  of  the  interval  (Fig.  302)  a  is  equal  to  8,  while  at  the  end 
(Fig.  303)  a  is  equal  to  j8.  We  must  square  the  values  of  the  e.m.f.,  and 
integrate  between  the  limits  a  =  S  and  a  =  ^.  In  this  way  we  get  for  the 
area  F^  in  Fig.  304 


■' 


■)8^ 
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e2.(j83-,S3) 
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Fig.  304 

During  the  third  interval  the  whole  pole  face  is  covered  with  the  coil-side, 
and  the  e.m.f.  has  a  constant  maximum  value.  This  interval  corresponds 
to  an  arc  2y  -  ;8  (Fig.  303).   By  squaring  the  e.m.f.  we  find  the  area  F^  in 

Although  the  various  areas  are  shown  separated  in  Fig.  304,  they  are, 
of  course,  parts  of  a  single  area,  divided  into  five  parts  by  four  vertical  lines. 
For  the  total  area  we  have 

2Fi  +  2F,  +  F3=.'^(2y-|-J,). 

If  this  be  divided  by  the  base  unity  and  the  root  extracted,  the  effective 
E.M.F.  is  obtained;  thus 

E^^Jzy-^-^  (2y>^) (152). 

This  equation  is  based  on  the  assumption  that  the  coil-side  is  broader 
than  the  pole  face.   The  value  e  will  be  smaller  than  the  value  given  by 

equation  (147)  on  page  298  in  the  ratio  -^ ,  since  only  this  fraction  of  the 

2y 
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total  number  of  wires  on  the  armature  can  be  under  the  poles  at  the  same 

A 

moment.   For  the  value  of  e  to  be  put  in  equation  (152),  we  have  therefore 
^=-.<D//.io-8  (2y>i3)  (153). 

y 

A 

If,  however,  the  coil-side  is  narrower  than  the  pole  face,  e  must  be  found 
from  equation  (147).  In  calculating  the  effective  e.m.f.,  moreover,  we  must 
notice  that  the  maximum  e.m.f.  depends  on  the  coil-side  2y,  and  not  on  the 
polar  arc  ^.  The  limits  of  integration  for  the  second  interval  will  be  8  and 
27,  and  the  third  interval  will  spread  over  the  arc  ^  —  2y.  Proceeding  in  a 
similar  manner  to  the  above,  we  find  that 

^=V^-?-i|^       (^y<^)  (154). 

e  is,  in  this  case,  given  by  equation  (147). 

If  the  coil-side  2y  is  even  narrower  than  the  interpolar  arc,  equation 
(151)  will  give  a  negative  value  for  §.  It  must  then  be  put  equal  to  o,  that  is, 
the  last  term  in  equation  (154)  is  to  be  omitted.  The  proof  of  this  follows 
from  the  consideration  that  there  is  no  area  F^,  and  that  the  limits  between 
which  the  area  F^  is  to  be  calculated  are  0  and  2y.  Both  the  conditions  are 
fulfilled  by  putting  S  =  0. 

95.    The  Alternating  E.M.F.  of  a  Closed  D.C.  Winding. 

A  very  important  example  of  distributed  winding  is  found  in  the  rotary 
converter.  This  is  practically  an  ordinary  D.c.  machine  with  taps  taken  from 
two  diametrically  opposite  points  on  the  armature  winding  and  connected 
to  two  slip  rings.  If  the  machine  is  multipolar,  and  has  a  parallel  wound 
armature,  the  connections  to  the  slip  rings  are  joined  to  every  equipotential 
point  on  the  winding,  so  that  each  ring  has  p  connections. 

These  machines  can  be  used  for  the  simultaneous  supply  of  both  d.c. 
and  A.c.  current,  or  for  transforming  either  of  these  into  the  other.  In  the 
vast  majority  of  cases,  however,  it  is  driven  as  a  motor  from  the  A.c.  side, 
and  supplies  d.c.  from  the  commutator  side  for  the  purposes  of  electric 
traction.  When  the  coils  to  which  the  shp  rings  are  directly  connected  are 
in  the  neutral  zone  (Fig.  305),  the  brushes  on  the  shp  rings  are  equivalent 
to  those  on  the  commutator.  The  p.d.  between  the  slip  rings  must,  at  this 
moment,  be  equal  to  the  p.d.  applied  to  the  d.c.  side  of  the  converter.  From 
equation  (79)  on  page  124,  we  have  then 

e  =  2 .  (^nZ .  io~8, 
a 

where  Z  is  the  total  number  of  wires  on  the  armature.  Now,  the  number  of 

Z 

wires  in  one  branch  of  the  armature  winding  is  — ,  so  that 

.'  =  ^. 

2a 

Further,  f  =  p  .n. 
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The  above  equation  for  the  maximum  e.m.f.  on  the  A.c.  side  may  there- 
fore be  written  as  follows:       a 

e  =  20//.io~^ 

We  could  have  found  this  value  directly  from  equation  (153). 

When  the  coil  to  which  the  shp  ring  connection  is  made  passes  under  a 
pole  (Fig.  306),  each  branch  of  the  armature  becomes  the  seat  of  two 
opposing  electromotive  forces,  proportional  respectively  to  the  arcs  y  and 
X.  The  E.M.F.  decreases  until,  when  the  sUp  ring  connections  come  under  the 
mid-points  of  the  poles,  it  is  equal  to  0. 

To  find  the  effective  e.m.f.  of  a  single-phase  converter,  we  must  put  2y 
equal  to  i  in  equation  (152)  on  page  302.  If  we  assume  that  jS  =  |,  which 
is  about  the  usual  value  of  this  ratio,  equation  (151)  on  page  301  becomes 

8  =  2y+;8-I  =  |. 


^tN 


From  equation  (152)  we  get  for  the  effective  value 


==^v 


B 

2v—  "- 

'^      3 


3i3^ 


r2=  07455, 


and,  substituting  the  value  of  e  found  above, 

E  =  0745. 2O/2'.  10-8  =  1-49. 0//.  10-8. 

The  effective  alternating  e.m.f.  is  therefore,  in  our  example,  0745  of 
the  P.D.  between  the  d.c.  brushes,  or  the  d.c.  pressure  is  1-34  times  the  A.c. 
pressure.  This  constant  ratio  of  the  pressures  is  very  important.  If  we  wish 
to  convert  high-pressure  alternating  current  into  low-pressure  direct  cur- 
rent, we  must  first  transform  the  high-pressure  alternating  current  to 
alternating  current  of  a  pressure  equal  to  0745  of  the  required  d.c.  pressure. 
This  is  done  by  means  of  ordinary  static  transformers.  Commutation  diffi- 
culties hmit  the  d.c.  pressure  to  about  1000  volts,  generally  speaking,  and 
high  pressures  are  not  suitable  for  lighting  purposes,  except  in  exceptional 
cases.  An  alternative  to  the  use  of  static  transformers  and  rotary  converters 


95 •   The  Alternating  E.M.F.  of  a  Closed  B.C.  Winding  305 

is  the  employment  of  motor  generators,  in  which  the  high-pressure  alter- 
nating current  is  supplied  directly  to  an  A.c.  motor  which  is  coupled  to  an' 
ordinary  d.c.  dynamo.  Rotary  converters  have  been  used  almost  exclusively 
in  America,  whereas,  on  the  Continent  they  are  quite  the  exception.  In 
England,  both  systems  have  been  largely  adopted,  and  their  relative  merits 
are  continually  under  discussion. 
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96.    The  E.M.F.  Diagram  for  an  A.C.  Generator. 

If  the  assumption  be  made  that  the  coefficient  of  self-induction  of  the 
armature  of  a  machine  has  a  constant  value  for  all  conditions  of  load  and 
excitation,  the  vector  diagram  is  extremely  simple.  The  electromotive 
force  £1,  induced  in  the  armature  by  the  rotating  magnetic  flux,  forms  the 
hypotenuse  of  a  right-angled  triangle,  one  side  of  which  is  equal  to  the  total 
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inductive  pressure  drop,  both  internal  and  external,  while  the  other  side 
is  equal  to  the  sum  of  the  internal  and  external  ohmic  pressure  drops.  The 
direction  of  the  current  vector  in  Fig.  307  is  vertically  upwards.  The  self- 
induction  induces  an  e.m.f.  lagging  90°  behind  the  current,  which  must  be 
counterbalanced  by  a  component  OA  of  the  e.m.f.  OA  consists  of  two  parts, 
one  Esint  lost  in  the  armature,  and  the  other  E^ext  overcoming  the  back  e.m.f. 
in  the  external  circuit.  The  component  AB  consists  similarly  of  a  part  AD 
lost  in  the  machine,  and  a  part  DB  which  overcomes  the  external  ohmic 
resistance.  To  find  the  terminal  pressure  we  must  complete  the  rectangle 
FDA  and  join  OF  and  FB.  The  latter  represents  the  terminal  pressure  V, 
for  it  is  the  hypotenuse  of  a  right-angled  triangle  with  sides  equal  to  the 
external  inductive  and  ohmic  pressure  components.  The  line  OF  represents 
the  total  drop  of  pressure  in  the  generator.  We  have  already  seen  in  Section 
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77  that  this  drop  cannot  be  subtracted  algebraically  from  the  e.m.f.,  but 
must  be  subtracted  geometrically,  as  shown  in  Fig.  307. 

The  angle  FBD  is  the  phase  difference  cf)  between  the  terminal  pressure 
and  the  current;  it  is  the  angle  of  lag  in  the  external  circuit,  and  would  be 
determined  by  means  of  an  ammeter,  voltmeter  and  wattmeter,  suitably 
connected  to  the  main  generator  leads.  The  angle  (f)^,  on  the  other  hand,  is 
the  angle  by  which  the  current  lags  behind  the  induced  e.m.f.  To  make  the 
meaning  of  this  latter  angle  quite  clear,  a  pole  is  drawn  in  Fig.  308  in  the 
position  it  occupies  at  the  moment  of  maximum  armature  current.  Were 
the  angle  <^i  equal  to  0,  the  current  would  be  a  maximum  at  the  moment 
when  the  centre  of  the  pole  coincided  with  the  armature  conductor  or  coil- 
side.  In  the  present  case  the  current  lags  behind  the  e.m.f.  so  that  the  pole 
has  got  past  the  conductor  by  an  angle  ^^  before  the  current  in  the  con- 
ductor reaches  its  maximum  value.  It  is,  of  course,  only  in  a  2-pole  machine 
that  the  actual  angle  cf)^  (Fig.  308)  is  equal  to  the  angle  961  in  the  vector 
diagram  (Fig.  307).  If  a  machine  has  p  pairs  of  poles,  the  actual  angle  will 
only  be  equal  to  (^Jp,  since  one  revolution  of  the  generator  will  correspond 
to  p  complete  periods  or  revolutions  of  the  vector  diagram. 

Before  we  can  construct  Fig.  307  we  must  determine  both  the  open- 
circuit  characteristic  and  the  self-induction  of  the  generator  armature. 
The  characteristic  can  easily  be  found  experimentally  by  running  the 
generator  at  normal  speed  and  observing  the  terminal  pressure,  while  the 
exciting  current  is  varied,  either  by  means  of  a  rheostat  or  by  altering  the 
p.D.  of  a  separate  exciting  dynamo.  A  curve  is  drawn  with  abscissae  equal 
to  the  exciting  current  or  to  the  ampere-turns  per  pair  of  poles,  and  or- 
dinates  equal  to  the  terminal  p.d.,  which,  on  open  circuit,  is  equal  to  the 
induced  e.m.f. 

The  curve  obtained  in  this  way  is  variously  known  as  the  magnetisation 
curve,  static  characteristic,  or  open-circuit  characteristic.  Such  a  curve 
is  shown  in  Fig.  332.  So  long  as  the  magnetic  flux  is  small  the  curve  is 
practically  a  straight  line,  since  the  air-gap  forms  the  principal  part  of  the 
reluctance,  and  the  flux,  and  consequently  the  e.m.f.,  is  proportional  to  the 
exciting  current.  As  the  iron  becomes  saturated,  its  permeability  decreases, 
and  the  curve  bends  over  more  and  more. 

Having  determined  the  open-circuit  characteristic  either  experimentally 
or  by  calculation,  as  described  in  Section  57,  we  have  now  to  find  the  self- 
induction.  We  shall  assume  that  it  is  independent  of  the  relative  position 
of  poles  and  armature  winding.  That  this  assumption  is  hardly  justified 
can  be  seen  from  Figs.  309  and  310,  where  the  paths  of  the  lines  of  force  are 
indicated  for  two  positions  of  the  rotating  field  system.  We  are  here  con- 
sidering the  flux  produced  by  the  armature  currents  only,  and  it  is  evident 
that  the  self-induction  of  the  armature  is  not  constant  during  a  period. 
Moreover,  the  phase  relation  of  the  current,  that  is,  the  angle  cfyj,  must  have 
an  effect  on  the  self-induction,  as  it  is  evidently  of  some  importance  whether 
the  current  in  a  coil-side  has  its  maximum  value  when  it  is  opposite  a  pole 
or  when  in  the  neutral  zone. 

If  we  neglect  these  effects,  we  can  find  the  self-induction  of  the  armature, 
as  we  would  that  of  any  coil  or  piece  of  apparatus,  by  applying  an  external 
alternating  p.d.  to  the  terminals  of  the  stationary  machine.  The  p.d.  must 
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be  of  so  low  a  value  that  the  normal  full-load  current  flows  through  the 
armature*.  If  we  neglect  the  small  resistance  of  the  armature,  the  applied 
p.D.  is  equal  to  the  back  e.m.f.  of  self-induction,  and  the  quotient  obtained 
by  dividing  this  p.d.  by  the  current  is  equal  to  the  reactance  2TrfL. 

By  means  of  the  open-circuit  characteristic  and  the  self-induction  of  the 
armature,  we  can  now  predetermine  the  terminal  pressure  for  a  given  load 
and  a  given  exciting  current.  The  power^factor  cos  ^  of  the  load  must  also 
be  known.  From  the  open-circuit  curve  we  find  the  value  of  E-^  for  the 
given  exciting  current,  and,  with  the  centre  0,  describe  an  arc  with  a  radius 
OB  =  E^  (Fig.  311).  The  triangle  OCF  is  made  with  the  base  OC  =  ztt/L./ 
and  the  side  CF  =  I.Ra-  To  construct  the  diagram  for  a  given  power- 
factor  cos  ^  in  the  external  circuit,  a  vector  is  drawn  from  O,  making  an 
angle  ^  with  the  vertical.  This  indicates  the  direction  of  the  vector  of 
terminal  p.d.  and  a  line  is  drawn  parallel  through  the  point  F.   This  line 
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cuts  the  circle  at  the  point  B.  By  referring  to  Fig.  307  we  see  that  FB  re- 
presents the  required  terminal  pressure  V,  the  letters  OFB  having  the  same 
significance  in  both  diagrams.  The  algebraic  difference  between  OB  and 
FB  represents  the  fall  of  terminal  pressure  between  no-load  and  fuU  load. 
In  order  that  this  difference  may  be  easily  seen  we  have  drawn  another 
circle  with  the  same  radius  E-^,  but  with  the  point  F  as  centre.  The  hue 
FB  is  produced  to  meet  this  second  circle  at  G,  and  the  intercept  BG  is 
evidently  equal  to  the  pressure  drop  E-^  —  V.  The  figure  shows  plainly  that 
this  drop  of  pressure  increases  as  the  point  B  moves  round  to  the  left,  that 
is,  as  the  angle  ^  increases. 

The  pressure  drop  has  a  maximum  value  when  the  angle  ^  is  equal  to 
90°  (Fig.  312).  The  external  circuit  will  then  consist  entirely  of  inductive 
resistance,  and  the  p.d.  will  be  equal  to  the  back  e.m.f.  of  self-induction  in 

*  This  is  often  a  dangerous  experiment  to  carry  out  on  a  large  machine,  since  the 
alternating  flux  produced  by  the  armature  induces  very  high  electromotive  forces  in  the 
field  windings. 
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the  external  circuit.  The  internal  pressure  drop  OF  is  subtracted  almost 
algebraically  from  the  e.m.f.  OB,  and  the  terminal  pressure  FB  reaches  its 
lowest  value. 

If  the  load  consists  entirely  of  glow-lamps,  the  power-factor  cos  ^  will 
be  equal  to  i,  and  the  current  will  be  in  phase  with  the  terminal  pressure. 
The  diagram  for  this  case  is  given  in  Fig.  313,  from  which  it  is  seen  that  the 


Fig.  312 

fall  of  terminal  pressure  between  open  circuit  and  full  load  is  very  small. 
In  a  modern  generator  the  pressure  wiU  fall  about  5  per  cent,  in  such  a  case, 
while  on  an  external  circuit  with  a  power-factor  of  075,  the  drop  will  be 
nea.rly  20  per  cent. 


A  case  of  special  interest  is  that  in  which  the  external  circuit  causes  the 
current  vector  I  to  lead  ahead  of  the  terminal  pressure  vector  V  by  an  angle 
^  (Fig.  314).  This  can  occur  when  the  circuit  contains  condensers  or  over- 
excited synchronous  motors.  In  such  a  case  the  terminal  pressure  may 
exceed  the  e.m.f.  (Fig.  314) .  This  striking  result  will  be  more  fully  dealt  with 
in  Sections  105  and  109.  We  might  mention  here,  however,  that  the  back 
E.M.F.  of  an  A.C.  motor  may  be  greater  than  the  applied  terminal  p.d.,  or 
even  than  the  e.m.f.  of  the  generator.    If,  for  example,  the  e.m.f.  of  the 
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generator  is  looo  volts,  while  the  back  e.m.f.  of  the  motor  is  1200  volts, 
their  common  terminal  pressure  wiU  automatically  adjust  itself  to  some 
intermediate  value.  The  state  of  affairs,  so  far  as  the  generator  is  concerned, 
is  shown  in  Fig.  314. 

97.    The  Ampere-turns  Diagram. 

The  diagram  of  electromotive  forces  described  in  the  previous  section 
gives  one  a  very  clear  insight  into  the  relations  determining  the  terminal 
pressure  under  various  conditions  of  load.  If  it  be  used,  however,  to  deter- 
mine the  excitation  necessary  to  maintain  the  p.d.  between  the  terminals  at 
various  loads,  the  calculated  results  will  be  found  to  differ  from  the  results 
obtained  by  actual  experiment.  This  is  due  to  the  fact  that  the  drop  of 
pressure  is  largely  caused  by  a  decrease  in  the  magnetic  flux  entering  the 
armature.  This  decrease  in  the  flux  is  caused  by  the  demagnetising  effect 
of  the  armature  current,  which  opposes,  to  a  greater  or  less  degree,  the  am- 
pere-turns on  the  field-magnets,  and  therefore  leads  to  a  decrease  in  the 
E.M.F.  induced  in  the  armature. 


Fig.  315  Fig.  316  Fig.  317 

We  must  now  divide  the  loss  of  pressure,  which  we  have  attributed  to 
the  self-induction  of  the  armature,  into  two  parts.  The  first  part,  which  we 
shall  call  E^,  is  caused  by  the  flux  which  follows  the  path  indicated  in  Fig. 
315.  It  is  assumed  in  the  figure  that  the  field-magnets  are  rotating  clock- 
wise, and  that  the  current  lags  behind  the  induced  e.m.f.  by  such  an  amount 
that  the  former  has  just  reached  its  maximum  value  in  the  figure.  It  is 
evident  that  the  magneto-motive  force  of  the  armature  winding  is  opposed 
to  that  of  the  poles. 

The  second  part  of  the  loss  of  pressure  we  shall  call  Ei  and  refer  to  as 
the  armature  leakage  drop.  This  is  due  to  the  flux  which  is  produced  round 
the  armature  conductors,  but  which  does  not  link  the  field  winding.  A  part 
of  this  flux  follows  the  path  shown  in  Fig.  316,  that  is,  it  encircles  the  con- 
ductor which  is  embedded  in  the  slot,  some  of  it  even  crossing  the  air-gap 
and  running  through  the  pole  face.  The  remainder  of  this  leakage  flux 
encircles  the  end  connections,  that  is,  those  parts  of  the  armature  winding 
which  project  beyond  the  iron  core,  as  shown  in  Fig.  317. 

By  keeping  these  two  sources  of  pressure  loss  separate,  we  obtain  Fig.  318 
in  the  place  of  Fig.  307.  E^  is  the  e.m.f.  which  would  be  induced  by  the 
given  field  current  were  there  no  armature  reaction.  The  effect  of  the  arma- 
ture reaction  in  weakening  the  flux  is  represented  by  the  drop  E^,  so  that 
the  E.M.F.  corresponding  to  the  flux  actually  entering  the  armature  is  repre- 
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sented  by  E.  From  this  we  have  to  take  the  leakage  drop  Ei  and  the  I  .Ra 
drop,  leaving  the  pressure  V  across  the  terminals. 

It  is  evident  that  the  electromotive  forces  E^  and  E^  are  purely  fictitious, 
and,  further,  that  the  very  lines  of  force  by  which  they  would  be  induced 
do  not  exist,  except  as  imaginary  components  of  the  resultant  flux  which 
produces  E.  As  a  matter  of  fact,  the  e.m.f.  E  is  also  fictitious,  as  the  effect 
of  the  self-induction  or  armature  slot  leakage  is  to  prevent  the  flux  which 
enters  the  armature  from  cutting  the  conductors  by  driving  a  part  of  it 
across  the  slots.  Hence,  although  the  flux  which  crosses  the  gap  is  sufficient 
to  produce  an  e.m.f.  E,  the  flux  which  actually  cuts  the  conductors  is  only 
sufiicient  to  produce  the  e.m.f.  BC  in  Fig.  318.  Since  the  poles  are  excited 
by  a  steady  direct  current,  and  the  armature  reaction  is  rapidly  varying 
between  o  and  a  maximum,  we  might  be  led  to  expect  a  pulsating  flux. 
This  is  prevented,  however,  to  a  great  extent  by  the  self-induction  of  the 
field  windings  and  the  eddy  currents  in  the  poles,  so  that  the  flux  passing 
through  the  poles  has  a  practically  constant  value  O  as  the  resultant  effect 
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of  the  constant  ampere-turns  X^  on  the  field  and  the  mean  value  Zg  of  the 
pulsating  armature  reaction. 

Hence,  neither  the  electromotive  forces  E-^  and  E^  in  Fig.  318,  nor  the 
fluxes  O]  and  Og  i^i  Fig-  3^9'  have  any  real  existence.  The  ampere- turns 
X-^  and  Zj,  on  the  other  hand,  are  really  present,  and  act  on  a  common 
magnetic  circuit,  in  which  their  resultant  X  produces  a  flux  O.  The  e.m.f. 
E  corresponding  to  X  ampere-turns  is  found  from  the  open-circuit  charac- 
teristic. 

If  the  load  be  suddenly  thrown  off  the  machine,  the  ampere-turns  X^  of 
armature  reaction  entirely  disappear,  and  the  points  G  and  0  in  the  figure 
are  brought  together.  The  flux,  and  with  it  E,  increases  to  a  value  corre- 
sponding to  X^  ampere-turns.  The  flux  and  e.m.f.  will  not  increase,  how- 
ever, in  the  ratio  of  X^  to  X,  on  account  of  magnetic  saturation. 


98.    Calculation  of  Armature  Reaction. 

The  calculation  of  the  armature  reaction  is  more  difficult  in  the  case  of 
single-phase  generators  than  in  the  case  of  two  or  three-phase  machines. 
If  the  armature  current  lags  90°  behind  the  e.m.f.,  the  current  reaches  its 
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maximum  value  at  the  moment  that  the  coil-side  is  midway  between  the 
poles  (Fig.  322).  The  lines  of  force  due  to  the  armature  current  are  shown 
dotted  and  are  evidently  in  direct  opposition  to  the  field-magnets.  The 
conditions  both  before  and  after  Fig.  322  are  shown  in  Figs.  321  and  323; 
the  fact  that  the  current  is  smaller  is  indicated  by  lighter  crosses  and  dots 
on  the  armature  conductors. 

If  there  are  z'  wires  in  series  on  the  armature,  then  the  wires  per  pole 

or  the  turns  per  pair  of  poles  will  be  -^ .    For  the  armature  reaction  at  the 

moment  represented  in  Fig.  322,  we  have 

z'    A 
■X'amax  =  ^  •  *  amp.-turns  per  pair  of  poles. 
2p 

This  is  the  maximum  value,  and,  assuming  a  sine-wave  current,  the 
mean  armature  reaction  will  be 


Ao  =  — 7  ■  —  . 
^         2p     IT 


-r  .  -  .  V  2  .  /, 

2,p     TT 


or 


^2  =  0"9  — ^  per  pair  of  poles. 


where  /  is  the  effective  or  root-mean-square  value  of  the  current. 
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We  have  not  taken  into  account  the  fact  that  the  pole  is  directly  under 
an  armature  coil  during  a  part  of  the  period  only*.  It  is  more  to  our  purpose, 
however,  to  understand  the  various  factors  affecting  armature  reaction  than 
to  calculate  them  with  great  accuracy.  The  calculation  is,  after  all,  more 
or  less  uncertain,  as  the  flux  pulsates  appreciably,  in  spite  of  the  self-in- 
duction of  the  field  coils  and  the  eddy  currents  in  the  poles. 

The  calculation  is  much  more  trustworthy  in  the  case  of  polyphase 
machines,  in  which  there  are  two  or  three  separate  windings  on  the  armature. 
Although  we  have  not  yet  studied  the  subject  of  polyphase  currents,  we 
may  make  use  of  the  simple  fact  that,  when  the  current  in  any  coil-side  of 
a  three-phase  winding  is  a  maximum,  the  current  in  each  of  the  adjacent 
coil-sides  has  half  this  maximum  value.  If  the  current  is  lagging  90°,  the 
coil-side  midway  between  the  poles  carries  the  maximum  current,  while 
the  coil-side  on  either  side  of  it  carries  a  current  in  the  same  direction  but 
of  half  the  amount  (Fig.  324). 

*  By  taking  everything  into  consideration  Kapp  has  found  a  coefficient  0'736  instead 
of  0'9  when  ^  =  f,  and  0-8  when  /3  =  J. 
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In  order  to  determine  the  armature  reaction  per  pair  of  poles,  we  must 
first  find  the  ampere-turns  in  each  coil.   If  there  are  z'  wires  per  phase,  the 

wires  per  coil-side  will  be  ~ ,  and  the  ampere-turns  of  coil  2—5  will  he—  A. 

Coils  3—6  and  1—4  will  each  have  \-^- »~  ampere-turns.    The  flux  which 
passes  between  holes  3  and  4  links  aU  three  of  these  coils,  and  has  a  m.m.f. 


2-       3^^     ,'V       Ji    "v. 


Fig-  324 

due  to  —  .  J  ampere-turns.  The  flux  which  passes  to  the  left  of  3  and  to  the 
right  of  4  links  only  the  coil  2 — 5,  as  shown  by  the  dotted  lines  in  the  figure. 
It  is  produced  by  —  .  *  ampere-turns.  If  the  polar  arc  is  two-thirds  of  the 
pole-pitch,  the  space  between  holes  3  and  4  covers  half  the  pole  face,  so  that 
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Fig.  326 


half  the  pole  face  is  crossed  by  flux  produced  by  2 


the  other  half  by  flux  produced  by 


2p 


2p 

A 

i  ampere-turns 


Fig.  327 
I  ampere-turns,  and 
Taking  the  mean 


value  for  the  whole  pole,  the  armature  reaction  of  a  three-phase  generator  is 


•(155). 


X^=  1-5 -r»  

^  -^  2.p 

It  might  be  objected  that  we  have  only  considered  the  conditions  existing 
at  the  moment  represented  in  the  figure.  As  the  pole  wheel  rotates,  however, 
the  current  in  coil  2 — 5  decreases  and  that  in  coil  3 — 6  increases,  so  that  the 
armature  reaction  is  hardly  altered.   When  the  wires  3  and  6  are  midway 
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between  the  poles  the  current  in  these  wires  will  be  at  its  maximum  value, 
so  that  the  conditions  represented  in  the  figure  are  continually  recurring.  As 
already  mentioned,  these  results  make  no  claim  to  mathematical  exactness, 
but  merely  serve  to  make  the  effect  of  armature  reaction  as  clear  as  possible. 
We  have  assumed,  so  far,  that  the  current  lagged  90°  behind  the  e.m.f., 
so  that  the  armature  reaction  was  directly  opposed  to  the  field-magnets. 
We  must  now  consider  the  effect  of  power-factor  on  the  armature  reaction. 
If  the  current  is  in  phase  with  the  e.m.f.,  the  current  in  any  coil-side  is  a 
maximum  when  that  coil-side  is  approximately  under  the  middle  of  the 
pole  (Fig.  326).  At  this  moment  the  current  can  produce  no  flux  round  the 
field  magnetic  circuit.  A  moment  earlier  the  growing  current  produced  a 
flux  which  strengthened  the  field,  while  a  moment  later  the  decreasing 
current  weakens  the  field.  The  net  result  is  that  the  armature  neither 
strengthens  nor  weakens  the  field. 


Fig.  328 

If  the  current  lags  behind  the  e.m.f.  by  an  angle  ^i,  the  effect  of  arma- 
ture reaction  is  shown  in  Fig.  328.  The  vertical  line  represents  the  current 
/  lagging  behind  the  electromotive  force  E.  This  triangle  corresponds  to 
BAG  in  Fig.  318.  BH  is  the  excitation  X  which  would  produce  E  on  open 
circuit,  and  it  must  therefore  be  the  resultant  of  X-^  and  X^.  The  triangle 
BKH  corresponds  to  Fig.  320.  It  is  evident  that  the  armature  reaction  X^, 
becomes  of  increasing  importance  as  ^j  approaches  90°.  When  ^^  =  90°, 
X-^  and  X2  will  be  co-Unear,  and  X  will  equal  X^  —  X^.  This  corresponds 
to  Fig.  322. 

Another  way  of  looking  at  it  is  as  follows :  Of  the  total  armature  reaction 
only  a  component  HL  =  X^  •  sin  ^^  acts  in  the  direction  of  the  resultant 
excitation.  If  we  represent  this  direct  demagnetising  component  by  X^,  we 

X^  =  X^.  sin  <f>i  =  HL. 
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It  can  be  seen  from  the  figure  that  HB  +  HL  is  very  nearly  equal  to  X-^, 


or 


X, 


X   =Xi 

For  negative  values  of  ^j,  that  is,  for  leading  currents,  the  demagnetising 
effect  also  becomes  negative.  This  can  be  shown  in  Fig.  322  by  reversing  the 
direction  of  the  armature  current.  We  can  sum  this  up  by  saying  that 
lagging  currents  act  demagnetisingly,  while  leading  currents  act  magnetis- 
ingly.  This  explains  the  rise  of  p.d.  with  increasing  load  in  Fig.  314. 


99.    Experimental  Determination  of  Armature  Reaction 
and  Armature  Leakage. 

Generally  speaking,  the  results  of  experiments  will  be  found  to  agree 
with  the  calculations  of  the  previous  section.  An  important  experiment  in 
this  connection  is  the  short-circuit  test  of  an  alternator.  The  armature  is 
short-circuited  through  an  ammeter  and  the  machine  is  run  at  its  normal 
speed  with  very  weak  field  excitation,  as  the  armature  current  would 
otherwise  be  excessive.   The  field  current  is  varied,  and  simultaneous  read- 


ings are  taken  of  field  and  armature  current.  It  may  be  safely  assumed  that 
the  arniature  resistance  is  very  small  and  that  the  self-induction  due  to 
slot-leakage,  etc.,  is. comparatively  small,  especially  in  a  modern  machine 
with  open  slots,  large  air-gap  and  several  slots  per  pole  and  phase. 
The  diagram  for  short  circuit  will  then  be  like  Fig.  329,  in  which 
E^  is  the  E.M.F.  which  would  be  given  by  the  field  excitation  if  the 

permeability  were  constant, 
£2  is  the  E.M.F.  which  would  be  produced  by  the  flux  caused  by  arma- 
ture reaction  under  like  conditions, 
and    E  is  the  actual  e.m.f.  induced  by  the  resultant  flux,  which  has  to 
drive  the  current  against  the  resistance  and  inductance  of  the 
armature. 
The  corresponding  diagram  of  ampere-turns  is  given  in  Fig.  330.    It  is 
evident  that  the  armature  reaction  on  short  circuit  is  almost  equal  to  the 
field  excitation  X^. 

It  is  not  necessary  to  know  the  number  of  turns  on  either  the  armature  or 
field,  but  a  curve  can  be  drawn  showing  the  relation  between  the  current  in 
the  short-circuited  armature  and  the  field  current  (Fig.  331).  This  short- 
circuit  characteristic  tells  us  the  amount  of  field  current  neutralised  by  the 
reaction  of  any  given  armature  current.    The  curve  is  almost  exactly  a 
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straight  line.  The  field  current  is  not  exactly  neutralised,  however,  but  gives 
a  resultant  X  as  shown  in  Fig.  330. 

In  order  to  calculate  the  field  current  required  to  give  a  certain  terminal 
p.D.  on  a  given  load,  it  is  necessary  to  know,  in 
addition  to  the  armature  reaction  X^,  the  self- 
induction  L  of  the  armature  winding,  due  to  slot- 
leakage,  etc.  This  is  a  very  difficult  quantity  to 
calculate  and  considerable  experience  is  necessary  in 
appljdng  the  various  formulae  which  enter  into  the 
■ISO  calculation. 

The  method  which  we  shall  now  describe  is  due 
to  Potier.  To  apply  the  method  to  a  generator,  it 
is  necessary  to  make  an  experiment  which  we  have 
■100  not  yet  mentioned;  this  consists  in  loading  the 
machine  with  a  very  inductive  load,  made  up,  say, 
of  choking  coils,  so  that  the  armature  suppUes  a 
heavy  lagging  current  with  a  power-factor  as  near 
as  possible  to  zero.  We  shall  Ulustrate  the  method 
by  applying  it  to  an  actual  example,  viz.  the  three- 
phase  generator  shown  in  Fig.  289.  The  figures  for 
this  machine  were  given  by  Heyland  in  the  E.  T.  Z. 
for  1900.  Its  short-circuit  characteristic  is  given 
in  Fig.  331  and  the  open-circuit  characteristic  in 
Fig.  332.  When  loaded  with  choking  coils,  the  field 
current  was  150  amperes,  the  armature  current 
100  amperes  and  the  terminal  pressure  2140  volts.  This  point  A  is  plotted 
on  Fig.  332,  as  is  also  the  point  on  the  base  line  representing  a  field  current 
of  18  amperes,  since  this  is  the  field  current  which  we  see  from  Fig.  331 
would  give  100  amperes  on  short  circuit,  that  is,  when  the  terminal  P.D.  is 
equal  to  o.  The  lower  curve  is  drawn  through  all  such  points  representing 
the  relation  between  terminal  pressure  and  field  current  for  a  wattless 
current  of  100  amperes.  The  manner  in  which  this  curve  has  been  drawn 
will  appear  immediately. 

A  horizontal  is  drawn  through  the  point  A  and  made  equsd  to  the  field 
current  on  short  circuit,  viz.  OB  =  18  amperes.  Through  the  point  D,  thus 
obtained,  a  line  is  drawn  parallel  to  the  lower  portion  of  the  open-circuit 
characteristic.  A  perpendicular  is  dropped  from  the  point  F  where  this 
line  cuts  the  characteristic.  A  right-angled  triangle  FGA  is  obtained  in 
this  way,  which  fits  in  between  the  two  curves  over  the  whole  range.  The 
side  FG  is  always  vertical,  and  represents,  therefore,  a  certain  difference  of 
pressure;  while  the  side  GA  is  always  horizontal  and  represents  a  certain 
field  current  or  excitation. 

If,  when  the  machine  is  working  on  the  inductive  load  at  the  point  A, 
we  could,  in  some  way,  do  away  with  the  demagnetising  effect  of  the  arma- 
ture reaction,  the  field  current  could  be  reduced  by  some  such  amount  as 
AG,  without  lowering  the  terminal  pressure.  Further,  if  we  could  then  do 
away  with  the  self-induction  of  the  armature  coils,  the  drop  of  pressure  due 
to  this  cause  would  disappear,  and  the  terminal  pressure  would  rise  by  some 
such  amount  as  FG.   Since  we  have  successively  removed  both  armature 
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reaction  and  self-induction,  the  machine  is  now  on  open  circuit  and  the 
point  F  is  a  point  on  the  open-circuit  characteristic.  Now,  both  armature 
reaction  and  self-inductive  drop  are  proportional  to  the  armature  current, 
and  are  constant  when  the  current  is  constant,  as  it  is  for  all  points  on  tlte 
lower  curve  in  Fig.  332.  Further,  as  the  current  is  wattless  for  every  point 
on  the  curve,  the  armature  demagnetising  effect  must  be  subtracted  alge- 
braically from  the  field  excitation,  and  the  drop  must  be  subtracted 
algebraically  from  the  induced  e.m.f.  Hence,  there  must  be  some  such  right- 
angled  triangle  which  will  fit  in  everywhere,  and  it  is  easily  seen  that  FGA 
is  the  only  possible  one.  It  follows,  therefore,  that  the  armature  reaction 
due  to  a  current  of  100  amperes  is  represented  by  AG,  and  the  self-inductive 
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drop  due  to  slot-leakage,  etc.,  by  FG.  Since  they  are  both  proportional  to 

the  current,  the  corresponding  values  for  other  currents  can  be  readily 

found.  In  our  case  ,,         ^  „ 

X^  =  AG  =  10  amperes, 

which  is  a  tenth  of  the  armature  current,  and 

El  =  FG  =  170  volts, 


whence 


77 
oiL  =--  27r/L  =  -^  =  17  ohms. 


How  these  quantities  can  be  used  to  determine  the  terminal  pressure 
under  any  condition  of  load  of  any  power-factor  will  be  explained  in  the  next 
section. 
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100,    Predetermination  of  Exciting  Current  and  Pressure 

Regulation. 

We  now  proceed  to  determine  the  excitation  necessary  to  maintain  a 
terminal  pressure  of  2200  volts  on  the  machine  experimented  on  in  the 
previous  section,  under  the  following  conditions: 

1.  A  load  of  200  amperes  and  cos  <f>  =  x. 

2.  ,,  ,,  ,,  cos  (f)  =  0-8. 

3.  „  „  „  cos  ^  =  o. 

We  shall  also  determine  in  each  case  the  value  reached  by  the  terminal 
pressure  when  the  load  is  suddenly  switched  off,  and  we  shall  express  the 
increase  of  p.d.  as  a  percentage  of  the  normal  p.d.,  i.e.  2200  volts. 

The  armature  resistance  R^  is  0-22  ohm. 

In  the  first  case  cos  ^  =  i-o,  so  that  the  external  load  is  non-inductive, 
and  the  whole  terminal  p.d.  is  used  in  overcoming  ohmic  resistance.  The 
ohmic  pressure  drop  in  the  armature  is 

I.Ra  =  200.0-22  =  44  VOltS. 

The  total  e.m.f.  must  have  a  component  in  phase  with  the  current, 

equal  to  the  sum  of  these  ohmic  pressure  drops.  This  is  represented  by  AB 

in  Fig.  333,  where         .  „ 

b  jjj.  ^^  ^  2200  +  44  =  2244  volts. 

The  pressure  required  to  overcome  the  back  e.m.f.  due  to  the  self- 
induction  of  the  armature  is  represented  by  GA,  where 

GA  =  I.coL  =  200.1-7  =  340  volts. 

This  is  at  right  angles  to  the  ohmic  drop,  and  we  get  for  the  total  e.m.f. 


GB  =  V'22442  +  340^  =  2270  volts. 

This  E.M.F.  is  seen  from  the  open-circuit  characteristic  to  require  a 
resultant  excitation  of  134  amperes,  so  that 

X  =  BH  =  134  amperes. 

We  have  seen  that  the  field  current  neutralised  by  armature  reaction 
is  a  tenth  of  the  armature  current,  so  that  in  our  case 

X2  =  20  amperes. 

Adding  X  and  X2  vectorially,  as  in  Fig.  328,  we  get  for  the  field  excitation 

Xi,  the  length  BK  in  Fig.  333.  By  scaUng  this  off  on  the  diagram,  we  find 

that  -I-  a 

Xi  =  138  amperes. 

This  is  the  necessary  field  excitation  on  non-inductive  load.  If  the  load 
is  suddenly  switched  off  so  that  the  machine  is  on  open  circuit,  it  can  be 
seen  from  Fig.  332  that  the  terminal  pressure  will  rise  to  2310  volts,  since 
this  is  the  p.d.  for  an  excitation  of  138  amperes.  The  rise  of  terminal  pres- 
sure on  switching  off  the  load  is  therefore  2310  —  2200  =  no  volts,  which 
is  5  per  cent,  of  the  terminal  pressure.  This  is  a  very  good  result. 
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We  now  proceed  to  the  second  case,  in  which  the  power-factor  is  o-8. 
We  have  (see  page  253) 

I.Ra    =200.0-23        =       44  volts, 

Z.i?ext  =  ^- COS  (^  =  2200.0-8  =1760        „ 

•Esext  =  V  .sm<f>  =  2200.0-6  =  I32O        „ 

■Esint  =  ioL.I  =  1-7.200  ...  =     340 

The  sum  of  the  ohmic  pressure  is  1804  volts,  and  the  total  inductive  drop 
is  1660  volts.  The  total  induced  e.m.f.  is  represented  by  BG  in  Fig.  334, 
where  BG  =  E  =  ^1804^  +  1660^  =  2455  volts. 


Fig-  334 


The  resultant  excitation  corresponding  to  this  e.m.f.  is  seen  from  Fig.  332 

to  be  162  amperes,  or  ,^        ^ 

A  =  162  amperes. 

The  armature  demagnetising  effect  KH  =  20  amperes  is  added  geometrically 
giving  a  field  excitation  BK,  where 

BK  =  X^  =  176  amperes. 

Hence,  to  maintain  the  terminal  p.d.  at  2200  volts  with  the  lagging  arma- 
ture current,  it  is  necessary  to  increase  the  field  current  to  176  amperes.  On 
throwing  off  the  load  the  p.d.  will  naturally  rise  to  a  higher  value  than 
before,  and  Fig.  332  shows  this  value  to  be  2520  volts,  corresponding  to  a 
field  current  of  176  amperes.  The  rise  of  the  terminal  pressure  is  therefore 
2520  —  2200  =  320  volts,  which  is  14-6  per  cent,  of  the  normal  pressure. 

The  last  case  which  we  shall  consider  is  one  which  is  hardly  likely  to 
occur  under  normal  working  conditions,  viz. 

cos  (f>  =  o. 
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The  whole  2200  volts  will  be  used  in  neutralising  the  back  e.m.f.  of  the 
external  purely  inductive  load.  By  adding  the  internal  inductive  drop  / .  ojL 
we  get  the  total  inductive  pressure  to  be  2200  +  340  =  2540  volts.  The 
only  ohmic  pressure  component  is  the  44  volts  internal  loss,  which  is  prac- 
tically negligible,  so  that  the  e.m.f.  is  equal  to  2540  volts.  The  no-load 
characteristic  gives  a  resultant  excitation  of  180  amperes,  or 

X  =  180  amperes. 

The  armature  demagnetising  effect  of  20  amperes  can  be  added  algebraically, 

since  the  armature  and  field  are  in  direct  opposition.  For  the  field  excitation 

we  have  then  „         o     , 

Xi  =  180  +  20  =  200  amperes. 

On  switching  off  the  load  the  terminal  pressure  wiU  now  rise  to  2620 
volts,  an  increase  of  420  volts  or  19-1  per  cent,  of  the  normal  pressure. 

The  results  thus  obtained  will  be  modified,  however,  if  the  machine  has 
considerable  magnetic  leakage  from  pole  to  pole.  The  effect  of  this  leakage 
is  considered  in  detail  in  the  next  section.  The  machine  considered  will  have 
little  polar  leakage,  since  the  poles  are  short  and  separated  from  each  other 
by  a  considerable  distance. 

10 1.    Effect  of  Polar  Leakage. 

It  might  appear  at  first  sight  as  if  the  effect  of  magnetic  leakage  between 
the  poles  had  been  already  taken  into  consideration  in  the  open-circuit 
characteristic.  If,  however,  a  machine  be  carefully  designed  for  a  given  load, 
and  the  diagrams  be  constructed  as  already  explained,  it  wiU  be  found  that 
the  actual  relations  when  loaded  differ  considerably  from  those  calculated 
from  the  diagrams. 

This  difference  is  due  to  the  fact  that  a  greater  resultant  excitation  is 
necessary  to  produce  an  e.m.f.  when  the  machine  is  loaded  than  to  produce 
the  same  e.m.f.  on  open  circuit.  To  understand  this,  we  must  consider  the 
machine  under  the  two  conditions  of  open  circuit  and  full  load,  with  the  same 
flux  entering  the  armature  in  each  case,  and  consequently  the  same  e.m.f. 
being  induced.  The  number  of  ampere-turns  necessary  to  drive  this  flux 
through  the  air-gap  teeth  and  armature  is  equal  to  the  sum  Xg  -\-  Xt  +  X^. 
This  same  number  of  ampere-turns  acts  across  the  interpolar  space  on 
open  circuit,  and  drives  the  leakage  flux  from  pole-shoe  to  pole-shoe. 

If  the  component  of  the  armature  reaction  which  acts  demagnetisingly 
when  the  machine  is  on  full  load  be  X^,  the  above  ampere-turns  must  be 
increased  to  Xg  +  X^-\r  X^^  X^,  in  order  to  maintain  the  same  armature 
flux.  Since  this  increased  difference  of  magnetic  potential  acts  between  the 
pole-shoes,  the  leakage  flux  will  be  increased  in  the  same  proportion.  The 
total  flux  passing  through  the  pole  will  be  increased  by  this  increased  leak- 
age, and  the  ampere-turns  required  to  drive  the  flux  through  the  pole  wiU 
be  increased.  Hence,  to  maintain  the  same  e.m.f.,  the  field  excitation  has 
not  only  to  be  increased  by  the  amount  X^  when  the  machine  is  loaded,  but 
also  by  an  amount  equal  to  the  increase  in  X^.  We  see,  therefore,  that  the 
resultant  excitation  taken  from  the  open-circuit  characteristic  for  a  given 
e.m.f.  is  too  small  if  the  machine  is  loaded. 
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Another  way  of  looking  at  the  matter  is  to  consider  the  leakage  as  in- 
creasing the  armature  reaction  and  thus  causing  a  further  drop  in  the  e.m.f. 
for  a  constant  field  current. 

It  is  evident  that  the  polar  leakage  wiU  have  Httle  effect  if  the  pole-cores 
are  unsaturated,  and  X^  is  consequently  small.  In  modern  machines, 
however,  the  poles  are  purposely  worked  at  a  very  high  flux-density,  in 
order  to  minimise  the  fluctuation  of  terminal  pressure  with  changing  load. 
In  such  machines  the  polar  leakage  has  a  marked  effect,  and  the  constancy 
of  terminal  pressure  will  depend  largely  on  the  reduction  of  this  leakage  to 
a  minimum. 

The  exact  calculation  of  the  effect  of  the  polar  leakage  is  complicated  by 
the  varying  value  of  the  permeability  of  the  iron.  We  shall  first  put  the 
question  in  the  following  form :  How  many  ampere-turns  would  be  necessary 
on  open  circuit  to  produce  the  same  flux  in  the  poles  as  actually  passes 
through  them  on  full  load? 

We  have  therefore  to  consider  the  machine  under  two  conditions,  viz. 
on  fuU  load  and  on  no-load,  with  the  assumption  that  the  flux  in  the  poles 
is  the  same  in  each  case.  We  make  the  further  assumptions  that  the  whole 
leakage  occurs  between  the  pole- tips,  and  that  the  reluctance  of  the  arma- 
ture core  and  teeth  is  negligible  compared  with  that  of  the  air-gap. 

If  R  be  the  reluctance  of  the  air-gap, 

and  Ri  „  „  leakage  path, 

then  we  can  make  out  the  following  table: 


At  no-load 
At  full  load 


Ampere-turns  used 

in  overcoming 

reluctance 


of  air- 
gap 


Xa 


of  leakage 
path 


Xg  +  X^ 


Air-gap  flux 


*  = 


_  O-^wXg 


Leakage  flux 


oj4^ 

O-^-ir  (Xg+X£) 


Total  ampere- 
turns  on  pole 


Xo—Xg^+X^ 
Xi=Xg+X^+X„ 


Since  the  flux  in  the  pole  is  the  same  in  each  case,  the  decrease  in  the 
useful  flux  must  be  equal  to  the  increase  of  leakage  flux,  so  that 

Oo  -  <D  =  Oz  -  <!),„     (156). 

Since  the  useful  flux,  that  is,  the  flux  crossing  the  air-gap,  is  less  when  the 
machine  is  loaded,  the  ampere-turns  required  to  drive  the  flux  across  the 
air-gap  will  decrease,  viz.  from  Xg^  to  Xg.  As  the  flux  in  the  pole  itself  is 
kept  constant  X^  is  the  same  in  each  case,  so  that  the  resultant  ampere- 
turns  are  reduced  from  Xq  =  OB  to  DB,  where  OD  =  Xg^  —  Xg.  The  total 
ampere-turns  X^  on  the  pole  will,  of  course,  have  to  be  increased  so  as  to 

*  The  total  ampere-turns  acting  across  air-gap  and  armature  are  Xg  +X^.  The  part 
X^  is  neutralised,  however,  by  the  armature  ampere-turns,  leaving  Xg  to  overcome  the 
reluctance.   It  is  analogous  to  charging  an  accumulator. 
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exceed  this  resultant  DB  by  an  amount  equal  to  the  demagnetising  ampere- 
turns  Xg^.  This,  however,  does  not  concern  us  at  present,  as  one  would 
naturally  subtract  X^  from  X^,  and  obtain  the  resultant  DB  before  referring 
to  the  characteristic.  Turning  now  to  the  useful  flux,  we  see  that,  since  the 
curve  near  the  origin  is  practically  the  magnetisation  curve  for  the  air-gap 
only,  O'D  will  represent  the  decrease  of  flux  crossing  the  gap  owing  to  the 
decrease  OD  =  Xg^  —  Xg  in  the  air-gap  ampere-turns.  Hence  the  useful 
flux  is  reduced  from  AB  to  AF,  if  we  take  0'  as  the  origin,  the  curve  represents 
the  relation  between  the  resultant  ampere-turns  and  the  useful  flux. 

We  must  now  determine  the  position  of  the  point  0'.   To  do  this  we 
substitute  in  equation  (156)  the  values  given  in  the  table,  and  obtain 

R 


-^(70  ~-^a  =  -^d- 


R  +  Rl 


•(157)- 


Fig-  335 


Fig-  336 


At  no-load  the  useful  and  leakage  fluxes  will  be  inversely  proportional  to  the 
reluctances  of  their  respective  paths,  i.e. 

«l>o      Ri 


^i,    R 


This  gives  for  the  value  of  the  leakage  coefficient  at  no-load. 


From  this  it  follows  that 


,._  %  +  ^i^_R  +  Ri 
Oo  Ri     • 

R  +  Ri        V 


R 


v-x' 


and 


OZ)  =  Z„„-Z„  =  X. 


"■O'D 


-(158). 


Hence,  from  a  knowledge  of  the  open  circuit  leakage  coefficient  v,  the  value 
of  OD  can  be  calculated  for  any  given  armature  current  and  power-factor. 
It  is  obviously  immaterial  whether  the  above  construction  be  applied  to  the 
flux  curve  (Fig.  335)  or  to  the  open-circuit  characteristic  (Fig.  336). 

The  effect  of  leakage  on  the  characteristic  obviously  depends  very  much 
on  the  point  on  the  curve  at  which  we  are  working. 


CHAPTER  XIV 

102.  Alternator  with  constant  excitation  and  constant  terminal  pressure. — 103.  Syn- 
chronising power  of  armature. — 104.  The  parallel  connection  of  alternators. — 
105.  The  effect  of  field  regulation  on  alternators  in  parallel. — 106.  Phase-swinging 
of  alternators. — 107.    The  automatic,  voltage  regulation  of  alternators. 

102.    Alternator  with  Constant  Excitation  and  Constant 
Terminal  Pressure, 

If  several  alternators  are  connected  in  parallel  to  the  same  bus-bars,  or 
common  switchboard  terminals,  the  terminal  pressure  of  each  is  no  longer 
dependent  on  itself  alone,  but  is  affected  by  the  other  machines  in  parallel 
with  it.  If  we  assume  that  the  other  machines  are  very  large  compared  with 
the  one  under  consideration,  the  terminal  pressure  will  not  be  affected  by 
changes  in  the  latter,  so  that  it  may  be  assumed  to  have  a  constant  terminal 
pressure  V. 

We  shall  assume,  for  the  sake  of  simplicity,  that  the  armature  demag- 
netising effect  can  be  included  with  the  self-induction  of  the  armature,  due 
to  slot-leakage,  etc.,  by  simply  increasing  the  latter.  The  fundamental 
diagram  in  Fig.  307  was  drawn  on  this  assumption,  and  is  therefore  applic- 
able to  the  present  case.  It  is  drawn  again  in  Fig.  337,  in  which  E^  repre- 
sents the  induced  e.m.f.,  assumed  to  be  the  same  on  load  as  on  open  circuit. 
So  long  as  the  excitation  remains  unchanged,  E^  is  a  constant  for  all  loads. 

For  our  purpose  we  must  construct  Fig.  337  so  that  it  represents  the 
given  machine  under  certain  conditions  of  load.  With  0  as  centre,  an  arc 
is  struck  with  radius  OB  equal  to  the  constant  e.m.f.  Ej^.  The  line  OM  is 
drawn  at  an  angle  a  to  the  horizontal,  so  that 

tan  a  =  -^r-^  =  -f- . 

Both  Es  and  L  are  used  here  in  the  same  sense  as  in  Section  96,  that  is,  so 
as  to  include  the  effect  of  armature  reaction.  Since  E,  is  proportional  to  the 
current,  we  can  make  OC  to  suit  any  given  current  I.  A  perpendicular 
erected  at  C  meets  OM  at  F,  and  this  point  F  is  taken  as  the  centre  about 
which  to  describe  an  arc  with  a  radius  equal  to  the  constant  terminal  pres- 
sure V.  This  arc  cuts  the  former  arc  in  the  point  B,  which  is  joined  to  0 
and  to  F,  and  from  which  a  perpendicular  is  dropped  on  to  OA. 

The  line  BD  should  represent  the  ohmic  resistance  of  the  external  circuit, 
multiplied  by  the  current  I.  Since,  however,  the  alternator  is  one  of  several 
connected  in  parallel  we  can  no  longer  speak  of  its  external  circuit.  We  can 
say,  however,  that  the  machine  is  running  under  conditions  equivalent  to 
an  external  load  with  an  ohmic  drop  BD  and  an  inductive  drop  FD. 


324 


Electrical  Engineering 


Fig.  338  is  a  similar  figure  except  that  it  is  drawn  for  a  larger  current, 
represented  by  a  larger  value  of  E„  viz.  OC  instead  of  OC.  The  values  oi 
JSi,  V  and  a  are  the  same  in  both  figures.  There  are  two  important  points  in 
which  the  figures  differ;  the  angle  y  between  the  e.m.f.  and  the  terminal 
pressure  has  changed,  and  the  total  power  given  out  by  the  machme  has 
changed.  Both  the  angle  y  and  the  power  have  been  increased  by  the 
increase  of  current. 

We  will  not,  at  this  point,  inquire  into  the  method  by  which  this  increase 
of  load  can  be  effected;  whether  by  some  alteration  on  the  generator,  or  by 
a  direct  increase  in  the  output  of  the  engine.  The  point  we  must  first  con- 
sider is  the  relation  between  the  load  on  the  generator  and  the  angle  y. 
The  total  electric  power  generated  is 

Pj  =  E^.I .cos  {(f)  +  y). 


Fig-  338 

If  we  assume  that  the  ohmic  resistance  of  the  armature  i?„  is  negligibly 
small  compared  with  its  self-induction,  the  angle  a  vanishes  and  cos  (^  -|-  y) 
becomes  equal  to  sin  8.  At  the  same  time  OF  becomes  equal  to  I.wL,  and 
we  have 

sin  S  =  -7 j:  .  sin  y. 


I.coL- 


or 


p.=^' 


coL 


.  sm  y. 


El 


Now,  —i  is  the  short-circuit  current  Iq,  so  that  Pj  =  V  .Ig.  siny. 

The  angle  y  is  the  angle  by  which  the  terminal  pressure  vector  lags 
behind  the  vector  of  induced  e.m.f.  We  consider  the  terminal  pressure  as 
being  nearly  in  phase  with  the  e.m.f.,  and  not  nearly  180°  out  of  phase  with 
it.   In  a  certain  sense,  however,  they  are  in  opposition. 

The  power  generated  is  therefore  proportional  to  the  sine  of  the  angle  v 
If  the  vector  V  be  set  up  vertically  from  the  point  0  (Fig.  339)    £^d  a 
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horizontal  line  equal  to  F .  Jq  be  taken  as  the  diameter  on  which  a  semicircle 
is  drawn,  then  the  chord  OR,  making  an  angle  y  with  V,  wUl  represent  the 
power  P^. 

If  the  resistance  of  the  armature 
be  taken  into  account,  the  relations 
are  as  follows : 

From  Fig.  337 

Pi  =  Ej^I .  cos  ((f)  +  y)  =EJ .  sin  (a  +  8) 

=  £i7.(sina.cos8  +  cosa.sinS). 

Now, 

ON _  E^-  F.cosy 


cos§  = 


OF      iVRa^'+icoL)^' 


Fig.  339 


and 


Hence, 


sm  8  =  -ttt  = 


V .  sin  y 


P,  =  E, 


OF      /Vi?„2+(coL)2 
sin  a  {El  -  V.  cos  y)  +  V.  sin  y .  cos  0: 


H 1 h— I 1 \ 1 1 ' 

Kilowatts  ZOO  iso  100  SO  0 

Fig.  340 

Now,  the  short-circuit  current  is  given  by  the  equation 

^1 


and  we  have 
therefore 


^^     VR/+icoL)^' 
F.siny.cosa  —  F.cosy  sin  a  =  Fsin  (y  -  a), 
Pi=  F./o-sin  (y-a)  +  ^i./o-sina 


.(159)- 
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In  Fig.  340  the  vector  V  is  drawn  vertically,  as  before,  and  the  line  OP 
is  made  equal  to  F/q,  but  is  drawn  so  as  to  make  an  angle  a  with  the  hori- 
zontal, where  tana  =  2?„. 

A  semicircle  is  drawn  on  OP,  and  a  line  OE  is  set  out  at  an  angle  y  with 
the  vector  V.  If  this  line  cuts  the  semicircle  in  a  point  Q  we  have 

OQ  =  OP. sin  ^1  =  F.7o-sin  (7  -  a), 

because  the  angle  y  —  a  between  chord  and  tangent  is  equal  to  the  internal 
angle  ^1. 

If  we  add  to  OQ  the  constant  amount 

QR  —  £'j.7o.sina, 
we  have,  from  equation  (159), 

P^  =  OQ  +  QR. 


zoo 


1S0 


100 


so 


Fig-  341 


The  locus  of  all  the  points  R  obtained  in  this  manner  is  represented  by 
the  heavy  black  curve  in  Fig.  340.  Since  the  angle  a  is  always  very  small  in 
actual  practice,  the  length  QR  which  is  equal  to  Ei./^.sin  a,  is  negligibly 
small,  and  the  heavy  curve  is  practically  a  circle.  Fig.  340  is  drawn  for  the 
following  values : 

Ra  =  I,    oiL  =6,     F  =  1000,    E^  =  1200. 
We  have,  in  the  foregoing,  considered  only  the  total  power  generated 
by  the  machine,  and  we  now  turn  to  the  power  given  out  by  the  machine 
to  the  external  circuit.   For  this  we  have 

P  =  V.I. cos  4,. 
From  Fig.  337  we  see  that 

cos  ^  =  sin  (y  +  a  +  S)  =  sin  (y  +  a) . cos  S  +  cos  (y  +  a). sin  S. 
By  substituting  the  values  found  above  for  cos  S  and  sin  S,  we  get 
P=V  (-^1  ~  ^- ^°^y^  ■  ^^"  (y  +  .g)+F.  siny . cos  (y  +  a) 
■  ^'         ''       VRa^+{wL)^  ■'  ■ 
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If  we  substitute  Jq  for 


£1 


,  and  put 


—  F. cosy. sin  {y  +  a)  +  F. sin y. cos  (y  +  a)  =  —  F.sina 

we  get  P=  F.7o.sin(y  +  a)— pT-./o-sina  (160). 

In  order  to  obtain  this  output  graphically,  the  Une  OS  in  Fig.  341  is 
drawn  so  as  to  make  an  angle  a  with  the  horizontal,  and  is  made  equal  to 
F./q.   On  OS  a  semicircle  is  described.   This  semicircle  has  the  same  dia- 


Amps. 


ZOO 


100 


Fig.  342 


meter  as  that  in  Fig.  340,  but  the  angle  a  is  now  above  the  horizontal.  For 
the  length  of  any  chord,  making  an  angle  y  with  the  vector  F,  we  have 

OT  =  OS  sin  ;8  =  F./o-sin  (a  +  y). 

From  OT  we  subtract  a  constant  quantity  XT,  where 


XT-- 


VKh 


.  sin  a, 


£1 
and  the  remainder  OX  =  OT  -  XT  =  P. 

The  length  OX  is  therefore  equal  to  the  output  P-  The  locus  of  all  such 
points  as  X  is  the  heavy  black  curve,  which,  as  before,  differs  but  little  from 
a  circle.  The  constants  for  Fig.  341  are  as  follows:  i?a  =  i,  wL  =  6, 
F  =  1000,  and  E^  =  1200;  a  scale  of  kilowatts  is  added. 
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We  proceed  now  to  determine  the  current  corresponding  to  any  value  of 
the  angle  between  e.m.f.  and  terminal  pressure.  The  vertical  OZ  in  Fig.  342 
represents  V,  and  the  vector  OY  the  e.m.f.  E-^.  The  line  ZY  corresponds  to 
the  pressure  OF  in  Fig.  337.  Hence, 


zy=/.Vi?„2+(ajL)2=/. 


^0 


or 


7  = 


h 


ZY 


.{a). 


Instead  of  measuring  ZY  in  volts  and  multipl5dng  it  by  /o/-^i>  ^^  ^^^ 
make  a  new  scale,  as  shown  in  the  figure,  on  which  the  length  ZY  gives  the 
current  directly.  A  point  J  is  marked  on  the  vector  OY,  so  that  OJ  is  equal 


Amps. 


ZOO 


ioo 


Fig-  343 


to  ZY.  By  repeating  the  construction  for  different  values  of  y,  and  drawing 
a  curve  through  the  points  thus  obtained,  we  get  the  locus  /,  which  shows 
at  once  the  current  corresponding  to  any  value  of  y. 

The  three  curves  P^,  P  and  I,  from  Figs.  340,  341  and  342,  are  shown 
side  by  side  in  Fig.  343.  We  have  already  given  the  constants  of  the  machine, 
but  repeat  them  here,  together  with  other  data  necessary  for  the  construc- 
tion of  the  diagrams. 

i?a  =  I.      coL  =6,       V  =  1000,      £1  =  1200, 


tana  = 


ojL 


h 


=  0'i66, 


sina  = 


R. 


VRa^+(wLf 


VRa'+icoL) 
197  amperes. 


a  =  0-164, 
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For  the  diameters  OP  and  OS,  we  have 

OP  =  OS  =  V .  lo  =  197,000  watts, 
QR  =  E^.Tg. sin  a  =  38,600  watts, 

XT  =  p^  .  Jq  .  sina  =  97,000  watts. 

The  scales  of  pressure  and  power  have  been  chosen  arbitrarily.  The 
current  scale  is  found  by  multiplying  each  figure  on  the  pressure  scale  by 
hl^i  =  0-164.  Hence,  the  same  length  will  represent  either  200  amperes 
or  1220  volts. 

It  is  evident  that  each  value  of  the  displacement  between  e.m.f.  and 
terminal  pressure  corresponds  to  a  definite  current,  total  power  and  output. 
The  part  of  the  vector  E^  intercepted  between  the  curves  P  and  P^  repre- 
sents the  power  lost  in  heating  the  armature  winding.  It  increases  with  the 
angle  y,  while  the  output  increases  slowly  beyond  a  certain  point  and  soon 
reaches  a  maximum.  To  obtain  a  good  efficiency  it  would  be  necessary  to 
keep  to  the  right-hand  part  of  the  diagram. 

It  is  interesting  to  notice  that  the  power  taken  from  the  prime  mover 
and  converted  into  electrical  power  increases  as  the  angle  y  increases,  until 
y  =  90°  +  a,  when  the  power  P^  reaches  its  maximum  value.  This  maxi- 
mum is  seen  from  Fig.  340  to  be  equal  to  OP  +  QR,  or 

Pime^  =V.Ig  +  Ei/fl.sin  a. 
The  increase  of  power  with  increasing  displacement  between  e.m.f.  and 
terminal  pressure  is  of  the  utmost  importance  for  the  parallel  working  of 
two  or  more  alternators,  as  we  shaU  see  in  the  following  section. 

103.    Synchronising  Power  of  Armature. 

If  several  exactly  similar  alternators  are  working  in  parallel,  and  their 
exciting  currents  are  exactly  equal,  and,  moreover,  the  power  given  to  each 
by  its  prime  mover  is  the  same,  then  Fig.  343  tells  us  that  the  displacement 
between  induced  e.m.f.  and  terminal  pressure  must  be  exactly  the  same  in 
each  machine.  Now,  as  the  terminal  pressure  is  common  to  all  the  machines, 
it  follows  that  their  electromotive  forces  must  coincide  in  phase.  This  means 
that  an  armature  wire  on  one  machine  occupies,  at  any  moment,  the  same 
position  relatively  to  the  poles  as  the  corresponding  wire  on  any  other 
machine.  The  machines  are  then  said  to  be  running  synchronously,  by 
which  we  mean  that  they  are  not  only  running  at  exactly  the  same  speed, 
but  that  they  are  also  in  phase  at  every  moment,  the  e.m.f.  curve  of  each 
machine  reaching  its  maximum  at  the  same  instant. 

We  are  not  concerned,  for  the  present,  with  the  way  in  which  the 
machines  were  brought  into  synchronism,  but  will  first  consider  how  this 
agreement  of  speed  and  phase,  when  once  obtained,  is  continually  maintained. 
The  importance  of  this  question  is  obvious.  As  in  the  parallel  working  of 
direct-current  dynamos,  so  here,  the  electromotive  forces  must  be  so  con- 
nected that  the  terminals  of  like  sign  are  connected  together.  If  we  consider 
the  individual  electromotive  forces,  we  see  that  each  one  is  in  opposition  to 
all  the  others.    From  this  we  see  that  the  electromotive  forces  of  all  the 
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machines  in  parallel  must  have  the  same  value  and  direction  at  every  mo- 
ment, and  must  also  reverse  simultaneously.  This  can  only  be  attained  by 
absolute  equality  of  speed,  or,  if  the  machines  have  unequal  numbers  of 
p'oles,  by  absolute  equality  of  frequency. 

Such  equality  of  speed  could  never  be  obtained  by  external  means.  It  is 
fortunate,  therefore,  that  the  generators  themselves  exert  a  mutual  influence 
on  one  another,  tending  to  maintain  synchronism.  The  effect  of  this  can  be 
seen  from  the  fact  that  the  connecting  rods  of  two  engines  driving  alternators 
in  parallel  will  remain  perfectly  in  step  hour  after  hour.  The  cause  of  this 
can  be  seen  by  assuming  that  one  of  the  generators,  as  a  result  of  some  in- 
equality in  the  turning  moment  of  the  engine,  gets  a  little  ahead.  This  is 
equivalent  to  an  increase  in  the  angle  y  by  which  the  e.m.f.  vector  of  that 
machine  leads  ahead  of  the  vector  of  terminal  pressure.  The  latter  is  de- 
pendent on  the  other  machines  and  wiU  not  be  materially  affected.  This 
increase  of  the  angle  y  causes,  as  Fig.  343  shows,  an  increase  of  the  output 
or  load  on  the  machine.  Since  this  load  exceeds  the  mechanical  power  sup- 
plied by  the  engine,  the  speed  falls  and  brings  the  machine  back  to  its  normal 
position,  that  is,  the  angle  y  is  reduced  to  its  normal  value. 

If,  on  the  other  hand,  one  of  the  generators  lags  slightly  behind  the 
other  machines,  its  load  is  decreased  in  accordance  with  Fig.  343.  The 
mechanical  power  supplied  by  the  engine  will  then  exceed  the  electrical 
load,  and  the  excess  of  power  wiU  accelerate  the  machine  until  its  poles 
occupy  the  same  position,  relatively  to  the  armature,  as  the  poles  of  the 
other  machines.  In  this  way  the  alternators  keep  the  engines  in  synchronism 
with  mathematical  accuracy. 

We  have  assumed  that  the  machines  are  working  on  the  right-hand  part 
of  Fig.  343,  where  an  increase  of  the  angle  y  causes  an  increase  of  the 
electrical  power  P^.  If,  however,  the  machines  are  working  in  the  neigh- 
bourhood of  their  maximum  power,  an  increase  of  y  causes  a  very  slight 
increase  in  the  load,  so  that  the  tendency  to  maintain  synchronism  is  small. 
If  we  go  stiU  further,  an  increase  of  y  causes  a  decrease  in  the  load,  as  is 
shown  by  the  dotted  part  of  the  curve  P^.  As  a  consequence,  the  mech- 
anical power  supplied  to  the  alternator  exceeds  the  electrical  load  by  an 
ever-increasing  amount,  which  accelerates  the  machine  more  and  more  until 
it  is  180°  out  of  phase,  when  it  is  evident  that  enormous  currents  will 
circulate  between  the  parallel  machines  and  cause  the  whole  station  to  shut 
down.  Itis  necessary,  therefore,  to  keep  to  the  right-hand  side  of  the  diagram, 
so  that  the  inevitable  tendencies  of  the  engines  to  get  ahead  or  lag  behind 
are  counterbalanced  by  the  powerful  synchronising  forces  of  the  alternators. 
The  importance  of  this  in  alternators  with  a  large  number  of  poles  is  evident 
when  we  consider  that  a  small  mechanical  displacement  of  the  pole-wheel 
is  equivalent  to  a  large  displacement  of  phase. 

In  the  foregoing  we  have  looked  upon  the  synchronising  force  as  being 
due  to  the  increase  or  decrease  of  electrical  output  or  load  caused  by  the 
leading  or  lagging  of  the  pole-wheel.  In  practice  it  is  more  usual  to  speak 
of  the  synchronising  current,  which  circulates  between  the  two  machines, 
adding  itself  to  the  normal  current  of  the  leading  machine  and  subtracting 
itself  from  that  of  the  lagging  machine.  This  current  constitutes  a 
load  on  the  leading  machine,  which  is  thereby  retarded,  while  to  the 
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lagging    machine   the  current   is  a  motoring  current  and   causes   it  to 
accelerate. 

It  is  evidently  important  that  a  small  displacement  should  cause  a  large 
change  in  the  value  of  P^,  since  this  is  the  condition  for  a  powerful  syn- 
chronising force.  We  might  define  the  synchronising  power  of  the  machine 
as  the  value  of  the  differential  quotient  dPJdy.  Now,  in  equation  {159)  on 
page  325,  we  found  that 

Pi=  F . /(, . sin  (y  -  a)  +  E-^.I^. sin  a. 

dP 
Hence,  -3-^  =  F.  7oCos(y- «). 

By  means  of  this  equation  we  can  study  the  effect  of  armature  self- 
induction  on  the  synchronising  power.  We  shall  consider  the  moment  when 
the  machine  is  first  switched  into  parallel,  when,  as  we  shall  see  in  the  next 
section,  the  e.m.f.  and  terminal  pressure  are  exactly  in  phase,  so  that  y  =  0. 
At  this  moment 

so  that,  for  y  =  0,  we  have 

dP,      V.E-,      .  ,,       ,      „     V.  sin  2a 

-j-s  =     p      .  sin «  .  cos  (—  a)  =  E,. ^5 — . 

dy  Ra  ^       '         ^       2.Ra 

For  given  values  of  Ej^,  V  and  i?„  this  expression  becomes  a  maximum 
when  a  =  45°,  i.e.  when  the  reactance  and  resistance  are  equal.  Although 
it  is  not  practicable  to  make  the  self-induction  of  the  armature  so  small,  it 
is  obvious  that  it  should  be  made  as  small  as  possible.  If,  on  the  other  hand, 
loL  =  o  then  a  =  90°  and  sin  2a  =  0.  The  synchronising  power  of  the  arma- 
ture disappears,  therefore,  with  its  self-induction,  so  that,  although  the 
latter  should  be  small,  its  presence  is  absolutely  essential  to  the  parallel 
running  of  the  machine. 

104.    The  Parallel  Connection  of  Alternators. 

The  connection  of  an  alternator  to  bus-bars  on  which  other  alternators 
are  already  working  is,  in  many  respects,  like  the  similar  operation  with  a 
direct-current  generator.  If  a  shunt  dynamo  has  to  be  put  in  parallel  with 
other  machines  which  are  already  running,  it  is  run  up  to  speed  on  open 
circuit,  and  its  field  current  adjusted  until  its  e.m.f.  is  equal  to  the  p.d. 
between  the  bus-bars.  The  switch  is  then  closed  and  the  terminals  of  the 
dynamo  connected  to  the  main  terminals  or  bus-bars  of  the  same  sign. 

With  alternators  the  machine  is  started  on  open  circuit  and  run  up  to 
speed.  The  speed  must,  however,  be  carefully  adjusted  so  that  the  frequency 
is  that  of  the  bus-bars.  The  field  current  is  then  adjusted  until  the  e.m.f.  is 
equal  to  the  p.d.  between  the  bus-bars.  As  in  the  case  of  direct  current,  the 
switch  must  not  be  closed  unless  we  are  certain  that  the  machine  terminal 
which  is  positive  at  the  moment  is  switched  on  to  the  bus-bar  which  is 
positive  at  that  moment.  The  momentary  value  of  the  e.m.f.  must  also  be 
equal  to  the  momentary  value  of  the  p.d.  between  the  bus-bars.   If  these 
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conditions  are  fulfilled,  the  bus-bar  p.d.  will  be  exactly  counterbalanced  by 
the  equal  and  opposite  e.m.f.  of  the  machine,  and  no  rush  of  current  will 
occur  on  closing  the  switch. 

The  principal  difficulty  in  connecting  an  alternator  in  parallel  with 
others  is  to  obtain  this  exact  opposition  of  phase.  It  is  almost  impossible  to 
maintain  it  for  very  long,  and  some  indication  is  required  as  to  the  correct 
moment  for  closing  the  switch.  Glow-lamps  are  generally  used  for  this 
purpose,  as  shown  in  Figs.  344  and  345.  In  the  first  figure  the  lamps  are  con- 
nected across  the  terminals  which  will  be  connected  by  the  switch.  When  the 
speed  of  the  machine  is  almost  correct,  the  lamps  will  slowly  alternate 
between  darkness  and  brightness.  The  switch  should  be  closed  during  the 
period  of  darkness,  as  the  p.d.  of  the  bus-bars  and  the  e.m.f.  of  the  machine 
are  then  in  opposition,  as  shown  by  the  signs  in  Fig.  344.  These  signs  refer, 
of  course,  to  one  moment  only. 
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Fig-  344 


Fig-  345 


In  the  arrangement  shown  in  Fig.  345  the  correct  moment  is  indicated 
by  the  lamps  burning  with  their  maximum  brilliancy.  The  plus  and  minus 
signs  indicate  the  state  of  affairs  at  the  correct  moment  for  closing  the 
switch,  and  it  is  evident  that,  so  far  as  the  two  lamps  are  concerned,  the 
bus-bars  and  the  generator  are  connected  in  series,  thus  causing  the  lamps 
to  burn  brightly. 

Some  experience  is  required  to  be  able  to  close  the  switch  at  the  correct 
moment.  It  is  evident  that  it  is  a  far  more  difficult  operation  than  switching 
in  a  D.c.  dynamo,  since  neither  the  frequency  nor  the  phase  can  be  deter- 
mined with  mathematical  accuracy.  Such  great  accuracy,  however,  is  not 
necessary,  as  the  synchronising  power  of  the  machine  comes  into  play 
directly  the  switch  is  closed,"and  almost  immediately  pulls  the  machine  into 
synchronism. 

So  long  as  the  machine  remains  unloaded  the  conditions  are  the  same  as 
with  direct  current.  The  p.d.  between  the  bus-bars  and  the  e.m.f.  of  the 
machine  are  equal  in  magnitude  and  in  direct  opposition,  so  that  both  the 
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current  and  the  load  on  the  machine  are  zero.  The  fundamental  difference 
between  the  parallel  operation  of  D.c.  and  A.c.  machines  is  seen,  however, 
when  we  consider  how  the  newly-connected  machine  can  be  made  to  take 
its  share  of  the  load  on  the  station. 

We  may  consider  a  D.c.  shunt  dynamo  running  light,  i.e.  without  de- 
livering current  to  the  bus-bars,  to  which  it,  in  common  with  several  large 
dynamos,  is  connected.  To  make  the  machine  take  a  share  of  the  load  its 
field  current  is  strengthened,  and  thereby  its  e.m.f.  increased.  The  armature 
current  increases  in  accordance  with  the  equation 

E~V 


In  = 


R. 


This  increase  of  current  causes  an  increase  in  the  electrical  power  generated 
by  the  dynamo.  The  former  supply  of  mechanical  power  is  not  sufficient  to 
meet  this  new  demand,  and  the  machine  slows  down.  As  the  engine  slows 
down,  the  balls  of  the  governor  fall  and  admit  more  steam,  until  the  mech- 
anical power  supphed  by  the  engine  is  equal  to  the  electrical  power  or  load 

When  this  new  state  of  equilibrium  has  been  reached  the  machine  runs 
steadily  at  a  speed  somewhat  lower  than  that  at  no-load.  That  the  speed  is 
lower  foUows  from  the  fact  that  the  governor  balls  must  occupy  a  lower 
position  in  order  to  admit  the  increased  steam  supply.  The  fall  of  speed  is 
generally  very  small.  We  have  seen,  therefore,  that  the  load  on  a  shunt 
dynamo  is  varied  by  means  of  the  excitation.  The  dynamo  reacts  on  the 
prime  mover  and  causes  a  small  variation  of  speed,  by  means  of  which  the 
supply  of  power  is  varied  between  wide  limits.  It  might  be  said  that  the 
supply  adjusts  itself  to  suit  the  demand,  i.e.  the  steam  engine  supplies  what 
the  dynamo  demands  from  it. 

In  an  alternating  current  system,  however,  the  relations  are  quite 
different.  We  shall  assume  that  the  machine  under  consideration  is  small 
and  that  there  are  several  large  machines  working  on  the  same  bus-bars, 
so  that  the  terminal  pressure  and  speed  of  the  large  machines  are  not  ap- 
preciably affected  by  manipulations  on  the  smaller  one.  We  can  therefore 
assume  that  the  terminal  p.d.  and  the  frequency  are  constant.  The  question 
is :  How  can  we  load  the  small  alternator  which  we  have  put  in  parallel  with 
the  other  machines?  The  first  suggestion  is  naturaUy  to  increase  the  excita- 
tion, and  with  it  the  e.m.f.  As  we  should  expect,  we  obtain  an  increased 
current,  but,  to  our  surprise,  neither  the  wattmeter  deflection  nor  the  supply 
of  steam  is  increased.  Since  the  power  is  unchanged  in  spite  of  increased 
current  and  e.m.f.,  we  conclude  that  the  phase  displacement  between  E^^ 
and  I  must  have  increased. 

On  further  examination,  however,  we  see  that  it  is  impossible  that  the 
load  on  the  generator  could  be  varied  by  means  of  the  excitation.  The 
machine  either  runs  at  the  synchronous  speed  or  it  falls  out  of  step,  so  that 
the  increase  of  excitation  has  no  effect  on  the  speed  of  the  engine  or  on  the 

*  As  we  have  assumed  the  total  load  on  the  station  to  be  constant,  the  load  on  any 
machine  can  only  increase  by  a  simultaneous  decrease  occurring  in  the  load  on  the  other 
machines.  The  only  way  this  can  occur,  however,  is  by  a  variation  in  their  terminal 
pressure.   This  change  in  V  is  very  small,  and  we  have  neglected  it. 
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position  of  the  governor  balls.  The  steam  supply  is  the  same  as  before,  and 
the  power  is  consequently  unchanged.  The  mechanical  power  transmitted 
from  engine  to  generator  is  the  same  as  when  running  light  before  switching 
into  parallel,  and  is  not  affected  by  varying  the  excitation.  To  increase  the 
power  we  must  shift  the  weight  on  the  governor  or  adjust  it  in  some  way, 
either  by  hand  or  by  means  of  a  small  motor  controlled  from  the  switch- 
board. By  this  means  the  steam  supply  is  increased  without  any  variation 
from  the  constant  speed  corresponding  to  the  frequency  of  the  station. 
Hence,  the  load  on  an  alternator  is  varied  by  altering  the  mechanical  power 
supplied  to  it. 

The  question  naturally  arises  as  to  the  manner  in  which  this  automatic 
adjustment  of  the  electrical  output  takes  place  with  every  change  in  the 
supply  of  mechanical  power.  The  first  result  of  an  increased  steam  supply 
is  an  acceleration  of  the  generator.  This  acceleration  lasts  only  a  moment, 
since  a  slight  forward  movement  of  the  e.m.f.  vector  in  Fig.  340  increases 
the  load  until  it  corresponds  to  the  steam  supply.  By  steadily  increasing 
the  output  of  the  steam  engine,  that  of  the  generator  can  be  increased  until 
the  machine  is  working  in  the  neighbourhood  of  its  maximum  power 
(Fig.  340),  when  there  is  great  danger  of  faUing'out  of  step. 

There  is  a  similar  difference  between  the  procedure  to  be  followed  when 
disconnecting  D.c.  and  a.c.  machines  from  the  bus-bars.  Before  discon- 
necting a  shunt  dynamo  its  load  must  be  removed  by  weakening  its  excita- 
tion. The  current  from  an  alternator,  on  the  other  hand,  is  reduced 
to  zero  by  manipulating  the  governor  or  gradually  reducing  the  steam 
supply. 

From  what  we  have  just  said  it  might  appear  that  there  is  no  need  for 
an  automatic  governor  on  the  steam  engine,  since  the  speed  of  the  engine  is 
fixed  by  the  frequency  of  the  station,  that  is,  by  the  speed  of  the  other 
machines.  This  conclusion  is  quite  right  so  far  as  one  machine  is  concerned, 
since  its  governor  could  be  clamped  without  any  change  in  the  working  of  the 
station.  If,  however,  we  desire  the  load  on  the  station  to  be  equally  shared 
between  all  the  generators,  even  when  the  load  is  very  variable,  it  is  evident 
that  the  governor  on  each  machine  must  automatically  regulate  the  steam 
supply.  A  large  load  will  then  cause  a  general  drop  in  the  frequency, 
and  a  greater  supply  of  steam  to  every  machine.  The  frequency  can  be 
brought  up  to  its  previous  value  by  adjusting  the  steam  supply  to  every 
engine. 

Another  interesting  question  deals  with  the  effect  of  a  change  in  the 
excitation,  since  we  have  seen  that  it  is  without  effect  on  the  power.  It  is 
evident  that  the  terminal  pressure  of  the  station  would  be  increased  by 
strengthening  the  field  of  every  machine.  What  we  wish  to  consider,  how- 
ever, is  the  effect  on  a  machine  of  strengthening  its  field  current  without 
changing  the  excitation  of  the  other  machines,  and  therefore  without 
materially  altering  the  terminal  pressure.  This  question  will  be  considered 
in  the  next  section. 


105-  Field  Regulation  of  Alternators  in  Parallel        335 


105.    The  Effect  of  Field  Regulation  on  Alternators  in 

Parallel. 

In  this  section  we  shall  consider  the  changes  which  occur  in  an  alter- 
nator, working  in  parallel  with  a  number  of  other  alternators,  when  its 
field  current  is  varied.  The  terminal  p.d.  will  be  practically  constant,  and 
we  shall  assume  that  the  mechanical  power  suppUed  to  the  generator  by 
the  engine  is  also  constant. 

If,  in  the  first  place,  we  neglect  the  armature  resistance,  we  have  from 
page  324.  E     V 

^i  =  -zjr-^^^'>' ('*)■ 

In  Fig.  346,  the  terminal  p.d.  F  is  drawn  verticaUy,  lagging  behind  the 
vector  Ej^  by  an  angle  y.  OF  is  the  direction  of  the  current  vector,  lagging 
behind  V  by  an  angle  <^. 

Since  P^  and  V  are  constant,  the  triangle 
OCE  must  have  a  constant  area,  for  it  is 
equal  to  V.E^.sin  y,  which  from  the  above 
equation  is  equal  to  Pi.ojL.  Hence,  as  E^  is 
varied  by  strengthening  or  weakening  the  field 
current,  the  point  E  must  move  up  and  down 
the  vertical  line  EB. 

The  line  CE  represents  the  drop  in  the 

armature  coL.I,  90°  out  of  phase  with  the 

current.     If   the    excitation  be  altered  until 

El  =  OD,  the  drop  cuL .  I  will  then  have  its 

minimum  value  CD,  and  as  sin  y  wUl  then 

CD 
equal  -^ .  we  see,  from  equation  (a),  that 


^1 


CD  =  ?1^. 


Fig.  346 


This  is  also  obvious  from  the  fact  that  the  current  is  then  in  phase  with  the 
terminal  p.d.  Hence,  if  the  field  current  be  adjusted  until  the  armature 
current  is  a  minimum,  the  machine  is  then  loaded  non-inductively.  If  the 
excitation  be  increased,  the  current  will  lag,  whereas  if  it  be  decreased,  the 
machine  will  deliver  a  leading  current  to  the  bus-bars. 

The  figure  shows,  moreover,  that  the  value  of  E^  cannot  be  reduced 
below  OB.  If  the  field  be  further  weakened,  the  machine  breaks  out  of  step 
with  the  bus-bars,  i.e.  with  the  other  machines  with  which  it  is  in  parallel. 

If  the  armature  resistance  be  taken  into  account,  the  results  obtained 

are  very  similar,  as  we  shall  now  show. 

z? 

If  we  take  equation  (159)  on  page  325,  multiply  each  side  by 
V 


Iq  ■  sin  a 


— -. — j  ,  we  get  the  following  equation,  in  which  we  have  put 
a)  instead  of  sin  iy  —  a): 


—  cos  (90°  -I-  y 

E,^  +  (J^)- 
'       \2  Sin  a/ 


sin  a 


,  cos  (go°  +  y  —  a)  = 


In  .sin  a 


+ 


\2  sm  »/ 


...(161). 
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Since  j^  is  the  internal  impedance  of  the  machine,  and  is  therefore  con- 

■'0 

stant,  we  see  that  the  right-hand  side  of  the  equation  is  constant  for  all 
excitations,  for  P^  and  V  are  both  unaffected  by  the  variable  excitation. 
For  the  sake  of  shortness  we  may  represent  the  right-hand  side  of  the 
equation  by  R^-   Now,  an  equation 

a^-i-  &2-  2«.6cos0  =  c2 

represents  a  triangle  with  sides  a,  b  and  c,  of  which  the  sides  a  and  b  enclose 
an  angle  6.  Equation  (i6i)  is  of  this  form,  and  can  therefore  be  represented 

V 
by  a  triangle  with  sides  E^ ,  — : —  and  R,  in  which  the  two  former  sides 
^  "  ^    2  sm  a 

enclose  an  angle  90°  +  y  —  a.  This  leads  to  a  very  simple  diagram,  from 
which  the  value  of  the  angle  y  between  the  e.m.f.  and  p.d.  vectors  can  be 
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seen  for  any  given  value  of  E-^.  From  the  point  0  in  Fig.  347  a  vertical  line 
OC  is  drawn  equal  to  the  terminal  pressure  V.  Another  line  OA  is  drawn  at 

V 
an  angle  a  with  the  horizontal,  equal  to  — ; —  .   The  point  A  is  half  as  high 

2  sm  a  ° 

as  the  point  C.  With  A  as  centre^  an  arc  is  drawn  with  a  radius  equal  to  R, 
i.e.  equal  to  the  root  of  the  right-hand  side  of  equation  (161).  A  line  OE 
is  drawn,  making  any  given  angle  y  with  OC,  and  meeting  the  arc  at  the 
point  E.  The  triangle  OAE  must  be  the  above-mentioned  triangle,  for  its 
two  sides  OA  and  OE  enclose  the  angle  90°  +  7  -  a  and  its  third  side  is  R. 
The  side  OE  is  consequently  equal  to  the  e.m.f.  E^,  and  it  is  ahead  of  the 
P.D.  vector  OC  by  the  angle  y.  The  point  E  moves  on  the  circular  arc  and 
gives  the  corresponding  values  of  E^  and  y.  The  diagram  is  actually  drawo 
for  the  relations  previously  assumed,  viz. 

V  =  1000,      Ra  =  1,      coL  =  6, 
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and  the  constant  power  P-^,  which,  it  will  be  remembered,  includes  the  loss 
in  the  armature  winding,  is  taken  as  100,000  watts.  It  is  evident  that,  for 
the  same  value  of  E^,  viz.  1200  volts.  Fig.  347  must  give  the  same  angle  y 
as  is  found  in  Fig.  340  for  P^  =  100,000  watts. 

The  effect  of  varying  the  excitation  can  be  seen  very  plainly  from  the 
diagram.  By  gradually  decreasing  the  field  current,  the  length  of  the  vector 
E^  is  decreased,  the  point  E  moves  down  the  arc  towards  B,  and  the  angle 
y  grows  larger  and  larger.  This  is  exactly  what  we  should  expect  from  a 
mechanical  point  of  view.  On  suddenly  decreasing  the  e.m.f.  the  electrical 
power  is  momentarily  reduced,  with  the  result  that  the  supply  of  mech- 
anical power  is,  for  a  moment,  greater  than  that  converted  by  the  machine 
into  electrical  power.  This  causes  a  slight  acceleration  and  an  increase  of 
the  angle  y,  which  brings  P^  up  to  its  former  value,  corresponding  to  the 
unaltered  supply  of  mechanical  power. 

If  the  weakening  of  the  excitation  be  carried  far  enough,  the  point  E 
arrives  at  B,  so  that  OB  is  in  line  with  OA.  This  length  OB  represents  the 
smallest  e.m.f.  with  which  the  machine  can  take  an  input  of  100,000  watts, 
or  inversely,  100,000  watts  is  the  largest  power  which  the  machine  can  take 
for  an  e.m.f.  equal  to  OB.  If  the  excitation  is  decreased  any  further,  or  the 
input  from  the  engine  increased,  or  even  if  the  angle  y  is  momentarily 
increased  owing  to  any  slight  irregularity,  the  machine  wiU  fall  out  of  step. 
As  in  Fig.  340,  the  angle  y  corresponding  to  this  maximum  power  is  equal  to 
90°  +  a.  For  ordinary  practical  working  it  is  evident  that  y  must  be  small, 
so  that  there  is  no  danger  of  the  machine  falling  out  of  step. 

It  is  of  great  interest  to  know  which  value  of  the  excitation  would  give 
the  most  efficient  working  for  the  given  input  Pj.  If  we  assume  that  the 
I'^Ra  loss  in. the  armature  is  the  only  variable  loss,  the  efficiency  will  be  a 
maximum  when  this  loss  is  a  minimum,  that  is,  when  the  current  is  a  mini- 
mum. The  drop  of  pressure  in  the  armature,  which  is  represented  in  the 
figure  by  the  line  CE,  is  proportional  to  the  armature  current.  This  will 
be  clearer  if  we  turn  to  Fig.  337,  where  the  triangle  BOF  corresponds  to  the 
triangle  OCE  in  Fig.  347.  As  in  equation  [a)  on  page  328 

I=^.CE, 

By  substituting  the  values  Ra  =  1,  coL  =  6,  and  Ej^  =  1200  we  obtain  the 
scale  of  amperes  in  Fig.  347,  viz. 


^^'^.CE=o-i64CE. 


1200 


The  scale  at  the  foot  of  the  figure  expresses  the  length  CE  directly  in  amperes. 
For  highest  elficiency  the  vector  CE  must  be  a  minimum,  that  is,  it  must  be 
in  a  straight  line  with  AC.  CD  must  therefore  represent  the  minimum 
current,  which  is  found  from  the  scale  to  be  91-6  amperes,  the  corresponding 
E.M.F.  OD  being  1220  volts.  The  loss  in  the  armature  winding  will  be 

P.Ra  =  91-62. 1  =  8400  watts. 
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This  is  a  very  excessive  armature  copper  loss  for  a  machine  of-ioo  kilo- 
watts input,  but  it  has  been  so  assumed  for  the  sake  of  clearness  in  the 
diagrams. 

Since  the  input  P^  is  constant,  the  minimum  value  of  the  losses  will  give 
the  maximum  nett  output  P. 

For  any  other  value  of  the  excitation,  whether  the  point  E  lies  above  or 
below  D,  the  current  will  be  larger,  and  the  efficiency  consequently  lower. 
It  is  evident,  however,  that  the  variation  is  very  sjnall  in  the  neighbourhood 
of  the  maximum,  since  the  excitation  can  vary  considerably  on  either  side 
of  D  without  any  great  change  in  the  current. 

This  latter  circumstance  is  shown  very  clearly  by  plotting  a  curve  with 
the  E.M.F.  as  abscissa  and  the  corresponding  current  as  ordinate.  The 
curves  obtained  in  this  way  are  known  as  the  V-curves,  because  of  their 
peculiar  shape.   Two  such  curves  are  shown  in  Fig.  348,  in  which  the  ab- 


200 


ioo 


too 


soo 


yzoo 

Fig.  348 


f60O 


-+- 


ZOOO  1/blt 


scissae  are  made  equal  to  the  various  values  of  OE  in  Fig.  347,  while  the 
ordinates  are  equal  to  the  corresponding  Vcdues  of  CE.  It  is  evident  that 
there  is  a  certain  excitation  for  each  load,  at  which  the  current  is  a  minimum. 
The  left-hand  branch  of  the  curve  is  that  along  which  we  are  running  the 
danger  of  letting  the  machine  fall  out  of  step  by  decreasing  its  excitation 
beyond  the  allowable  limit. 

It  is  evident  from  Fig.  347  that  the  e.m.f.  could  be  varied  over  a  wide 
range  without  much  effect  on  the  current,  if  the  circular  arc  were  further 
to  the  left,  so  that  CE  were  longer.  Hence,  machines  with  a  large  internal 
inductive  drop  /.wL  are  comparatively  insensitive  to  changes  of  excitation. 
This  would  be  shown  by  flat  V-curves. 

If  the  inductive  armature  drop  is  small  the  V-curves  will  be  more 
sharply  pointed.  Although  we  cannot  vary  cul,  we  can  decrease  the  drop 
I.ijiL  by  decreasing  the  current  7,  that  is,  by  working  on  a  smaller  load. 
If  Fig.  347  be  drawn  for  a  small  input  P^,  CE  will  be  shorter  and  the  arc 
will  be  nearer  to  the  vertical  OC.  The  result  is  shown  in  Fig.  348  in  the  lower 


105-  Field  Regulation  of  Alternators  in  Parallel  339 

curve,  which  has  been  drawn  for  a  value  of  P-^  equal  to  55  kilowatts.   It  is 
decidedly  more  acute  than  the  upper  curve. 

We  must  now  consider  the  power-factor  of  the  power  supplied  by  the 
generator  to  the  bus-bars.  The  angle  ^  between  the  terminal  pressure  and 
the  current  can  be  found  in  Fig.  347  by  drawing  a  line  EF  so  as  to  make  an 
angle  a  with  EC,  and  then  dropping  a  perpendicular  from  0  on  to  EF.  The 
triangle  EOF  is  evidently  identical  with  the  triangle  OB  A  in  Fig.  337,  and 
the  angle  COF  is  the  required  phase  displacement  ^.  Moreover,  we  have 
from  Fig.  347  y 

2  sin  « 

V 
or  —  =0^.sina. 

2 

The  triangle  OAC  is  therefore  isosceles,  and  AC  makes  an  angle  a  with 
the  horizontal.  The  three  following  equations  are  evident  from  the  geo- 
metry of  the  figure:  6  =  9o°  +  «, 

(f)  +  y  =  go°  -  {a  +  S), 
and  180°  =  e  +  P  +  y  +  S. 

By  adding  up  each  side  we  find  that 

<^  =  i8- 

Hence,  the  angle  by  which  the  current  vector  lags  behind  the  vector  of 
terminal  pressure  is  given  by  the  angle  between  the  lines  CD  and  CE.  If 
the  excitation  be  adjusted  to  give  the  e.m.f.  OD,  the  angle  ^  vanishes  and 
the  current  is  in  phase  with  the  terminal  pressure.  This  agrees  with  the 
previous  calculation  for  this  point,  for  which  the  input  was  100,000  and  the 
loss  8400,  thus  giving  an  output  of  91,600  watts.  Since  the  current  was  91-6 
amperes  and  the  p.d.  between  the  terminals  1000  volts,  it  follows  that  the 
power-factor  cos  cf>  must  have  been  unity. 

It  might,  at  first  sight,  appear  preferable  to  excite  the  machine  so  that 
cos  (f)  =  I  and  the  losses  are  a  minimum.  If,  however,  the  external  circuit 
be  at  all  inductive  and  this  one  machine  be  so  excited  that  its  current  has 
no  wattless  component,  the  wattless  component  of  the  external  current 
must  be  borne  entirely  by  the  other  machines.  It  would  evidently  be  a  much 
better  arrangement  to  share  the  wattless  current  equally  between  the  various 
machines,  or  rather,  so  as  to  make  the  power-factor  the  same  for  every 
machine. 

If  the  excitation  of  our  machine  be  greatly  increased,  the  point  E  moves 
further  up  the  arc,  and  the  current  lags  far  behind  the  terminal  pressure 
vector.  The  machine  delivers  a  heavy  lagging  wattless  current,  which  causes 
the  necessary  armature  drop  E^  —  V.  On  the  other  hand,  by  weakening 
the  field  current,  we  cause  the  point  E  to  move  down  towards  B.  The  angle 
^  or  (f)  becomes  negative,  which  means  that  the  current  vector  leads  ahead 
of  the  terminal  pressure.  The  electromotive  force  E^,  which  is  equal  to 
OE,  becomes  smaller  than  the  terminal  pressure  V.  This  is  due  to  the  mag- 
netising effect  of  the  leading  armature  current.  This  case  can  occur  if  the 
load  consists  of  a  synchronous  motor,  since  by  strongly  exciting  the  motor, 
its  back  e.m.f.  can  be  made  to  exceed  the  e.m.f.  of  the  generator.    The 
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terminal  pressure  of  both  machines  will  then  have  some  value  intermediate 
between  these  electromotive  forces,  and  consequently  greater  than  the 
E.M.F.  of  the  generator. 

The  importance  of  the  diagram  in  Fig.  347  is  obvious  when  we  consider 
that  it  enables  us  to  read  off  directly  the  electromotive  forces,  the  currents 
and  the  power-factors,  and  gives  us,  moreover,  a  clear  insight  into  the 
mechanical  and  electrical  changes  caused  by  varying  the  excitation. 

106.    Phase-swinging  of  Alternators. 

We  shall  consider  an  alternator  connected  to  bus-bars,  the  p.d.  and  fre- 
quency of  which  may  be  taken  as  constant.  For  a  prime  mover  we  shall 
assume  a  turbine  with  a  perfectly  uniform  turning-moment.  If,  owing  to 
any  sudden  variation  in  the  load  or  in  the  excitation,  the  machine  be  mo- 
mentarily a  trifle  ahead  of  its  normal  position,  the  load  P^,  which  is 
practically  proportional  to  the  angle  y,  wiU  exceed  the  supply  of  mech- 
anical power,  and  the  machine  will  be  retarded.  It  will  not  stop  when  it 
arrives  at  its  normal  position,  but  will  swing  past  it  like  a  pendulum.  It 
will  then  be  behind  its  normal  position,  and  the  corresponding  value  of  Pj 
will  be  less  than  the  supply  of  mechanical  power.  The  machine  will  there- 
fore be  accelerated  and  will  pass  again  through  its  normal  position.  It  is 
evident  that  the  machine  has  an  oscillation  superposed  upon  the  uniform 
rotation,  and  this  oscillation  is  gradually  damped  out  by  the  eddy  currents 
which  are  caused  by  it. 

Now,  the  rate  at  which  the  power  or  load  P^  increases  with  the  angle  y 
was  seen  on  page  331  to  be  F./q-cos  (y  —  a)  per  radian.   In  actual  practice 

the  angle  a,  the  tangent  of  which  =  — ~  ,  is  very  small,  and  the  angle  y  by 

which  the  terminal  p.d.  lags  behind  the  e.m.f.  does  not  exceed  10°  or  20°. 
If  the  latter  were  larger  it  would  mean  that  the  self-induction  of  the  arma- 
ture was  big  and  that  the  overload  capacity  of  the  machine  was  small.  Very 
little  error  will  be  introduced  by  putting  cos  (y  —  a)  =  i.    The  torque  is 

f 
given  by  dividing  the  power  by  the  mechanical  angular  velocity  2tt  .-r. 

Again,  a  mechanical  displacement  of  i  radian  represents  an  electrical  phase 
displacement  of  p  radians,  and,  finally,  i  metre-kg  per  second  is  equal  to 
9-81  joules  per  second,  i.e.  9-81  watts.  With  the  aid  of  these  relations  we 
find  that  the  torque  due  to  the  load  on  the  alternator  differs  from  its  mean 
value  by  an  amount,  per  radian  of  mechanical  displacement,  equal  to 

"'-^^r-Si^r--^ <«'■ 

9-81 .  27r  .  4 
P 

If  the  moment  of  inertia  of  the  revolving  part  of  the  machine  be 
Tlf /met.-kg2,  then  we  know  from  mechanics  that  the  time  of  a  complete 
oscillation  will  be  given  by  the  equation 


=  ^''\/^^,''^°"^   (^)' 
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If,  for  example,  M,-  =  53,300,  ^  =  32,/  =  48-5,  V  =  3000,  I^  ^  670,  the 
time  of  a  complete  oscillation  works  out  at  t  =  0-55  second.  Hence,  the 
machine  would  swing  through  its  neutral  position  about  four  times  per 
second,  twice  going  forward  and  twice  moving  backward. 

We  turn  now  from  these  natural  oscillations  of  the  alternator  to  the 
forced  oscillations  caused  by  the  inequality  of  turning-moment  of  any 
reciprocating  engine.  To  simplify  the  matter 
we  may  imagine  the  alternator  to  be  replaced 
by  a  D.c.  dynamo.  We  shall  let  t-^  represent 
the  time  which  elapses  between  two  succes- 
sive maxima  of  the  turning-moment.  The 
turning-moment  diagram  wUl  be  irregular, 
but  may  be  represented  approximately  by 
a  sine  curve,  as  shown  in  Fig.  349  a,  in  which 
the  ordinates  measured  from  EH  represent 
the  total  torque  of  the  engine,  while,  by 
Pleasuring  from  OD,  we  get  the  amount  by 
which  the  torque  differs  froni  its  mean  value. 
If  Mil  —  AG,  the  maximum  excess  turning- 
moment,  then  we  have  for  the  maximum 
angular  acceleration 

«,=  9-8i^. 

This  is  the  rate  at  which  the  angular  velocity 
of  the  dynamo  or  flywheel  is  changing  at  any 
moment.  It  is  a  maximum  when  the  turning- 
moment  is  a  maximum,  as  shown  in  Fig.  349  b. 


Fig-  349 


So  long  as  the  acceleration 
is  positive  the  angular  velocity  wiU  increase,  and  will  therefore  attain  its 
maximum  value  at  the  moment  B  (Fig.  349  c).  At  this  moment  it  will  exceed 
the  normal  angular  velocity  by  an  amount  cd-^.  To  find  w^  we  must  multiply 

the  average  value  of  the  acceleration  by  the  time  j ,  since  the  velocity  was 

normal  at  A .    The  mean  value  of  a  sine  function  is  equal  to  its  maximum 
value  multiplied  by  2/77,  so  that 


oJi  =  Cl-i 


2    i^     2.9-81    h.M,^ 


TT     4 


477 


M, 


.(c). 


So  long  as  the  velocity  is  above  the  normal,  i.e.  whUe  w  is  positive,  the 
forward  displacement  of  the  flywheel  increases.  It  will  reach  its  maximum 
value  of  e^  radians  at  the  moment  C.  To  find  the  value  of  e^  we  must 
multiply  the  average  value  of  o  by  the  time  ^1/4,  thus 


ei  = 


=  -  .Oi,  .-  = 


9-8i    k^.M,^ 


in- 


M, 


■id). 


This  is  due  entirely  to  the  steam  engine,  and  is  true  for  any  load,  elec- 
trical or  otherwise.  We  must  now  consider  the  effect  of  the  alternator  on 
the  angular  displacement.  We  shall  assume  that  the  engine  forces  the 
alternator  to  oscillate  with  the  frequency  determined  by  the  turning- 
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moment  diagram.  When  the  displacement  is  forward  the  alternator  load 
is  increased,  and  when  the  displacement  is  backward  the  load  is  decreased, 
which  is  equivalent  to  an  accelerating  force  exerted  on  the  machine  from 
the  bus-bars.  Now,  by  comparing  Figs.  349  a  and  d,  we  find  that  the 
machine  has  its  extreme  backward  displacement  at  the  moment  when 
the  turning-moment  of  the  engine  is  a  maximum.  At  the  same  moment 
the  accelerating  torque  supplied  from  the  bus-bars  (see  equation  a)  is  a 
maximum,  so  that  these  two  forces  are  exactly  in  phase,  having  a  forward 
maximum  when  the  machine  is  in  its  most  backward  position  and  a  back- 
ward or  retarding  maximum  when  the  machine  is  in  its  extreme  forward 
position.  Every  change  of  displacement  from  the  normal  position  corre- 
sponds to  a  change  in  the  power  supplied  to  the  bus-bars,  and  these 
variations  may  be  so  considerable  as  to  render  parallel  operation 
impossible. 

The  variations  of  engine  torque  (Fig.  349  a)  with  a  maximum  amplitude 
M(j  produce,  if  acting  alone,  a  displacement  of  e^  (Fig.  349  d  and  equation 
d),  but  this  displacement  causes  a  sjmchronising  torque  in  the  alternator, 
which,  as  we  have  seen,  acts  in  the  same  direction  as  the  engine  torque  and 
therefore  increases  the  displacement  e^,  this  again  increases  the  synchro- 
nising torque,  which  causes  a  further  increase  of  the  displacement.  The 
ultimate  result  of  this  cumulative  oscillation  depends  on  several  things, 
including  the  damping,  which  we  shall  neglect  for  the  present.  If  the  oscil- 
lation finally  reaches  a  steady  state  with  a  displacement  amplitude  of  e 
instead  of  the  initial  e^,  the  electrical  torque,  which  we  may  call  M^^,  will 
be  equal  to  eMf,  since  Af  j  was  shown  in  equation  {a)  to  be  the  torque  per 
radian  displacement.  This  final  displacement  «  is  produced  by  the  joint 
action  of  Af ^  due  to  the  engine  and  Mf^  due  to  the  alternator.  Hence,  in- 
stead of  equation  [d)  we  have 

^9;8i    <^^(M,,  +  MJ 

^     ATT^  ■  M,  

If  we  compare  equations  (6)  and  (e),  we  shall  find  that 

'fl~M,^  +  M,-M,^  +  M,^    (^)' 

where  /^  is  the  time  between  two  maxima  of  the  engine  torque,  and  i  is  the 
time  of  a  complete  oscillation  of  the  alternator  if  left  to  itself. 

We  shall  now  consider  three  different  cases. 

Case  I.  By  making  the  flywheel  heavy  we  can  make  the  natural  period 
of  vibration  t  greater  than  the  period  t-^  of  the  forced  oscillations  due  to  the 
engine.  This  is  the  usual  case  in  practice.  Equation  (/)  will  represent  a 
proper  fraction,  and  the  effects  of  M^^  and  Mf^  must  be  additive  as  we  saw 
in  Fig.  349,  where  the  maximum  engine  torque  coincided  with  the 
extreme,  backward  .position.  The  effect  of  parallel  running  is  to  increase 
the  amplitude  of  oscillation  in  the  ratio 
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The  increase  in  the  amplitude  is  evidently  smaller  when  the  natural  period 
i  is  very  long  compared  with  the  forced  period  t-^.  The  engine  in  the  example 
on  page  341  was  a  tandem  compound  engine  with  a  single  crank.  It  ran  at 

85  r.p.m.,  so  that  there  were  ~ —  impulses  per  second,  or 

'1 "  85^ "°'353  second. 

We  found  the  natural  period  i  to  be  0-55  second,  which  gives  an  increase 
of  amplitude  of 

e  I 

-  = ■„  =  l'7. 

ei  /0353\2         ^ 

V  0-55  / 

Case  2.  If  the  natural  period  t  of  the  alternator  is  exactly  equal  to  the 
forced  period  tj^,  equation  (/)  shows  that  the  initial  displacement  due  to  the 
engine  alone  will  be  neghgible  compared  with  the  increase  of  amplitude 
due  to  the  synchronising  forces.  Equation  (g)  leads  to  the  same  result,  viz. 
that  e/ei  will  be  infinitely  big.  This  is  a  case  of  resonance,  and  the  oscillation 
rapidly  becomes  so  large  that  the  machine  falls  out  of  step.  This  danger 
must  be  avoided  by  making  the  natural  and  forced  frequencies  decidedly 
unequal.  The  oscillations  would,  of  course,  only  be  infinitely  large  were  there 
no  damping,  and  there  is  always  some  damping. 

Case  3.  If  the  inertia  of  the  rotating  masses  is  small  the  natural  period 
t  will  be  smaller  than  the  forced  period  i^.  Although  unusual  in  the  case  of 
generators,  this  is  met  with  in  synchronous  motors  and  rotary  converters, 
where  periodic  variations  of  the  load  replace  the  disturbing  effect  due  to  an 
engine.  From  equation  (/)  we  see  that  for  i  to  be  smaller  than  t^,  the  differ- 
ence between  M^^  and  M^^  must  be  taken  instead  of  their  sum.  This  means 
that  when  the  alternator  has  its  extreme  backward  position,  the  engine  tor- 
que is  not  a  maximum  and  assisting  the  synchronising  torque  of  the  alter- 
nator, but  is  a  minimum.  The  forward  acceleration  at  this  moment  is  due 
to  the  synchronising  torque  of  the  armature,  which  is  more  than  sufficient 
to  counterbalance  the  deficiency  of  torque  from  the  engine. 

Equation  (g)  will  now  give  a  negative  value  for  the  ratio  -  in  which  the 

amplitude  of  oscillation  is  increased  by  parallel  running.  This  means  that 
the  oscillation  is  not  only  magnified,  but  is  reversed  in  phase  with  regard  to 
the  engine  torque. 

As  in  the  first  case,  so  here,  we  see  the  advantage  of  making  the  natural 
period  i  differ  as  much  as  possible  from  the  period  i^  of  the  forced  oscilla- 
tions. In  the  present  case  this  difference  is  increased  by  decreasing  the 
moment  of  inertia  of  the  revolving  system. 

In  the  case  of  generators,  however,  the  natural  period  i  is  generally 
greater  than  the  forced  period  t-^  of  the  engine  impulses,  so  that  the  parallel 
operation  is  only  made  possible  in  many  cases  by  increasing  the  value  of  t. 
There  are  two  ways  in  which  this  can  be  done.  If  choking  coils  are  con- 
nected in  the  leads  between  the  machine  and  the  bus-bars,  the  short-circuit 
current  /q  is  reduced.  This  reduces  the  synchronising  torque  per  radian  Mf 
(equation  a)  and  consequently  increases  the  period  t  (equation  b).    The 
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introduction  of  choking  coils  is  often  the  only  way  in  which  rotary  converters 
can  be  prevented  from  hunting.  The  second  way  of  increasing  t  is  by  in- 
creasing the  rotating  masses.  This  is  a  very  effective  method,  since  it  reduces 
both  the  amplitude  due  to  the  engine  alone  and  also  the  ratio  in  which  this 
amplitude  is  increased  by  the  synchronising  forces. 

A  third  method  of  reducing  the  amplitude  of  the  oscillations  is  due  to 
Leblanc,  and  consists  in  the  utilisation  of  the  damping  action  of  the  eddy 
currents  produced  by  the  oscillation.  To  increase  the  eddy  currents  the 
pole-shoes  may  be  solid,  or,  if  laminated,  may  have  copper  rods  embedded 
in  holes  running  axially  through  the  pole-shoes,  and  connected  to  copper 
plates  flanking  the  pole-shoes  on  either  side.  Each  pole-shoe  has  usually 
about  half  a  dozen  of  these  copper  bars,  and  the  whole  forms  a  short- 
circuited  squirrel  cage  winding.  When  the  poles  swing,  currents  are  induced 
in  this  so-called  amortisseur  winding  due  to  its  cutting  the  field  produced 
by  the  armature  currents.  We  know  from  Lenz's  law  that  these  induced 
currents  will  tend  to  stop  the  motion  producing  them,  that  is,  they  wiU 
tend  to  damp  out  the  oscillations.  This  device  has  the  further  advantage 
of  keeping  the  machine,  say  a  rotary  converter,  in  step  on  a  sudden  heavy 
overload  of  momentary  duration.  The  damping  winding  acts  as  an  induc- 
tion motor  on  the  sudden  retardation  of  the  machine,  and  diminishes  its 
amplitude. 

The  comparison  of  the  damping  winding  with  an  induction  motor 
enables  us  to  see,  however,  why  the  device  is  not  always  effective.  The 
braking  action  is  not  due  entirely  to  energy  dissipated  in  the  damping  coils, 
but  we  have  an  actual  induction  machine,  sometimes  running  below 
synchronous  speed  and  taking  power  from  the  bus-bars  to  drive  it  as  a 
motor,  and  at  other  times  running  as  a  generator  above  synchronous  speed 
and  suppljdng  electrical  power  to  the  bus-bars.  The  maximum  value  M^ 
of  the  damping  moment  will  occur  when  the  machine  is  swinging  through 
its  neutral  position,  for  it  is  then  that  the  oscillating  velocity  is  a  maximum. 
It  will  be  proportional  to  this  velocity,  and,  since  it 
O  D  always  acts  against  the  direction  of  motion,  it  will 

have  a  negative  maximum  at  the  moment  B  in 
Fig.  349  c.  It  is  always  90°  ahead  of  the  synchronis- 
ing torque  M^^.  The  resultant  total  torque  will  be 
the  resultant  of  the  three  torques  Mf^,  Mf^  and  Mg. 
We  shall  consider  the  effect  of  damping  in  the 
case  generally  met  with,  viz.  where  the  flywheel  is  so 
heavy  that  the  natural  oscillations  of  the  alternator 
are  slower  than  the  forced  oscillations  caused  by  the 
engine.  In  Fig.  350  OB  is  the  total  torque,  neglecting 
damping;  it  is  made  up  of  the  part  M^  =  AB  due 
to  the  engine,  and  the  part  M^^  =  OA,  which  we 
assume  to  be  the  greater,  due  to  the  variation  of 
power  supphed  by  the  alternator  to  the  bus-bars. 
This  total  torque  OB  produces  a  displacement  of  such  magnitude  that 
the  synchronising  torque  exerted  by  the  alternator  is  equal  to  OA. 
Instead  of  using  rectangular  co-ordinates  with  abscissae  representing 
time  as  in  Fig.  349,  we  employ  here  a  vector  diagram,  the  length  of  the 
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vectors  representing  the  maximum  values.  If  we  assume  for  the  moment 
that  the  addition  of  the  damping  still  leaves  the  total  torque  OB  unchanged, 
the  resulting  displacement,  and  therefore  also  the  synchronising  torque 
Mi2  =  OA,  will  be  the  same  as  before.  The  damping  torque  will  be  repre- 
sented by  a  vector  OD  90°  ahead  of  OB,  of  a  length  depending  on  the 
design  of  the  machine,  but  proportional  to  OA,  since  OA  depends  on  the 
maximum  displacement  and  OD  on  the  velocity  with  which  the  machine 
swings  through  the  normal  position. 

Since  we  have  assumed  that  the  resultant  torque  is  stiU  OB,  and  there- 
fore that  M(j  is  stUl  OA,  and  since  OB  must  be  the  resultant  of  M^,  M^  and 
the  excess  engine  torque  Mf^,  we  see  that  the  latter  cannot  now  be  AB, 
but  must  be  represented  both  in  magnitude  and  phase  by  the  vector  OF. 
As  a  matter  of  fact,  however,  M^^  will  be  the  one  constant  magnitude  of  the 
whole  diagram ;  hence,  we  see  that  our  diagram  should  be  reduced,  so  as  to 

AB 
make  OF  represent  the  actual  M^^,  that  is,  in  the  ratio  ^y^  .  Both  the  syn- 
chronising torque  M^^  and  the  damping  torque  M^  are  produced  electrically, 
so  that  their  resultant  OE  (reduced  in  the  ratio  AB/OF)  will  represent  the 
fluctuations  of  power  supplied  to  the  bus-bars.  Before  the  damping  was 
present  this  fluctuation  was  due  only  to  Afj^  =  OA.  It  has  therefore  been 
decreased  in  the  ratio  ,  „ 

OE  — 

OF      OE    AB 


OA  EB' OA' 

It  is  evident  that  OE:  EB  is  nearer  unity  than  AB:  OA,  so  that  the  latter 
ratio  determines  whether  the  fluctuations  of  power  will  be  decreased  or 
increased  by  the  damping.  It  will  only  be  beneficial  when  A  is  below  the 
mid-point  of  OB,  that  is  when 

Mf,+Mf,  ,,        ,, 

-^ — ^>2     or    Mt,>Mt^. 

We  saw  in  equation  (g)  that  —^ is  equal  to  the  ratio  -  in  which  the 

amplitude  of  the  oscillation  is  increased  by  the  effect  of  parallel  running, 
and  that,  for  this  to  be  larger  than  two,  the  moment  of  inertia  of  the  moving 
parts  must  be  small.  The  effect  of  damping  will  consequently  be  very 
advantageous  in  such  cases  as  rotary  converters,  where  there  is  no  flywheel, 
apart  from  the  armature  of  the  machine  itself,  and  generators  driven  by 
two-  or  three-crank  engines  with  four  or  six  impulses  per  revolution,  in 
which  case  the  flywheel  can  be  made  very  small  on  account  of  the  uniform 
turning-moment. 

107.    The  Automatic  Voltage  Regulation  of  Alternators. 

In  recent  years  a  number  of  generating  stations  have  been  fitted  with 
automatic  voltage  regulators.  The  best  known  of  these  devices  is  the  Tirrill 
regulator  the  essential  details  of  which  are  shown  diagrammatically  in 
Fig.  351.  The  exciting  current  for  the  alternator  G  is  suppUed  by  the  shunt 
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dynamo  D  and  led  into  the  rotating  field  magnet  system  by  means  of  brushes 
rubbing  on  slip  rings.  The  resistance  R  which  is  in  series  with  the  field 
winding  J?^  of  the  dynamo  is  periodically  short-circuited  by  the  contact  k, 
so  that  the  field  current  is  constantly  pulsating.  The  rocking  lever  l^  is 
subjected  to  two  opposing  forces,  due  respectively  to  the  spring  s  and  the 
downward  pull  on  the  soft  iron  core  of  the  electromagnet  w^  the  coil  of 
which  is  connected  across  the  terminals  of  the  dynamo  D.  The  core  of  the 
electromagnet  m^,  is  below  its  coil  so  that  the  upward  attractive  force  is 
in  opposition  to  the  force  of  gravity.  The  coil  of  m^,  is  connected  across  the 
alternator  terminals  or  station  bus-bars,  the  p.d.  between  which  is  to  be 
maintained  constant  at  all  loads.  The  position  taken  up  by  the  core  of  m^ 
and  therefore  the  position  of  the  lever  l^  depends  on  the  p.d.  between  the 
bus-bars;  if  the  latter  faUs,  the  core  falls,  and  the  bottom  contact  at  k 
rises. 

When  k  is  closed,  R  is  short-circuited  and  the  terminal  p.d.  of  the  dynamo 
increases,  causing  m^  to  exert  an  increased  downward  pull  and  thus  opening 
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the  contact  k  against  the  tension  of  the  spring  s.  The  field  rheostat  being 
no  longer  short-circuited,  the  p.d.  of  the  dynamo  falls,  the  pull  exerted  by 
m-^  decreases  causing  the  contact  k  to  close  again,  upon  which  the  cycle 
recommences.  If  now  the  p.d.  of  the  bus-bars  falls,  due  say  to  an  increasing 
load  on  the  station,  m^  allows  its  core  to  drop  slightly,  thus  raising  the  bot- 
tom contact  at  k.  This  causes  the  next  period  during  which  k  is  closed  to 
be  longer  than  usual,  with  the  result  that  the  p.d.  of  the  dynamo  reaches 
a  higher  value.  The  upward  movement  of  the  bottom  contact  of  k  stretches 
the  spring  s  and  necessitates  a  greater  current  in  m-^  before  the  contact  h 
is  opened.  The  p.d.  of  the  dynamo  therefore  pulsates  about  a  higher  mean 
value.  The  field  current  of  the  alternator  is  therefore  increased  until  the 
bus-bar  voltage  is  restored  to  its  normal  value. 

The  operation  will  be  better  understood  from  a  consideration  of  Fig.  352 
in  which  the  field  current  of  the  exciting  dynamo  is  plotted  to  a  time  base. 
OA  is  the  current  when  the  resistance  R  is  permanently  inserted  and  OB 
that  when  it  is  permanently  short-circuited.  The  curves  Cj  and  c^  show  how 
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the  current  changes  from  one  value  to  the  other  on  opening  or  closing  the 
contact  k.  The  middle  zigzag  line  represents  the  pulsations  when  the  con- 
ditions are  normal;  each  portion  of  the  zigzag  line  is  similar  to  the  portions 
of  the  cutves  c^  and  c^  Ipng  between  the  same  horizontal  lines.  As  we  have 
seen,  if  the  bus-bar  voltage  falls,  the  time  during  which  the  contact  is 
closed  is  greater  and  the  mean  value  of  the  current  rises ;  this  is  represented 
by  the  upper  zigzag  line.  If  the  bus-bar  voltage  rises  above  its  normal  value, 
the  time  during  which  the  contact  k  is  closed  is  decreased  and  the  conditions 
may  be  represented  by  the  lower  zigzag  line. 

Although  it  has  no  direct  effect  on  the  strength  of  the  exciting  current, 
it  is  interesting  to  note  that  the  frequency  of  the  pulsations  is  highest  for 
the  middle  or  normal  zigzag  line. 

There  are  a  number  of  methods  by  which  an  alternator  may  be  com- 
pounded, that  is,  its  excitation  caused  to  vary  by  variation  of  the  output 
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current.  The  following  example  may  be  taken  as  typical  of  most  of  these 
devices.  The  main  current,  on  leaving  the  alternator,  passes  through  the 
primary  windings  of  a  transformer,  the  secondary  windings  of  which  are 
connected  to  brushes  rubbing  on  slip-rings  fitted  to  the  exciting  dynamo 
which  is  driven  synchronously  with  or  dirert-coupled  to  the  alternator. 
The  exciter  therefore  acts  both  as  a  dynamo  ana  as  a  rotary  converter.  The 
magnetising  action  of  the  alternating  currents  supplied  to  the  armature  of 
the  exciter  will  increase  the  field  due  to  its  pole  windings  to  an  extent  de- 
pending on  the  magnitude  and  phase  of  the  alternating  current.  The  ter- 
minal P.D.  of  the  exciter  and,  therefore,  the  current,  supplied  by  it  to  the 
field  winding  of  the  alternator  can  thus  be  made  to  vary  automatically  in 
such  a  way  that  the  terminal  P.D.  of  the  alternator  remains  approximately 
constant  although  the  load  may  change  both  in  magnitude  and  phase. 
Allowance  has  to  be  made  for  the  drop  of  potential  between  the  terminals 
and  the  bus-bars  owing  to  the  insertion  of  the  series  transformer. 
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lo8.  The  principle  of  the  synchronous  motor. — 109.  Synchronous  motor  with  constant 
excitation  and  variable  load. — no.  Sj'nchronous  motor  with  constant  load  and 
variable  excitation. 


108.    The  Principle  of  the  Synchronous  Motor. 

There  are  three  headings  under  which  all  alternating  current  motors  can 
be  roughly  classified.  The  synchronous  motor,  which  we  shall  consider  in  the 
present  chapter,  runs  at  exactly  the  same  speed  whether  loaded  or  unloaded; 
the  asynchronous  or  induction  motor  slows  down  sUghtly  with  increasing 
load;  the  commutator  motor  is  similar  to  the  d.c.  motor  and  has  similar 
characteristics.  Synchronous  motors  are  generally  polyphase,  induction 
motors  either  single  phase  or  polyphase,  and  commutator  motors  generally 
single  phase. 


Generator- 
Fig-  353 


Any  alternating  current  generator  will  run  as  a  synchronous  motor, 
whether  single  phase  or  polyphase.  In  Fig.  353  is  shown  the  north  pole  of  a 
generator,  which  is  rotated  clockwise,  inducing  thereby  an  e.m.f.  in  the 
armature  wire  shown.  If  the  external  circuit  is  closed,  the  wire  will  carry 
a  current  which,  neglectinggphase  displacement,  will  flow  away  from  the 
reader.  The  armature  current  and  magnetic  field  will  produce  a  torque 
which  must  be  overcome  by  the  mechanical  torque  exerted  by  the  engine. 
It  follows  from  this  that,  if  the  field  be  excited  as  before  and  alternating 
current  be  supplied  to  the  armature,  the  machine  will  rotate  as  a  motor  in 
the  opposite  direction. 

A  moment  later  the  north  pole  in  front  of  the  wire  will  be  replaced  by 
a  south  pole.  In  order  that  the  torque  may  still  act  in  the  same  direction 
as  before,  the  current  must  have  reversed  its  direction  during  the  interval. 
It  is  therefore  necessary  that  the  speed  of  the  pole-wheel  be  in  exact  agree- 
ment with  the  frequency  of  the  alternating  current,  even  at  the  moment  of 
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switching  on  the  motor.  If  the  naotor  have  p  pairs  of  poles  and  rotate  at  n 
revolutions  per  second,  then 

p 

where /i  is  the  frequency  of  the  A.c.  supply.  The  synchronous  motor  must 
be  brought  up  to  the  synchronous  speed  by  some  external  means  before  the 
armature  is  connected  to  the  mains.  There  are  several  ways  of  doing  this. 
If  the  field  current  is  supplied  by  a  direct  coupled  D.c.  dynamo,  this  can  be 
used  as  a  motor  and  driven  by  a  battery  or  other  D.c.  source  if  available. 
This  method  is  also  available  if  the  synchronous  motor  is  used  for  driving 
a  D.c.  dynamo.  Sometimes  a  small  induction  motor  is  supplied  specially 
for  starting  up  the  synchronous  motor.  Another  method,  largely  adopted  in 
the  United  States,  is  to  open  the  field  circuit,  and  supply  the  armature  with 
an  A.c.  at  half  or  a  quarter  of  the  normal  pressure  by  means  of  a  transformer. 
The  machine  is  brought  up  to  speed  by  means  of  the  eddy  currents  induced 
in  the  pole-shoes  by  the  rotating  field,  as  we  shall  better  understand  after 
studjdng  the  induction  motor.  This  latter  method  is  only  applicable  to 
polyphase  motors.  The  necessity  of  bringing  the  synchronous  motor  up  to 
speed  in  some  way  or  other,  before  switching  it  on,  prohibits  its  employment 
in  a  great  number  of  cases. 

The  operation  of  switching  in  the  motor  when  it  has  reached  synchronous 
speed  is  exactly  the  same  as  connecting  an  alternator  in  parallel  with  others. 
To  make  this  clear,  we  may  assume  that  it  is  quite  undecided  whether  to 
use  the  machine  as  a  generator  or  as  a  motor.  Such  an  assumption  is-quite 
practicable  if  the  motor  drives  a  D.c.  generator  connected  across  the  ter- 
minals of  a  battery  of  accumulators.  If  the  excitation  of  the  dynamo  be 
increased  until  its  e.m.f.  exceed  that  of  the  battery,  the  battery  will  be 
charged,  and  the  D.c.  machine  wiU  work  as  a  generator.  If,  on  the  other 
hand,  the  excitation  be  weakened  until  the  e.m.f.  faUs  below  that  of  the 
battery,  the  current  will  be  reversed,  and  the  battery  will  drive  the  D.c. 
machine  as  a  motor. 

To  connect  the  A.c.  machine  to  the  a.c  supply,  we  follow  the  procedure 
of  Section  104,  and  bring  the  machine  up  to  the  correct  speed  by  means  of 
the  D.c.  machine  acting  as  a  motor.  The  field  current  of  the  A.c.  machine 
is  then  adjusted  until  its  e.m.f.  is  equal  to  the  supply  pressure.  The  switch 
must  be  closed  at  the  moment  when  the  e.m.f.  of  the  generator  is  exactly 
opposed  to  the  p.d.  of  the  mains,  as  indicated  by  the  phase-lamps.  If  the 
moment  is  correctly  chosen  the  main  ammeter  will  not  be  affected,  because 
of  the  exact  opposition  of  e.m.f.  and  supply  pressure.  The  power  required 
to  run  the  machine  hght  will  stiU  be  supphed  by  the  d.c.  machine. 

To  make  the  a.c.  machine  act  as  a  generator  its  supply  of  mechanical 
power  must  be  increased.  This  is  accompUshed  by  weakening  the  field  cur- 
rent of  the  D.c  machine.  As  a  general  rule,  the  speed  of  a  d.c.  motor  is 
increased  by  weakening  its  field.  In  the  present  case,  however,  the  speed  is 
fixed  by  the  frequency  of  the  a.c.  supply,  and  a  weakening  of  the  field  must 
result  in  a  lowering  of  the  e.m.f.  This  will  enable  the  battery  to  send  a  larger 

V  -E 
current  through  the  armature,  in  accordance  with  the  equation  I^  =  — „ — . 
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This  larger  current  produces  an  increased  torque,  since  the  weakening  of 
the  field  is  very  small  compared  with  the  resulting  increase  of  current.  The 
acceleration  produced  by  this  increase  of  torque  brings  the  poles  and  arma- 
ture winding  of  the  A.c.  generator  into  such  a  relative  position  that  the 
electrical  load  or  output  is  gradually  increased,  as  shown  in  Section  102, 
until  the  increased  mechanical  torque  is  exactly  balanced.  The  A.c.  machine 
has  thus  been  made  to  act  as  a  generator  by  accelerating  it,  or  rather, 
attempting  to  accelerate  it,  by  an  external  mechanical  torque. 

We  shall  now  reverse  the  procedure,  that  is,  we  shall  strengthen  the 
field  of  the  D.c.  machine,  instead  of  weakening  it.  Since  the  speed  is  fixed, 
the  effect  of  strengthening  the  field  is  to  increase  the  e.m.f.  until,  when  it 
exceeds  the  e.m.f.  of  the  battery,  the  current  reverses  and  the  cells  are 
charged  by  the  D.c.  machine  acting  as  a  dynamo.  The  a.c.  machine  must 
now  be  acting  as  a  synchronous  motor.  The  power  supplied  by  the  battery 
to  the  motor-generator  set  was  first  positive,  then  nil,  and,  finally,  negative. 
This  must  cause  a  retardation  or  lagging  of  the  machines,  which  brings  the 
poles  and  armature  windings  of  the  alternator  into  such  a  relative  position 
that  the  torque  exerted  by  the  alternator  corresponds  to  the  load  on  the 
D.c.  dynamo.  The  a.c.  machine  has,  therefore,  been  caused  to  act  as  a 
motor,  simply  by  the  retardation,  or  lagging  behind,  of  the  rotating  part. 
In  the  next  section  we  shall  endeavour  to  make  the  action  clearer  by  means 
of  vector  diagrams. 

109.    Synchronous  Motor  with  Constant  Excitation  and 
Variable  Load. 

The  vector  diagram  of  the  synchronous  motor  is  very  similar  to  that  of 
the  A.c.  generator.  In  drawing  the  diagram  (Fig.  355)  we  must  consider  the 
induced  e.m.f.  E  as  being  a  back  e.m.f.,  acting  more  or  less  in  the  opposite 
direction  to  the  current  and  applied  terminal  pressure  V.  The  vectors 
V  —  OK  and  E  =  OB  have  a  resultant  OF,  which  must  be  the  pressure 
used  in  driving  the  current  through  the  armature  against  its  resistance  and 
self-induction.  The  resultant  OF  may  therefore  be  resolved  into  two  com- 
ponents, one  OD  to  overcome  the  resistance,  and  the  other  OC  to  counter- 
balance the  effect  of  self-induction.  As  before,  we  shall  designate  the  angle 
by  which  OF  lags  behind  OC  by  the  letter  a.  The  current  I  must  be  in 
phase  with  the  component  OD,  and  lags  therefore  behind  the  terminal 
pressure  V  by  the  angle  1^.  From  the  fundamental  principles  of  a  motor  we 
know  that  the  current  must  be  more  or  less  opposed  to  the  back  e.m.f., 
which  we  see  is  the  case  in  Fig.  355.  It  is  evident,  moreover,  that  at  no- 
load,  that  is,  on  first  closing  the  switch,  the  vector  E  will  lie  along  the  dotted 
line,  since  there  is  no  current  and  the  resultant  of  E  and  V  must  consequently 
vanish.  As  the  motor  is  mechanically  loaded,  it  will  lag  more  and  more 
behind  its  neutral  position,  and  the  vector  E  will  lag  behind  the  dotted 
vector.  With  the  load  corresponding  to  Fig.  355  this  angle  of  lag  is  7. 
(Compare  the  closing  sentences  of  the  previous  section.) 

The  power  supplied  to  the  motor  is  given  T>y  the  equation 

Pi=F./.cos0, 
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where  cf)  is  the  angle  between  the  terniinal  pressure  and  the  current.    From 
the  figure  we  see  that  FH  =  V  cos  ^,  so  that 

Pi  =  I. FH  wsitts. 

A  certain  amount  of  this  power  will  be  lost  in  heating  the  armature 
winding,  viz.  j,j^^  ^  j^j^^  ^  J  p^  ^^^^^ 

The  mechanical  output  of  the  motor,  including,  however,  friction  and 
iron  losses  in  the  motor  itself,  will  be  given  by  the  equation 

P  =  Pi-  P.Ra  =  I  {FH-FC)=I.CH. 
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If  <j)i  be  the  angle  between  the  vector  of  e.m.f.  and  the  current  vector 
produced  backwards,  we  have 

CH  =  E .  cos  (j)i. 

This  gives  the  following  equation  for  the  mechanical  output  of  the 

"^°t°^=  P  =  E.I. cos  cf,j_ (162). 

We  might  also  have  expected  this  result  from  our  former  consideration 
of  the  D.c.  motor. 

On  comparing  the  triangle  FBG  with  the  triangle  OBA  in  Fig.  337 
a  great  similarity  will  be  noticed.  For  the  sake  of  comparison  the  vector 
diagram  of  the  generator  is  drawn  again  in  Fig.  356.  The  only  difference 
between  Figs.  355  and  356  is  the  interchange  of  E  and  V.  The  total  power 
Pj  supplied  to  the  motor  in  Fig.  355  is  FB. I. cos  <f),  while  the  total  power 
Pi  generated  electrically  by  the  alternator  in  Fig.  356  is  OB. I. cos  <f>i. 
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These  are  evidently  equal.  Now,  on  page  325  we  established  the  equation 
(159)  for  the  value  of  P^  for  a  generator,  and  it  is  evident  that  it  can  be 
made  applicable  to  a  motor  by  putting  E  for  V  and  V  for  E,  giving  us 

Pi  =  E.lQ.sin  {y  —  a)  +  V .I^.sma (163), 

where  P^  is  the  power  given  to  the  motor,  and  the  short-circuit  current  /^ 
is  given  by  the  equation  „ 

In  a  similar  manner  we  see  that  the  output  P  of  the  motor  in  Fig.  355 
is  equal  to  OB .  I .  cos  ^j,  which  is  exactly  equal  to  the  output  P  of  the  genera- 
tor, after  deducting  the  I^.Ra  loss  in  the  armature,  viz.  FB. I. cos  (f)  in 
Fig.  356.  Thus,  the  equation  (160)  found  on  page  327  for  the  generator  will 
be  true  for  a  motor  if  E  and  V  be  interchanged.  We  have  therefore 


£2 


P  =  £■ .  Jq  .  sin  (y  +  a)  —  p^ .  /o  .  sin  a 


.(164). 


Fig-  357 

y  is  here  the  angle  by  which  the  e.m.f.  lags  behind  the  backward  pro- 
jection of  the  terminal  pressure  vector. 

We  must  now  draw  curves  to  show  graphically  how  the  power  varies 
with  the  angle  y.  As  in  Figs.  340  and  341,  so  here  in  Figs.  357  and  358, 
circles  are  drawn  passing  through  0  and  having  their  diameters  rnchned 
to  the  horizontal  by  the  angle  a.  In  Fig.  357  the  diameter  is  set  out  below 
the  horizontal,  and  in  Fig.  358  above  it.  Its  length  in  each  case  is  E.I„. 
Every  chord  drawn  from  the  point  0  to  any  other  point  on  the  circle,  is 
produced  beyond  the  circle  by  an  amount  V .Ig.sin  a.  The  heavy  curve  Pj, 
obtained  in  this  way,  is  the  locus  of  the  extremities  of  lines  drawn  from  0 
to  represent  the  total  power  supplied  to  the  motor  for  the  corresponding 
value  of  y.  The  vector  of  the  terminal  pressure  V  wUl  be  vertically  down- 
wards from  0,  and  y  is  the  angle  between  E  and  —  V,  as  shown  in  the  figure. 

Just  as  Fig.  357  represents  equation  (163)  so  Fig.  358  represents  equation 

E      T     mn  ft 
(164).    In  this  case,  however,  a  portion  equal  to '—^ is  subtracted 

from  every  chord,  giving  a  length  representing  to  a  certain  scale  the  output 
of  the  motor  (including  friction,  etc.). 
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The  curves  are  drawn  for  the  following  values :  i?a  =  i,  wL  =  6,  F  =  1200 
and  E  =  1000.  The  output  is  evidently  a  maximum  when  y  =  90  —  a.  If 
the  load  be  still  further  increased,  the  angle  y  becomes  larger  but  the  output 
of  the  motor  is  thereby  decreased,  and  the  motor  falls  out  of  step.  Since 
this  would  be  equivalent  to  a  short  circuit  of  the  supply  mains  it  must  be; 
carefuUy  avoided  by  working  on  the  left-hand  side  of  the  diagram  in 
Fig-  358-  If  the  normal  full  load  causes  y  to  be  about  30°,  the  motor  will 
have  about  100  per  cent,  overload  capacity. 

In  order  that  a  given  value  of  P  may  correspond  to  a  position  on  the 
left-hand  side  of  the  figure,  it  is  necessary  for  the  circle,  by  means  of 
which  the  figure  is  constructed,  to  have  a  large  diameter.  Hence  E.Iq 
must  be  large,  since  this  is  the  diameter  of  the  circle.  The  short-circuit 
current  Jq  can  be  made  large  by  keeping  the  self-induction  of  the  armature 
as  small  as  possible. 


Kilowatts  so 


100 


160 


zoo 


Fig-  358 


What  was  said  with  regard  to  the  synchronising  power  and  phase 
swinging  of  alternators  is  equally  applicable  to  synchronous  motors.  We 
now  pass  to  the  consideration  of  a  motor  on  constant  load,  but  the  excita- 
tion of  which  is  varied. 


110.    Synchronous  Motor  with  Constant  Load  and 
Variable  Excitation. 

We  shall  now  consider  the  effect  of  varying  the  excitation  of  a  synchro- 
nous motor  which  is  connected  to  mains  with  a  constant  p.d.  The  load  on  the 
motor,  i.e.  its  mechanical  output,  is  constant.    If  we  take  equation  (164) 

V  /     F     \2 

on  page  352,  multiply  each  side  by  -  7 -. — ,  and  then  add  ( -. )  , 

■^       lo-sma  \2.sma/ 

we  get  the  following  equation,  in  which  we  have  put  cos  [90°  —  (a  -t-  y)] 

instead  of  sin  {a-^y), 

/     V     V     E   V      '  /    V    \^       P   V 

E^-h  ( — -. —  )  -^^.cos[90°-(a-|-y)]=  (— ^)  -y^-V— ...(165). 


2,  sin  aJ       /o  -  sin  a 
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Since  f-  is  the  internal  impedance  of  the  machine,  and  is  therefore  con- 

-'o 

stant,  we  see  that  the  right-hand  side  of  the  equation  is  constant  for  all 

excitations,  and  can,  for  the  sake  of  shortness,  be  represented  by  R^,  where 

R  is  some  constant.    As  we  saw  on  page  336,  this  equation  represents  a 

V 
triangle  with  sides  E,  — -. —  and  R,  in  which  the  two  former  sides  enclose 
2sina 

an  angle  90°  —  {a  +  y).  This  triangle  is  drawn  in  Fig.  359.  From  the  point 
O  a  perpendicular  OC  is  drawn  equal  to  the  terminal  pressure  V.   On  this 
line  as  base  an  isosceles  triangle  OAC  is  constructed  with  each  side  equal  to 
V 

-. —  and  the  angle  at  A  equal  to  2.a.   With  A  as  centre  and  radius  equal 

2 .  sm  a  °  ^  ^ 

to  R,  an  arc  DEB  is  struck.   The  triangle  corresponding  to  equation  (165) 
will  have  OA  for  a  base,  while  its  apex  moves  along  the  arc  DEB.  For  any 
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point  such  as  E,  the  Une  OE  represents  the  back  e.m.f.,  making  the  angle 
y  with  the  line  OC,  which  is  the  backward  projection  of  the  terminal  pres- 
sure vector.  The  figure  is  drawn  for  the  values  formerly  assumed,  viz. 
i?o  =  I,  coZ,  =  6,  F  =  1200  and  E  =  1000,  while  the  constant  output  P  is 
50,000  watts.  As  the  excitation  is  weakened,  OE  gets  smaller  by  the  point 
E  moving  down  the  arc  towards  the  critical  point  B.  This  e.m.f.  OB  is  the 
minimum;  that  is  to  say,  this  is  the  weakest  excitation  with  which  the  motor 
can  give  an  output  of  50,000  watts.  If  we  reconstructed  Fig.  358  for  an 
E.M.F.  equal  to  OB  instead  of  1000  volts  we  should  find  the  maximum  value 
of  P,  corresponding  to  y  =  90°  —  a,  to  be  50,000  watts. 

In  addition  to  the  angle  y  we  can  find  the  angle  (/>  between  terminal 
pressure  and  current  from  the  diagram  in  Fig.  359.  A  line  CF  is  drawn 
making  the  angle  a  with  CE,  and  a  perpendicular  OF  is  dropped  upon  it 
from  0.  It  is  seen  at  once  that  the  triangle  OFC  corresponds  exactly  to  the 
triangle  BGF  in  Fig.  355.  The  angle  COF  is  therefore  equal  to  the  phase 
displacement  <f). 
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Adding  up  the  three  angles  of  the  isosceles  triangle  AOC,  we  get 
180°  =  2a  +  (j8  +  8)  +  (90°  -  a), 
while,  in  the  right-angled  triangle  OFC, 

^  =  90°  -  (a  +  8). 
By  adding  these  two  equations,  we  have 

<A  =  iS. 

When  the  point  E  coincides  with  D  the  angle  ^  vanishes,  and  the  current 
is  consequently  in  phase  with  the  terminal  pressure.  Seeing  that  the  load 
is  constant  the  current  must  have  its  minimum  value  at  this  point,  which 
agrees  with  the  fact  that  the  armature  drop  CE  will  then  have  its  minimum 
value  CD.  If  a  curve  be  plotted  with  the  field  current  as  abscissae,  and  the 
corresponding  values  of  the  main  current- taken  by  the  motor  as  ordinates, 
V-shaped  curves  will  be  obtained,  exactly  similar  to  those  shown  in  Fig.  348. 

If  the  point  E  is  below  D,  the  current  vector  OF  lags  behind  the  ter- 
minal pressure,  and  the  angle  j8  represents  the  angle  of  lag  <f).  This  is  the 
case  whenever  the  e.m.f.  is  less  than  the  terminal  pressure. 

By  increasing  the  excitation  we  can  make  the  e.m.f.  greater  than  the 
terminal  pressure,  which  is  an  absolute  impossibility  in  a  d.c.  motor,  since 
it  thereby  becomes  a  generator.  If  OE  exceeds  OD,  the  angle  j8  becomes 
negative,  that  is,  the  current  vector  leads  ahead  of  the  terminal  pressure. 
We  have  previously  mentioned  that  synchronous  motors,  when  over-excited 
in  this  way,  can  be  advantageously  employed  to  neutralise  the  lagging 
current  taken  by  other  apparatus.  In  this  way  the  load  on  the  generators 
in  the  power  station  can  be  made  to  have  unit  power-factor. 
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CHAPTER  XVI 

lit.  The  rotary  field  in  a  two-phase  motor. — 112.  The  rotary  field  in  a  three-pha.se 
motor. — 113.  Mesh  or  delta  connection. — 114.  Star  connection. — 115.  The 
measurement  of  power  in  polyphase  circuits. — 116.    General  principles  of  the  rotor. 

III.    The  Rotary  Field  in  a  Two-phase  Motor. 

The  armatures  of  machines  which  generate  two-phase  alternating  current 
contain  two  separate  windings,  or  sets  of  coils,  displaced  from  each  other 
by  90°,  the  pole-pitch  being  considered  180°.  When  the  coil-sides  of  one 
winding  are  situated  under  the  middle  of  the  poles,  those  of  the  other  winding 
are  midway  between  the  poles  (Figs.  360  and  361).  The  two  windings  differ 
merely  in  their  instantaneous  position,  i.e.  in  their  phase.   For  this  reason 


Fig.  361 


the  windings  are  generally  spoken  of  as  the  phases  of  the  generator,  and 
we  shall  often  use  the  expression  in  this  sense. 

The  drum-winding  in  Fig.  360  is  quite  simple.  The  two-phase  ring- 
winding  in  Fig.  361  is  wound  in  such  a  manner  that  the  end  connections, 
after  one  coil  is  completed,  pass  right  across  the  armature,  as  in  the  drum- 
winding.  The  practical  identity  of  the  two  windings  is  evident.  The  wires 
on  the  outside  of  the  ring  at  A  and  B  are  equivalent  to  the  wires  on  the 
periphery  of  the  drum,  and  the  electromotive  forces  in  all  the  wires  of  one 
phase  can  be  added  together. 

The  currents  produced  by  the  generator  can  be  used  to  magnetise  the 
stationary  iron  ring  of  an  induction  motor.   This  ring,  which  is  called  the 
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stator,  is  built  up  of  sheet-iron  stampings,  and  is  wound  in  exactly  the  same 
manner  as  the  armature  of  the  generator.  The  ends  of  the  stator-windings 
are  connected  to  the  corresponding  ends  of  the  generator-windings  (Fig. 
'362).  If  the  armature  of  the  generator  rotates,  the  connections  must,  of 
course,  be  made  by  means  of  slip-rings. 

If  the  armature  be  rotated  in  the  direction  indicated,  i.e.  clockwise, 
then  an  e.m.f.  towards  the  observer  will  be  induced  in  the  wires  under  the 
south  pole,  and  away  from  the  observer  in  those  wires  which  are  under  the 
north  pole.  This  is  shown  by  the  arrows  in  the  figure.  If  we  neglect  any 
phase  displacement  due  to  self-induction,  the  arrows  will  represent  current 
at  its  maximum  value.  At  the  moment  chosen  in  the  figure  there  will  be 
no  current  in  the  other  phase-winding.  By  tracing  out  the  currents  in  the 
stator,  we  find  that  the  field  produced  will  be  as  indicated  by  the  dotted 
lines.   The  lines  of  force  leave  the  stator  at  N,  pass  across  the  internal  air 
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space,  or  through  an  iron  cyUnder  if  one  be  placed  within  the  ring,  and  enter 
the  stator  again  at  5.  The  internal  surface  of  the  ring  will  have  a  north 
pole  at  iV  and  a  south  pole  at  S. 

After  the  armature  of  the  generator  has  turned  through  45°  the  con- 
ditions will  be  as  shown  in  Fig.  363.  The  stator  has  not  moved,  but  the 
armature  coils  of  both  phases  of  the  generator  are  now  equally  induced. 
The  field  near  the  pole-tips  will  not  be  so  strong  as  at  the  centre  of  the  pole, 
and,  moreover,  the  armature  coils  are  only  partly  under  the  poles.  The 
current  will  therefore  be  smaller  than  that  in  Fig.  362.  We  may  assume  that 
the  current  varies  according  to  the  sine  law,  so  that  its  value  at  the  moment 
indicated  in  Fig.  363  will  be 

A  A 

i  =  J. sin  45°  =  0-707  i. 

The  smaller  current  is  indicated  in  the  figure  by  lighter  arrows. 
If  we  trace  out  the  current  in  the  windings  of  the  stator,  we  see  that 
every  coil  is  carrying  current  and  that,  although  coils  i  and  2  belong  to 
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different  phases,  they  are  virtually  equivalent  to  a  single  coil  of  double  the 
number  of  turns.  The  current  has  the  same  direction  in  both,  viz.  outwards 
in  the  end  connections  facing  us.  Similarly  coils  3  and  4  may  be  looked  upon 
as  a  single  coil,  more  especially  as  in  actual  motors  the  whole  periphery  is 
utilised  and  no  gaps  are  left  between  the  windings. 

The  magnetic  field  produced  by  these  stator  currents  is  shown  by  the 
dotted  lines,  the  inner  surface  of  the  ring  has  still  a  north  and  a  south  pole, 
between  which  the  flux  crosses  the  internal  space.  The  position  of  these 
poles  has  rotated  through  45°  from  the  position  they  occupied  in  Fig.  362. 
On  turning  the  generator  through  another  45°,  the  stator  coils  i  and  3  will 
have  no  current,  while  the  current  in  coils  2  and  4  wUl  have  reached  its 
maximum.  There  will  then  be  a  north  pole  at  i  and  a  south  pole  at  3. 

We  have  thus  arrived  at  the  surprising  result  that  the  rotation  of  the 
armature  of  the  generator  causes  the  field  of  the  motor  to  rotate,  or  causes 
the  poles  of  the  stator  to  rotate  around  the  stationary  iron  ring.   We  can 
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therefore  imagine  the  stator  to  be  replaced  by  a  rotating  field-magnet 
system  with  salient  poles  pointing  inwards.  The  flux  of  such  a  field-magnet 
would  continually  cut  through  an  iron  cylinder  placed  within  the  stator 
ring  (compare  Fig.  382). 

This  iron  cylinder  is  caUed  the  rotor.  It,  also,  is  buUt  up  of  sheet-iron 
stampings,  carried  on  a  central  spindle  or  shaft.  This  shaft  is  supported  at 
either  end  in  bearings,  so  that  the  rotor  can  turn  within  the  stator,  with  a 
small  air-gap  between  the  two.  A  short-circuited  winding  is  contained  in 
slots  in  the  outer  surface  of  the  rotor.  Currents  are  induced  in  this  short- 
circuited  winding  by  the  rotating  field  produced  by  the  stator,  and  these 
currents,  as  we  know  from  Lenz's  law,  will  tend  to  oppose  the  relative 
motion  between  field  and  conductors.  The  result  is  that  the  rotor  is  dragged 
round  by  the  rotating  field.  The  direction  of  rotation  of  the  motor  is  there- 
fore the  same  as  that  of  the  rotating  field,  and  this  depends  on  the  way  the 
stator  phases  are  connected  up  to  the  generator.  If  the  two  connections  to 
one  of  the  phases  be  interchanged,  it  can  be  easily  seen  that  the  direction  of 
rotation  will  be  reversed. 
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112.    The  Rotary  Field  in  a  Three-phase  Motor. 

The  armature  of  a  three-phase  generator  contains  three  separate  wind- 
ings, displaced  from  each  other  by  120°.  (Fig.  364).  Care  must  be  taken 
when  drawing  the  windings,  that  the  beginnings  i,  2,  and  3,  of  the  three 
phases  are  120°  apart,  and  that,  starting  from  these  points,  each  phase- 
winding  passes  round  the  armature  in  exactly  the  same  direction.  In  Fig. 
364,  for  example,  each  winding  commences  by  passing  inwardly  across  the 
front  end  of  the  ring.  These  windings  are  connected  by  means  of  slip-rings 
with  the  corresponding  terminals  of  the  stator  of  the  motor.  The  fact  that 
the  generator  has  been  numbered  clockwise  and  the  motor  in  the  opposite 
direction  is  immaterial,  and  has  been  adopted  to  avoid  crossing  the  con- 
nections. 

Phase  I,  i'  is  shown  in  Fig.  364  under  the  middle  of  the  pole  and,  if 
phase  displacement  due  to  self-induction  be  neglected,  the  current  in  this 
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phase  will  have  its  maximum  value.  The  instantaneous  value  of  the  current 
in  the  other  phases  will  be 

A  A 

i  =  i. sin  30°  =  0-5  i. 

By  tracing  out  the  current  in  the  various  coils  of  the  stator,  it  is  seen 
that  the  coil-sides  3',  i  and  2'  carry  current  in  the  same  direction,  and  may 
be  grouped  together  with  respect  to  their  magnetic  effect.  The  same  is  true 
of  the  coil-sides  2,  i'  and  3,  although  they  belong  to  three  separate  windings. 
The  resultant  magnetic  field  will  evidently  be  as  indicated  by  the  dotted 
lines,  and  the  poles  as  shown  by  the  letters  iV  and  S. 

The  state  of  affairs  a  twelfth  of  a  period  later  is  shown  in  Fig.  365.  The 
generator  has  turned  through  30°,  and  the  phase-winding  3,  3'  is  now  in  the 
neutral  zone  and  therefore  without  current.  In  the  other  two  phases  the 
momentary  value  of  the  current  is 

A  A 

i  =  i .  sin  60''  =  0'866  ». 
The  coil-sides  i  and  2'  of  the  motor  may  now  be  grouped  together,  and 
similarly  2  and  i'.    The  lines  of  force  will  be  as  indicated  by  the  dotted 


36o 


Electrical  Engineering 


lines,  and  the  north  pole  of  the  stator  will  be  situated  about  coil  3'.  It  is 
evident  that  the  poles  have  rotated  through  30°  from  the  position  they  had 
in  Fig.  364,  and  that  the  rotation  of  the  generator  causes  a  corresponding 
rotation  of  the  motor  field.  If  the  stator  has  a  2-pole  winding,  as  in  the 
figure,  the  field  makes  a  complete  revolution  in  one  period. 


Cfeneratnr 


Motor 


Fig-  365 


113.    Mesh  or  Delta  Connection. 

The  six  wires  between  the  generator  and  the  motor  in  Figs.  364  and  365 
can  be  reduced  to  three  by  interconnecting  the  three  phases.  This  can  be 
done  in  two  ways;  one,  known  as  mesh  connection,  we  shall  consider 


in  this  section,  while  the  other,  known  as  star  connection,  will  be  considered 
in  the  next  section. 

In  the  mesh  connection  the  end  of  each  phase-winding  is  connected  to 
the  beginning  of  the  next.  The  principle  of  this  winding  is  seen  very  clearly 
in  machines  which  are  wound  so  as  to  supply  both  direct  and  alternating 
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current.  The  three-phase  current  is  taken  from  three  slip-rings  connected 
to  points  on  the  armature  separated  by  120°.  In  other  respects  the  machine 
is  identical  with  a  d.c.  dynamo.  (See  the  left-hand  part  of  Fig.  366.)  The 
width  of  each  coil-side  is  equal  to  f  of  the  pole-pitch.  If  the  coil-side  be 
made  equal  to  |  of  the  pole-pitch,  as  represented  diagrammatically  in  Figs. 
364  and  365,  the  phases  are  connected  as  shown  on  the  right-hand  side  of 
Fig.  366. 

The  admissibility  of  interconnecting  the  three  phases  in  this  way  can  be 
seen  from  the  vector  diagram  in  Fig.  367.  The  resultant  electromotive 
force  R  of  phases  2  and  3  is  equal  and  opposite  to  that  of  phase  i.  If  then, 
we  connect  two  of  the  phase-windings  in  series  (Fig.  368),  their  joint  e.m.f. 
is  equal  at  every  instant  to  the  e.m.f.  of  the  other  phase,  and  the  two  volt- 
meters in  the  figure  give  the  same  reading.  The  equal  instantaneous  electro- 
motive forces  act  in  opposite  directions  around  the  ring,  so  that  the  whole 
ring  can  be  connected  up  without  any  current  circulating  around  it.   With 
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Fig.  367 


Fig.  368 


regard  to  the  external  circuit  the  two  electromotive  forces  are,  however, 
in  parallel.  This  is  evidently  analogous  with  the  two  halves  of  a  D.c. 
armature,  or  with  two  machines  in  parallel  on  the  same  bus-bars.  It  is 
quite  clear  that  the  p.d.  between  any  two  of  the  three  external  leads  is 
equal  to  the  e.m.f.  of  one  phase-winding,  neglecting,  of  course,  any  drop  of 
pressure  due  to  resistance  when  current  is  flowing. 

The  distribution  of  current  in  the  mesh  connection  is  apt  to  prove  a 
difficulty  on  first  consideration.  We  know  that  electricity  cannot  be  heaped 
up  or  stored  at  any  point  of  the  circuit,  so  that  each  wire  in  turn  must  act 
as  the  return  lead  for  the  other  two.  To  make  the  matter  quite  clear,  we 
shall  consider  the  currents  in  generator,  leads  and  motor  for  the  two  cases 
previously  considered. 

At  the  moment  represented  in  Fig.  366  phase  i  of  the  generator  is 
directly  under  the  pole,  and  its  current  will  be  a  maximum,  if  we  neglect 
any  effect  of  self-induction.    The  current  in  each  of  the  other  phases  will 

have  half  this  value.   The  current  in  externcd  lead  I  will  be  equal  to  i-5  i 
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if  i  is  the  maximum  current  in  each  phase  of  the  generator-winding.    Of 

A 

this  external  current  a  part  i  flows  through  phase  i,  i'  of  the  stator,  while 
a  current  of  half  this  value  flows  through  phases  3',  3  and  2",  2  in  series. 


Mbtor 


Both  in  the  generator  and  in  the  motor,  the  coil-side  carrying  the  maximum 
current  has  on  either  side  of  it  coil-sides  carr3dng  current  in  the  same  direc- 
tion but  of  half  the  strength.   The  two  stator  currents  combine  between 

A 

coil-sides  i'  and  2,  and  a  current  of  1-5  i  flows  back  to  the  generator  through 
the  lead  marked  III  while  lead  II  is  momentarily  without  current. 

A  twelfth  of  a  period  later,  the  generator  wiU  have  turned  through  30°, 
as  shown  in  Fig.  369.   Phase  3  of  the  generator  is  now  in  the  neutral  zone 

and  therefore    without  current,   while  phases 

I  and  2  carry  a  current  of 

A  A 

i.sin  60°  =  0-866  i. 
These  currents  combine  to  produce  a  current  of 

A 

1-73  i  in  the  external  lead  /.  The  vector 
diagram  in  Fig.  370  shows  that  this  is  the  maxi- 
mum value  reached  by  the  external  current.  Half 
of  this  current  passes  through  the  stator  phase 
3,  3'  and  returns  to  the  generator  by  lead  II, 
while  the  other  half  passes  through  phase  i,  i' 
and  back  to  the  generator  through  lead  III. 
Hence,  at  the  moment  that  the  current  in  one  of 
the  external  leads  reaches  its  maximum  value, 
one  of  the  phases  of  both  generator  and  motor  is  without  current. 

We  find,  therefore,  that  the  maximum  external  current  is  greater  than 
the  maximum  current  in  one  phase  of  the  mesh  connection,  and  that  these 
maxima  do  not  occur  at  the  same  time.  This  is  very  clear  in  the  vector 
diagram  (Fig.  370).  We  must  remember,  however,  that  the  starting  points 
of  two  phase-windings  have  not  been  joined,  but  the  starting  point  of  one 
to  the  end  of  the  other.  For  this  reason,  when  two  current  vectors  are  com- 
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pounded  to  find  the  external  current,  one  of  them  must  be  reversed.  The 
external  current  OR  is,  for  example,  the  resultant  of  OC  and  the  dotted 
vector  OA.  It  is  173  times  as  great  as  OC,  and  is  30°  out  of  phase  with  it. 

114.    Star  Connection. 

Whereas  in  the  mesh  connection  the  end  of  each  phase  was  joined  to  the 
beginning  of  the  next  phase,  in  the  star  connection  the  three  starting  points 
are  connected  together  within  the  machine,  and  the  three  ends  connected 
to  the  three  slip-rings  or  terminals  (Fig.  371).  That  such  an  interconnection 
of  the  three  windings  is  permissible  can  be  readily  seen  from  Fig.  372.  The 
vectors  OA  and  OB,  representing  the  current  in  two  of  the  phases,  have, 
as  their  resultant,  the  vector  OR,  which  is  exactly  equal  and  opposite  to 
the  vector  OC  of  the  current  in  the  third  phase-winding.  The  total  current 
flowing  to  the  neutral  point  or  common  connection  is  therefore  nil,  or,  in 
other  words,  the  current  flowing  towards  the  neutral  point  is  exactly  equal, 
at  every  moment,  to  the  current  flowing  away  from  this  point.  If  the  coil  i 


Fig-  371 


Fig-  372 


of  the  generator  armature  shown  in  Fig.  371  is  at  the  given  moment  exactly 
under  the  middle  of  a  pole,  the  e.m.f.  in  it  will  be  a  maximum,  and  if  we 
assume  that  the  current  is  in  phase  with  the  e.m.f.,  the  current  in  coil  i 
will  have  its  maximum  value  at  this  moment.  This  current  will  divide 
equally  between  the  two  other  phases  as  shown  in  the  figure. 

It  is  obvious  that,  with  this  arrangement,  the  current  in  each  external 
lead  is  identical  both  in  magnitude  and  phase  with  the  current  in  the  corre- 
sponding winding.  The  p.d.  between  two  external  leads,  however,  will  not 
be  due  to  a  single  winding,  but  to  two  phase-windings  connected  in  series, 
or,  more  accurately,  in  opposition.  The  voltmeter  in  Fig.  371  is  connected 
across  phases  i  and  3.  At  the  moment  indicated  in  the  figure  the  induced 
E.M.F.  in  coil  I  is  a  maximum,  while  in  coil  3  it  is  equal  to 

A  A 

e. sin  30"  =  0'5  e. 

If  the  E.M.F.  of  coil  I  acts  towards  the  neutral  point,  that  of  coil  3  will  act 
away  from  it,  since  they  are  120°  out  of  phase.  We  must  therefore  add  the 
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two  electromotive  forces  to  find  the  voltmeter  reading,  which  will  therefore 

A 

be  equal  to  1-5  e. 

A  twelfth  of  a  period  later  the  coil  2  will  be  in  the  neutral  zone  and  have 
no  induced  e.m.f.  Coils  i  and  3  will  have  equal  electromotive  forces  induced 
in  them,  viz.  e. sin 60°  =  0-866  e  (Fig.  373).    As  before,  we  see  that  the 


Fig-  374 


voltmeter  will  read  the  sum  of  these  electromotive  forces,  that  is,  1-73  e. 
It  can  be  shown  very  easily  that  this  is  the  maximum  momentary  value 
attained  by  the  p.d.  between  two  external  leads.  If,  for  example,  the 
vectors  OA  and  OB  in  Fig.  374  represent  the  electromotive  forces  induced 


Fig-  375 

in  the  coils  i  and  3,  we  must  remember  that  these  coils  are  connected  in 
opposition,  that  is,  their  starting  points  are  connected  together,  so  that  in 
passing  through  the  armature  from  lead  /  to  lead  III  (Fig.  373)  we  pass 
inwardly  through  coil  i,  but  outwardly  through  coil  3.  To  find  the  resultant 
E.M.F.,  which  is  the  voltmeter  reading,  one  of  the  vectors  must  therefore 
be  reversed,  giving  OA  and  OB'  with  the  resultant  OR.   This  resultant  is 
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1-73  times  as  large  as  either  of  the  phase  pressures,  and  is  displaced  from 
them  with  regard  to  phase,  as  shown  in  the  figure. 

It  is  quite  allowable  to  have  a  star-connected  generator  driving  a  mesh- 
connected  motor,  or  vice  versa.  For  long-distance  power  transmission  the 
star  connection  is  preferable  both  for  motors  and  generators,  since  the  line 
pressure  is  then  1-73  times  the  pressure  per  phase  of  the  machines.  If  the 
load  consists  of  resistances  such  as  lamps,  they  can  be  arranged  either  in 
star  or  mesh  connection.  If  the  former  arrangement  be  adopted,  care  must 
be  taken  that  the  number  of  lamps  is  the  same  in  each  branch. 

This  limitation  can  be  removed  and  the  branches  loaded  unequally 
without  affecting  the  constancy  of  pressure,  so  necessary  for  glow-lamps, 
by  the  use  of  a  fourth  lead  connecting  the  neutral  points  of  generator  and 
load  (Fig.  375).  This  is  analogous  to  the  neutral  or  middle  wire  in  the  3-wire 
system  which  is  now  so  largely  used  for  direct-current  lighting. 


3-phase. 
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2-phase 
Fig  376 


Fig-  377 


The  so-called  Scott  system  for  transforming  energy  from  a  two-phase 
to  a  three-phase  system  or  vice  versa  embodies  a  special  type  of  star  con- 
nection. Two  single-phase  transformers  are  employed  connected  as  shown 
in  Fig.  376,  the  tapping  or  star  point  0  being  at  the  middle  of  the  winding 
AC.  The  wires  ac  are  connected  to  one  phase  of  the  two-phase  system  and 
the  wires  6b  to  the  other,  whilst  the  three-phase  system  is  connected  to  the 
points  A ,  B  and  C.  Regarding  the  two  phase  side  as  the  primary,  the  electro- 
motive forces  induced  in  AC  and  OB  will  be  90  degrees  out  of  phase.  With 
respect  to  the  star  point  0,  the  e.m.f.  induced  in  OA  is  180  degrees  out  of 
phase  with  that  induced  in  OC,  since  when  the  e.m.f.  is  directed  towards 
the  star  point  in  one  it  is  directed  away  from  it  in  the  other.  This  is  shown 
in  Fig.  377  which  is  a  vector  diagram  of  the  electromotive  forces.  Neglecting 
any  drop  in  the  windings,  the  triangle  ABC  represents  the  vector  diagram 
of  the  potential  differences  between  the  three  phase  lines.  For  this  to  be 
symmetrical,  the  triangle  must  be  equilateral,  and  therefore 


OS: 


:^Ccos3o°=^.^C. 


Hence  the  ratio  of  the  turns  —,-  must  be  —  of  the  ratio  of  the  turns  — 

00  2  ac 

The  transfer  of  energy  can  take  place,  of  course,  in  either  direction. 
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115.    The  Measurement  of  Power  in  Polyphase  Circuits. 

We  shall  consider  three-phase  power  supply  in  this  section.  The 
measurement  of  two-phase  power  is  merely  a  duplication  of  the  single- 
phase  case,  and  need  not  be  further  considered.  The  following  symbols  will 
be  used  independently  of  the  method  of  connection  employed  (star  or  mesh). 

Vi  =  the  P.D.  per  phase  (i.e.  per  limb  in  star  connection), 
1 1  =  the  current  per  phase  (i.e.  per  limb  in  mesh  connection), 
^  =  the  angle  between  V^  and  I-^, 
V  =  the  P.D.  between  external  lines, 
/  =  current  in  each  external  line, 
P  =  the  total  power  in  watts. 

The  power  per  phase  for  either  connection  is  equal  to 

Vi .  Ii  .'cos  (/), 

and  the  total  power  is  three  times  this  amount. 
For  star  connection  we  have 

V 
and  P  =  3V1 .  7i .  cos (^  =  3 .  — — . /.  cos ^  =  V3  .  F.  7 .  cos cf). 

For  mesh  connection  we  have 

I  =  I-73A. 

I  /- 

and  P=  3Fi./i.cos^  =  3F.— -.coS(^=  V3.7.7.cos^  ...(166). 

The  formula  obtained  by  using  the  line  current  and  line  pressure  is  thus 
exactly  the  same,  no  matter  what  the  connection  employed. 

This  is  a  suitable  point  at  which  to  compare  the  percentage  losses  of 
power  and  pressure  in  the  lines  of  three-phase  and  d.c.  transmissions.  We 
assume  that  the  same  power  P  has  to  be  transmitted  the  same  distance  in 
each  case.  We  assume  also  that  the  effective  p.d.  between  the  lines  is  the 
same  in  each  case,  and  also  the  loss  of  power  in  the  hnes.  We  proceed  to 
determine  the  relative  amounts  of  copper  necessary  in  each  case.   Let 

Ri  be  the  resistance  of  each  single  D.c.     line, 

Ri     „            »            ..            „  3 -phase   „ 

Ai      ,,      section        „             .,  d.c.       „ 

A2      ,,            „            „            „  3-phase    „ 


or 
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For  3-phase. 
P=  Vs.F./.cos^, 

1=^ . 

V3  .  V.  cos  cj} 

Loss  in  the  three  wires. 

^       ^^"F^cos^^- 
Since  these  losses  have  to  be  the  same  in  each  case,  we  equate  them,  thus 

^        COS^  (f>  ' 


We  have : 

For  D.c. 

P  = 

V.I. 

7  = 

P 

"V 

Loss  in  the  two  wires 

2.P 

.R.- 

pa 

=  2       1 

n    • 

i?2       2C0S^^' 

Since  the  lengths  are  the  same  in  both  cases,  the  cross-sections  must  be 
inversely  proportional  to  the  resistances.  Hence 

^1       i?2       2C0S^^' 

Again,  as  the  lengths  are  equal,  the  volume  of  copper  in  each  case  is 
proportional  to  the  sum  of  the  cross-sections  of  the  wires,  so  that 

Fi     2^1' 

Zl_3    ^1       075 
°  Fi      2"i?2      cos^^" 

Hence,  if  cos  ^  =  i,  i.e.  if  the  current  is  in  phase  with  the  pressure,  the 
three-phase  system  requires  only  75  per  cent,  of  the  copper  necessary  for 
the  D.c.  transmission.  If  the  load  is  at  all  inductive,  it  is  evident  that  this 
advantage  rapidly  disappears.  These  conclusions  depend  entirely  on  our 
assumption  that  the  effective  pressure  between  the  lines  is  the  same  in 
each  case.  The  same  method  is  applicable,  of  course,  whatever  assumptions 
we  make  as  to  the  pressure. 

We  shall  now  consider  the  actual  measurement  of  the  power  in  a  three- 
phase  circuit.  With  star  connection  and  an  accessible  neutral  point,  the 
measurement  is  very  simple.  The  pressure  coil  of  the  wattmeter  is  connected 
between  the  neutral  point  and  the  end  of  one  phase-winding,  while  the 
current  of  this  phase  is  passed  through  the  main  coil  of  the  wattmeter.  The 
wattmeter  reading  will  give  the  power  in  one  phase,  and  if  the  three  phases 
are  equally  loaded,  the  total  power  will  be  three  times  this  amount. 
If  the  loads  on  the  phases  are  unequal,  the  measurement  must  be  carried 
out  in  each  phase  and  the  three  results  added  together.  If  three 
wattmeters  are  available,  the  three  readings  can  be  taken  simultaneously; 
if  only  one  wattmeter  is  used,  it  must  be  connected  successively  in  the 
three  phases. 

If  the  neutral  point  is  not  available,  another  method,  known  as  the  two 
wattmeter  method,  must  be  adopted.    This  method  is  equally  applicable 
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to  star  and  mesh  connection,  and  is  represented  in  Fig.  378.  The  current 
coils  of  the  wattmeters  are  introduced  into  two  of  the  leads,  and  their 
pressure  coils  are  connected  between  the  same  lead  and  the  lead  which  has 
no  wattmeter  coil  in  it.  If  Wj,  V2  and  Vg  are  the  instantaneous  values  of  the 
phase  pressures,  and  i^,  i^  and  i^  the  corresponding  values  of  the  currents, 
then  the  value  of  the  power  at  the  given  moment  will  be 

P  =  '"iH  +  "OiH  +  Vsh- 
Since  the  sum  of  the  currents  flowing  away  from  the  generator  at  any 


moment  is  zero,  we  have 


h  =  -  («i  +  h)- 


If  this  value  be  substituted  for  jj  in  the  above  equation  for  p,  we  get 
P  =  vJi  -  V2  («i  +  is)  +  Vsis, 
or  p  =  {vi  -  v^.ii  +  {Vs  -  v^.is- 


T, 
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•  VNgVV 
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AAAAJ\/\AA 

A/I  ^^ 
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VWVVWl 

rr 

Fig.  378 

Now,  (z^i  —  v^  is  the  momentary  p.d.  across  the  pressure  coil  of  the 
upper  wattmeter,  while  (wg  —  v^  is  the  momentary  p.d.  across  the  pressure 
coil  of  the  lower  wattmeter.  The  product  (wj  —  v^  .i^  gives  the  momentary 
value  of  the  torque  on  the  upper  wattmeter,  whUe  (wg  —  V2)  ■  is  gives  that 
on  the  lower  one.  The  reason  for  the  differences  of  the  phase  pressures  ap- 
pearing in  the  brackets  and  not  the  sums,  is  that  the  two  phase-windings 
are  connected  in  opposition  across  the  pressure  coUs  of  the  wattmeters,  so 
that  to  pass  from  one  pressure  terminal  to  the  other  we  go  through  two 
phase-windings,  one  towards  the  neutral  point  and  the  other  away  from  the 
neutral  point. 

In  consequence  of  the  inertia  of  the  moving  systems  of  the  wattmeters, 
they  take  up  stationary  positions  corresponding  to  the  mean  value  of  the 
power.  The  total  three-phase  power  wUl  therefore  be  given  by  the  sum  of  the 
two  wattmeter  readings.  One  must  be  careful,  however,  to  observe  the 
signs  of  the  two  terms  in  the  last  equation  for  p.  As  a  rule,  they  are  both 
positive,  and  the  wattmeters,  if  connected  up  as  shown,  will  deflect  in  the 
same  direction.  In  this  case  their  readings  must  be  added. 


^\ 
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If,  however,  the  load  be  very  inductive,  one  of  the  wattmeters  will 
deflect  in  the  opposite  direction.  The  direction  of  the  deflection  can  be 
reversed  by  reversing  the  pressure  coil 
connections  of  this  wattmeter.  The  total 
power  is  then  equal  to  the  difference 
between  the  two  wattmeter  readings.  The 
reason  for  this  reversal  is  evident  from 
Fig.  379.  The  vector  V  is  the  resultant  of 
Fj  and  —  Fg,  and  represents  the  pressure 
across  the  upper  wattmeter.  Similarly,  V" 
is  the  pressure  across  the  lower  watt- 
meter. The  currents  in  the  main  watt- 
meter coils  are  represented  by  the  vectors 
/i  and  /j.  The  angle  of  lag  in  each  phase 
is  ^.  It  is  evident  that  an  increase  of  the 
lag  <j}  wUl  increase  the  reading  of  the 
upper  wattmeter,  which  is  equal  to 
F'./j.cos  (30  —  (f>),  until  (j>  —  30°,  beyond 
which  it  will  again  decrease.  In  the  same  *^2 
way,  the  reading  of  the  lower  wattmeter 
is  equal  to 

F".73.cos(30  +  9i), 
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and  will  gradually  decrease  as  the  load  becomes  more  inductive,  until  when 
(f)  =  60°  the  wattmeter  will  cead  zero.  If  the  lag  increases  still  further,  the 
reading  of  the  wattmeter  will  reverse. 

The  measurements  can  be  carried  out  very  conveniently  with  one  watt- 
meter, by  means  of  a  board  containing  six  mercury  cups,  which  can  be 


Fig  380 


Fig.  381 


connected  up  by  means  of  copper  bridges  as  shown  in  Figs.  380  and  381. 
In  the  first  figure  the  current  coil  of  the  wattmeter  is  in  series  with  phase  2, 
while  in  the  second  figure  phase  2  is  unbroken  and  the  wattmeter  is  placed 
in  phase  i.  In  either  case,  the  pressure  coil  is  connected  between  the  current 
coU  and  the  unbroken  line  3.  The  small  mercury  commutator  is  for  the 
purpose  of  reversing  the  pressure  coil  if  necessary. 

The  duplicate  readings  can  be  avoided  by  the  use  of  special  wattmeters 


T.  E. 
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consisting  of  two  separate  wattmeters  with  a  common  spindle,  so  that  the 
reading  depends  on  the  sum  or  difference  of  the  two  torques,  as  the  case 
may  be. 

1 1 6.    General  Principles  of  the  Rotor. 

Having  considered  the  production  of  the  rotating  magnetic  field  and  the 
winding  of  the  stator,  we  shall  now  study  the  effect  of  the  rotating  field  on 
the  rotor.  The  rotor  resembles  a  d.c.  armature  in  that  it  is  built  up  of 
stampings  of  sheet  iron,  assembled  on  the  shaft  or  on  a  spider  or  boss 
carried  on  the  shaft.  The  winding  is  carried  in  slots  in  the  usual  way, 
and  may  consist  of  a  permanently  short-circuited  arrangement  of  bars  or 
coils,  or  may  be  wound  with  a  three-phase  winding  very  similar  to  that  on 
the  stator.  In  the  latter  case  the  three  ends  are  brought  to  three  shp-rings, 
between  which  starting  resistances  can  be  introduced. 

We  have  seen  that  the  field  of  a  stator,  with  a  two-pole  winding,  makes 
one  complete  revolution  during  every  period.    In  order  to  follow  this 

rotating  field  more  easily,  we  shall 
imagine,  for  the  time  being,  that 
the  stator  is  replaced  by  a  magnet 
ring  with  salient  poles,  excited  with 
direct  current.  This  is  shown  in 
Fig.  382,  where  the  poles  are  sup- 
posed to  rotate  around  the  rotor  in 
an  anti-clockwise  direction.  The  cur- 
rents induced  in  the  rotor  windings 
will  be  exactly  the  same  as  if  the 
poles  were  stationary  and  the  rotor 
turned  in  the  clockwise  direction. 
These  currents  are  indicated  in  the 
figure,  and  are  away  from  the  ob- 
server under  the  north  pole,  and 
towards  him  under  the  south  pole. 

We  assume,  moreover,  that  the 
field  magnet  represents  not  merely 
the  field  produced  by  the  stator  currents,  but  the  resultant  flux  O,  produced 
by  the  combined  action  of  stator  and  rotor  currents.  In  this  case  the  induced 
E.M.F.  and  the  rotor  current  will  both  have  their  maximum  values  under 
the  middle  of  the  poles. 

We  know  from  Lenz's  law  that  the  currents  induced  in  the  rotor  wires 
will  tend  to  oppose  the  relative  motion  between  themselves  and  the  rotating 
field,  that  is,  the  rotor  will  be  dragged  round  in  the  same  direction  as  the 
field.  To  make  this  clearer,  we  may  imagine  ourselves  to  be  swimming 
down  a  rotor  wire  at  A  and  looking  out  towards  the  north  pole,  then  we 
know  from  Ampere's  rule  that  the  north  pole  would  be  driven  in  the  clock- 
wise direction  as  shown  by  the  dotted  arrow.  There  is,  of  course,  an  equal 
and  opposite  force  acting  on  the  rotor  wire  at  A,  and  as  this  is  free  to  move, 
the  motor  will  rotate  in  an  anti-clockwise  direction. 

If  the  motor  is  unloaded  and  the  bearings  are  entirely  frictionless,  the 


Fig.  382 
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rotor  revolves  at  the  same  speed  as  the  primary  field.  There  would  then  be 
no  cutting  of  lines,  no  induced  e.m.f.  and  no  current  in  the  rotor.  When  a 
load  is  applied  to  the  motor  spindle,  a  certain  rotor  current  is  essential  to 
the  production  of  the  necessary  torque.  This  current  can  only  be  produced 
by  the  rotor  running  at  a  lower  speed  than  the  field,  so  that  the  latter  can 
cut  the  rotor  wires  and  thus  induce  the  necessary  current  in  them.  This 
decrease  of  rotor  speed  is  known  as  the  slip.  Under  ordinary  conditions  the 
resistance  of  the  rotor  coils  is  so  small  that  a  very  small  e.m.f.,  and  there- 
fore a  very  small  slip,  is  sufficient  to  produce  the  necessary  current.  The 
slip,  that  is,  the  difference  between  the  speeds  of  field  and  rotor,  is  sometimes 
no  more  than  i  or  2  per  cent,  on  full  load. 

The  fact  that  the  rotor  runs  at  approximately  the  same  speed  as  the 
primary  field  excludes  the  employment  of  two-pole  windings  with  the  high 


Fig.  383 


Fig.  384 


frequencies  commonly  used.  To  ensure  a  steady  illumination  without  any 
appreciable  flicker,  the  frequency. is  generally  about  50  per  second.  A 
two-pole  motor  driven  from  these  mains  would  have  a  speed  of  nearly 
3000  revolutions  per  minute.  In  systems  where  the  load  consists  almost 
entirely  of  motors,  and  little  account  need  be  taken  of  lighting,  the  fre- 
quency is  sometimes  taken  as  low  as  25.  Even  then  a  two-pole  motor  would 
make  1500  revolutions  per  minute,  which  is  generally  too  high  for  motors 
above  about  10  h.p.  The  speed  is  reduced  by  using  multipolar  windings. 
In  a  four-pole  winding  the  simple  two-pole  winding,  which  we  have  already 
considered,  is  compressed  into  a  half  of  the  total  periphery,  and  connected 
in  series  with  a  similar  winding  on  the  remaining  half  of  the  stator.  In 
Fig.  383,  for  example,  the  coils  i  and  i'  of  a  three-phase  stator  are  no  longer 
diametrically  opposite,  as  they  were  in  Fig.  362  on  page  357,  but  are  now 
separated  by  90°.  The  other  coils  2,  2'  belonging  to  the  same  phase  are 
connected  in  series  with  them.  For  the  sake  of  clearness,  only  the  one  phase 
has  been  drawn  in  Fig.  383,  but  the  direction  of  the  currents  in  the  other 
phases  is  evident.  Wheneyer  the  current  in  any  coil  is  a  maximum,  the 
coils  on  either  side  of  it  carry  currents  in  the  same  direction,  but  of  half  the 
magnitude.   If  the  current  in  the  phase  shown  in  the  figure  is  a  maximum 
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at  the  given  moment,  the  dotted  lines  will  represent  the  lines  of  force  and 
show  the  .positions  of  the  poles. 

. .  The  rotating  field  will  now  only  make  half  a  revolution  during  each 
period.  If  p  be  the  number  of  pairs  of  poles,  and  /j  the  frequency  of  the 
supply,  then  the  field  will  make  %  revolutions  per  second,  where 

If .  the  speed  of  the  rotor  be  n,  the  difference  will  be  %  —  w  revs,  per 

second.  The  effect  on  the  rotor  is  the  same  as  if  it  rotated  backward  at  this 

speed  in  a  stationary  field.   The  frequency  of  the  currents  induced  in  the 

rotor  will  therefore  be  .      ,  ,  ,  ,  > 

f=.{ni-n)p    (167). 

If  the  rotor  is  wound,  it  must  be  arranged  to  have  the  same  number  of 
poles  as  the  stator.  The  winding,  however,  can  be  either  two  or  three-phase, 
quite  irrespective  of  the  number  of  phases  of  the  stator-winding. 

A  four-pole  drum-winding  is  shown  in  Fig.  384,  where  one  phase  only  is 
shown  connected  up,  the  currents  in  the  other  phases  being  represented  by 
crosses  and  dots.  It  is  assumed  that  the  current  has  its  maximum  value  in 
the  phase  shown  connected  up,  while  the  other  currents  have  half  this  value. 
In  actual  practice  drum-windings  are  always  used;  we  have  only  used  .the 
ring-windings  to  make  the  rotating  field  as  simple  as  possible. 

The  direction  of  rotation  of  the  rotor  is  determined  by  that  of  the  pri- 
mary field.  It  can  be  reversed  by  changing  two  of  the  supply  leads  on  the 
stator  terminals. 

The  polyphase -motor  differs  in  this  respect  from  the  single-phase  in- 
duction motor.  Such  a  motor  can  be  obtained  by  disconnecting  one  of  the 
supply  leads  to  a  three-phase  star  wound  stator.  The  motor  will  not  start 
from  rest,  but,  if  the  rotor  be  started  in  either  direction,  the  speed  will 
increase  in  that  direction  until  it  reaches  the  speed  corresponding  approxi- 
mately to  the  primary  frequency.  Such  motors  are  generally  started  as 
two-phase  motors  by  means  of  an  auxiliary  winding  on  the  stator.  The 
"action  of  the  single-phase  induction  motor  is  very  complicated,  and  we  shall 
postpone  its  further  consideration  until  Section  132. 
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117.    Stator  and  Rotor  Windings. 

For  the  sake  of  simplicity  we  have  always  assumed  that  all  the  wires 
constituting  a  coil-side  are  contained  in  a  single  slot,  or  that  the  width  of 
the  coil-side  is  so  small  that  there  are  considerable  gaps  between  the  wires 
of  different  phases.  As  a  matter  of  fact,  however,  the  wires  of  each  coil-side 
are  distributed  between  several  slots,  so  that  the  coil-side  has  considerable 
width.  In  this  way  the  field  strength  changes  gradually  from  point  to  point 


round  the  stator,  and  sudden  jumps  are  avoided.  Moreover,  the  number  of 
ampere- wires  in  each  slot  is  kept  small  in  order  to  decrease  the  self-induction 
and  leakage,  as  will  be  seen  in  Section  131.  As  a  general  rule  each  stator 
coil-side  is  distributed  between  from  2  to  5  slots,  while  each  coil-side  of  the 
rotor  occupies  from  3  to  7  slots.  The  rotor  and  stator  must  have  a  different 
number  of  slots,  as  otherwise  there  is  a  tendency  for  the  motor  to  remain 
stationary  and  act  as  an  ordinary  transformer,  instead  of  starting. 

A  four-pole  distributed  coil- winding  is  represented  in  Fig.  385.    The 
three  phases  are  distinguished  by  full,  dotted,  and  chain-dotted  lines,  of 
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which  the  latter  is  assumed  to  be  carrjdng  its  maximum  current,  while  the 
others  have  half  this  current.  The  strength  of  the  current  is  indicated 
approximately  by  drawing  the  crosses  and  dots  heavily  or  lightly.  It  is 
easily  seen  that  the  mid-points  of  the  magnetic  poles  are  situated  at  the 
junction  of  opposite  currents,  so  that  the  neutral  axes  he  always  at  the 
centres  of  groups  of  wires  carr5n.ng  current  in  the  same  direction. 

In  these  coil-windings  the  breadth  of  each  coil-side  is  equal  to  ^  of  the 
pole-pitch.  Each  coilis  completely  wound  with  the  requisite  number  of  turns 
before  proceeding  to  the  corresponding  coil  under  the  next  pair  of  poles. 

Another  type  of  winding  which  can  be  used  for  both  stator  and  rotor  is 
the  creeping  bar-winding  (wave- winding).  In  this  winding  the  step  is 
always  in  one  direction,  that  is,  it  is  a  simple  wave-winding,  and,  after 
going  completely  round  the  armature,  arrives  at  a  point  near  that  from  which 
it  started.  On  proceeding  with  the  winding,  those  wires  which  belong  vir- 
tually to  the  same  coil-side  will  lie  together.  If  the  total  number  of  wires  be 
Z  the  winding-step  will  be  given  by  the  formula 

_Z±2 
^~      2p      ' 

y  must  be  an  odd  number,  and  Z  must  be  divisible  by  3,  since  the  whole 
winding  is  to  be  divided  into  three  phases.  The  principle  of  the  winding  is 
much  clearer  when  a  large  number  of  wires  is  chosen,  on  account  of  a  small 
unavoidable  dissymmetry  which  is  exaggerated  when  the  total  number  of 
wires  is  small.  The  values  chosen  for  Fig.  386  are  Z  =  54,  i.e.  18  wires  per 
phase,  and  p  —  2,  which  gives  a  four-pole  winding.   For  the  step,  we  have 

54  ±2 
3/-=^^?— -=14  or  13. 

4 
For  a  singly  re-entrant  winding,  14  is  impossible,  so  that  y  =  13.  The 
winding  is  connected  up  as  a  star-winding  in  Fig.  386,  the  external  leads 
coming  to  wires  6,  24  and  42.  The  current  is  assumed  to  have  its  maximum 
value  in  the  first  phase,  which,  starting  from  the  neutral  point,  passes  along 
a  to  wire  i,  where  it  goes  down  to  the  further  end  of  the  stator  or  rotor, 
crosses  to  i  -t-  13  =  14,  up  which  it  comes  to  the  front,  and  so  on,  in  accord- 
ance with  the  following  table : 

I— 14  10 

/  / 

27—40  23—36 

/  / 

53—12  49—  8 

/  / 

25—38  21—34 

/  / 

51—10  47—  6 

If  we  continued  in  this  way  we  should  obtain  an  ordinary  direct-current 
winding.  It  would  be  closed  on  itself  and  by  tapping  three  points,  separated 
from  each  other  by  |  of  the  pole-pitch,  we  should  obtain  a  mesh-connected 
armature.  By  reference  to  Fig.  366  it  is  evident  that  the  breadth  of  the 
coil-side  would  be  equal  to  f  of  the  pole-pitch.   In  Fig.  386,  however,  we 
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have  chosen  star  connection;  the  end  of  wire  6  is  led  to  a  terminal  or  slip-ring, 
and  wire  19  is  taken  as  the  beginning  of  a  new  phase.  Whether  star-  or  mesh- 
connected,  the  breadth  of  the  coil-side  is  the  same,  viz.  f  of  the  pole-pitch. 
To  make  the  diagram  as  clear  as  possible,  the  slots  are  shown  in  two 
tiers.  A  thick  line  is  drawn  around  each  coil-side  of  the  first  phase,  a  thin 
line  around  each  coil-side  of  the  second  phase,  and  a  dotted  line  for  the 
third  phase.  Since  the  sum  of  any  two  of  the  currents  is  at  any  moment 
equal  to  the  third,  the  currents  in  phases  b  and  c  must  flow  towards  the 
neutral  point,  so  that,  in  following  the  winding  of  these  phases  from  the 


neutral  point,  we  shall  continually  oppose  the  direction  of  the  current.  The 
winding  of  phase  b  is  given  by  the  following  table : 

19 — 32  28 

/  / 

45—  4  41—54 

/  ./ 

17—30  13—26 

/  / 

43—  2  39—52 

/  / 

15—28  ri— 24 
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Similarly,  the  winding  of  phase  c  is  as  follows : 

37—50  46 

/  / 

9—22  5—18 

/  / 

35—48  31—44 
/  / 

7 — 20  3 — 16 

/  / 

33—46  29—42 

The  lines  which  have  been  drawn  so  as  to  enclose  the  various  coil-sides 
make  it  very  evident  that  the  phases  overlap.  It  is  for  this  reason  that  the 
breadth  of  each  coil  is  |  of  the  pole-pitch;  without  overlapping  the  breadth 
could  not  exceed  ^  of  the  pole-pitch.  Such  a  wide  coil  is  magnetically  and 
electrically  unfavourable.  It  can  be  seen  from  Fig.  386  that  at  some  points 
of  the  stator,  adjacent  wires  carry  opposing  currents,  which  is  obviously 
an  inefficient  arrangement.  The  overlapping  or  consequent  breadth  of  the 
GoU-side  is  therefore  avoided  in  actual  practice  by  making  the  winding 
slightly  different  from  that  shown  in  Fig.  386.  Instead  of  winding  the  whole 
of  phase  a  straight  forward  from  i  to  6  as  shown  in  the  table  on  page  374, 
we  stop  when  a  half  is  completed,  viz.  r,  14,  27,  40,  53,  12,  25,  38.  In  the 
ordinary  way  we  should  have  gone  from  38  to  51,  but  we  now  pass  from  38 
to  2,  at  least,  the  actual  connection  is  equivalent  to  this.  From  2  we  proceed 
in  the  usual  way  to  15,  28,  etc.,  and  pass  through  54  and  52.  The  wires 
constituting  the  coil-side  are  now  53,  i,  52,  54,  2,  and  they  cover  about  ^  of 
the  pole-pitch. 

The  method  actually  adopted  is  not  exactly  that  explained  above,  for, 
after  winding  half  the  phase,  the  direction  of  the  winding  is  reversed.  This 
is  merely  to  get  symmetrical  end-connections,  and  makes  no  difference  in 
the  principle  of  the  winding.  Another  method  by  which  the  want  of  sym- 
metry in  Fig.  386  can  be  avoided  consists  in  making  the  wires  per  phase  a 
multiple  of  the  number  of  poles,  and  neglecting  entirely  the  condition 
2py  =  Z±2.  In  Fig.  387, for  example,  there  are  4  wires, or  2  slots,  per  pole 
per  phase.  For  the  four  poles  this  gives  a  total  of  24  slots  with  48  wires. 
This  slot-step  is  exactly  equal  to  the  pole-pitch,  viz.  6  slots.  If  we  start  from 
the  neutral  point  0  and  foUow  round  phase  I,  we  pass  from  0  to  i,  down  i, 
across  the  back  to  7,  up  7,  across  the  front  to  13,  and  so  on.  The  regular 
step  would  take  us  from  the  bottom  of  slot  19  to  the  top  of  slot  i,  which  is 
already  filled.  We  therefore  make  the  connection  a  little  longer  so  as  to 
pass  to  the  top  of  the  next  slot  2.  This  longer  connection  is  drawn  slightly 
heavier.  The  winding  then  proceeds  in  the  regular  manner  through  2  (top), 
8  (bottom),  etc.,  until  we  come  to  the  bottom  of  20,  from  whence  we  pass 
by  a  specicd  connection  to  the  bottom  of  2,  and  reverse  the  direction  round 
the  winding.  After  passing  through  2,  20,  14,  8  a  special  long  connection, 
shown  by  the  heavy  line,  connects  across  to  the  bottom  of  i,  whence  by 
19,  13,  7  we  come  to  the  end  of  the  winding.  This  winding  allows  the  end- 
connections  to  be  arranged  very  conveniently;  all  those  at  the  further  end 
of  the  armature  are  exactly  alike,  and  span  the  pole-pitch.  This  is  also  true 
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of  the  front  end,  except,  in  the  present  case,  for  two  slightly  longer  con- 
nections, which  are  adjacent  to  the  beginning  and  the  end  of  the  winding. 
In  general,  if  there  are  <^  wires  per  coil-side,  the  winding  will  go  round  the 

stator  or  rotor  —  times  in  each  direction,  and  the  number  of  long  end-con- 
nections will  be  q'  —  2. 

The  other  phases  are  wound  in  exactly  the  same  way.  The  beginning  of 
phase  II  should  be  separated  from  that  of  phase  7  by  f  of  the  pole-pitch. 


Fig-  387 

but  we  can  naturally  start  from  the  diametrically  opposite  but  corre- 
sponding wire  17  instead  of  from  5.  This  is  only  true,  of  course,  because 
this  happens  to  be  a  four-pole  winding. 

118.    The  Magnetic  Flux  of  an  Induction  Motor. 

In  the  present  section  we  shall  seek  to  prove  that  the  magnetic  field  of 
an  induction  motor  has  an  approximately  sinusoidal  distribution.  Moreover, 
we  must  calculate  the  magnetic  flux  produced  by  the  stator  and  rotor  cur- 
rents with  the  different  types  of  windings.  Fig.  388  represents  diagram- 
matically  a  coil-winding  with  a  large  number  of  slots  per  coil-side.  For  the 
sake  of  clearness,  the  stator  periphery  is  shown  straight,  and  the  coil-sides 
are  slightly  separated  from  each  other.  The  current  in  one  phase  is  just  at 
its  maximum  value,  while  in  the  other  two  it  has  half  that  value,  as  indicated 
by  the  crosses  and  dots. 
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We  see  now  that  D  is  the  centre  of  a  north  pole,  while  at  the  points  A 
and  G  the  north  pole  ceases  and  south  poles  commence.  The  strength  of 
the  field  falls  off  on  both  sides  of  D,  and  corresponds  at  every  point  to  the 
number  of  ampere-turns  which  are  effective  at  that  point.  This  is  repre- 
sented by  the  length  of  the  arrows  in  the  figure. 

In  order  to  calculate  the  excitation  at  various  points  on  the  periphery 
we  must  observe  that  any  Une  of  force  is  produced  by  the  ampere-wires 
which  it  encircles.  If  there  are  q'  wires  in  each  coil-side,  i.e.  q'  wires  per  pole 
per  phase,  then 

at  A  the  excitation  is  o, 

A 

D 
,,     -^  If  J 


D 


q  .1  ampere- wires, 
i^^q'.Ui^ 


(p)6<)gj)g)® 


=  2q  .1. 
B  n  F        G 

^  (x^(gxs5(a  nn(yx^  _GPX^)00 


pX^XDQp 


F  ^  (f 


Fig.  388 


If  we  plot  the  excitation  at  every  point  as  ordinates  on  a  base  repre- 
senting the  pole-pitch  tt,  we  obtain  the  lower  part  of  Fig.  388.  Between 
A  and  B,  and  between  B  and  D,  the  increase  is  uniform  and  is  represented 
by  straight  lines.  The  mean  excitation  is  obtained  by  finding  the  area  of 
the  shaded  figure  and  dividing  it  by  the  base  tt.  In  this  way  we  get 


Xn 


I    /tt     ,    ■^ 


0- 


-F3.-.$'.j  )=  -Lxee.q'  .i. 


Since  the  strength  of  the  field  at  the  various  points  of  the  periphery  is 
proportional  to  the  excitation  at  those  points,  it  follows  that  the  field  curve 
has  the  same  shape  as  the  excitation  curve,  and  is  roughly  a  sine  curve. 

We  turn  now  to  the  other  extreme  case,  in  which  one  phase  is  without 
current,  while  the  current  in  the  other  two  phases  is  equal  to 

A  A 

j.sin  60°  =  0-866. i  (Fig.  389). 

A  A 

The  wires  between  D  and  H  form  a  coil-side  of  2. g'. 0-866. i  =  1-73. ^'.i 
ampere-wires.  This  is  the  effective  excitation  between  points  B  and  D,  and 
is  represented  by  the  equal  arrows  between  these  points.  Outside  these 
points  the  excitation  falls  off  uniformly,  as  shown  by  the  arrows  and  by  the 
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shaded  figure.   By  calculating  the  area  of  this  figure  and  dividing  by  the 
base,  we  get 

i73-?'-»=i-i55-9' 


■'i^inean  —       •  2  .  —  . 


This  differs  but  little  from  the  value  found  above  for  the  other  extreme 
moment ;  hence,  the  mean  excitation  and  the  mean  flux  density  in  the  air- 

A       £      C      D      :E      F      Cf      H 
®®^(^  QOQOP  QOCpGQ  0G(pQQ,  O9OQOO 


Fig.  389 
gap  are  approximately  constant.  Taking  the  mean  of  the  two  limiting  values 
^^'^^'^^  ^  I-I66  +  I-I55     ,   ^         ^     ,  '> 

^mean= ^ ■i^  .q'  .1  =  I'T^  .q'  .1    (168). 

The  flux  produced  is  proportional  to  the  excitation.  The  rotating  field 
has  therefore  an  approximately  constant  number  of  lines  of  force,  but  c 

A  B         C  D 

_I8>  (g  ^  JO  g&  D  O  Q  (0  CO  Q  CO  W^ 


Cx)  CO  ®  (x)  gx)  (g)  (5)  (g)  00  W  ®  Op  C^TOO  fe)  te)  "^5"^ 


Fig.  390 

maximum  flux  density  which  varies,  according  to  Figs.  388  and  389,  in  th( 
ratio  of  2  to  1-73.  The  two-phase  motor  is  inferior  to  the  three-phase  ii 
this  respect,  since  the  fluctuations  in  its  maximum  flux  density  are  mucl 
greater,  as  can  be  seen  on  reference  to  Section  iii. 

The  mean  value  of  the  excitation  can  be  determined  in  a  similar  mannei 
for  a  wave-winding  of  the  type  shown  in  Fig.  386  (Fig.  387  is  analogous  t( 
the  coil- winding  jiist  considered) .  In  Fig.  390  the  current  in  one  phase  has  its 
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maximum  value,  while  in  the  other  phases  it  is  equal  to  ^.i.  The  con- 
ductors between  A  and  B  neutralise  each  other.  The  field  strength  between 
these  points  is  therefore  constant  and  corresponds  to  the  ampere-wires 
between  B  and  D.  The  number  of  these  ampere-wires  is 

A 


q  .t  +  2. 


2     2 


1-5?   •»■ 


If  we  make  the  same  assumption  as  before  as  to  the  large  number  of  slots 
per  coil-side,  the  flux  density  will  decrease  uniformly  from  B  to  a  point 
between  B  and  D,  where  the  north  pole  ends  and  the  south  pole  begins. 
If  the  excitation  is  plotted  on  a  base  representing  the  pole-pitch,  the 
shaded  figure  in  Fig.  390  is  obtained. 

The  same  is  repeated  for  the  other  extreme  case,  when  the  current  in 
one  phase  is  passing  through  zero  (Fig.  391).  The  wiresbelween  A  and  D 
may  now  be  looked  upon  as  belonging  to  one  large  coil-side,  in  the  middle  of 
which  the  field  strength  is  zero.  From  this  point  the  field  increases  uniformly 


®  O  (i)  O  O  O   O  Q)  g>  6  Q   Qi  ®   ®   ®  ® 

\ 


Fig-  391 
on  either  side,  until  point  ^  is  reached,  at  which  the  excitation  will  be 


2  .  -  .  i .  sin  60°  =  0'866  .q'  .i 


From  B  to  A  the  field  still  increases  uni- 
The  excitation  at  A  is  due  to  all  the  ampere- 

A  A 

2g''.4.sin  60°  =  i-y^.q' .i. 


formly,  but  at  a  smaller  rate, 
wires  between  A  and  D,  viz. 

On  comparing  Figs.  390  and  391  with  Figs.  388  and  389,  we  find  that  the 
shaded  curves  have  exactly  the  same  shape,  but  that  they  have  been  ex- 
changed, the  flat-topped  curve  being  now  obtained  for  the  conditions  of 
phase  which  previously  gave  the  pointed  curve.  The  ordinates  of  the 
present  curves  are  only  0-866  of  the  previous  ordinates,  so  that  equation 
(168)  becomes  a  a 

■X^mean  =  0-866. 1-l6.g''.J  =  i-oo^. q',i     (169). 

We  shall  now  consider  the  excitation  produced  by  the  currents  in  a 
squirrel  cage  rotor.  The  upper  curve  in  Fig.  392  represents  the  field  which 
cuts  the  rotor  bars.  It  varies  from  point  to  point  around  the  rotor  according 
to  the  sine  law.  The  e.m.f.  induced  in  the  various  rotor  bars,  and  the  rotor 
current  j^,  will  also  be  a  sine  function  of  the  position  on  the  periphery.   This 
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is  indicated  in  the  figure  by  the  crosses  and  dots  being  correspondinglj 
thickened.  The  magnetising  effect  of  these  rotor  currents  will  be  zero  ai 
B,  and  will  increase  on  either  side  up  to  the  points  A  and  C,  where  it  will  b« 
a  maximum. 

It  hardly  requires  to  be  proved  that  the  curve  of  the  field  produced  b} 
the  rotor  currents  is  also  a  sine  curve,  displaced  90°  'from  the  field  cutting 
the  rotor  bars*.   If  the  total  number  of  conductors  on  the  rotor  be  Z^,  th« 

Z 
conductors  per  pole  will  be  -^ ,  and  the  mean  current  taken  around  the  rotoi 

is  - .  t.    The  excitation  at  C  is  therefore  . 

77 

X       -^  i  ^ 


®®®®®®<8i®<»®®®8i®®®<8®®®®OOOO©0©0 


Fig.  392 
Since  we  have  just  seen  that  the  field  has  a  sine  curve  distribution 


X„ 


1  =  —  ■  Xti 


In  order  to  compare  the  squirrel  cage  with  the  other  tjrp^ 


of  winding,  we  may  imagine  it  to  be  divided  into  three  parts  or  phases,  anc 
put  Z.,  =  z-2p.q'. 

We  have  then 

2   2    J  3 .  2^ .  g'  _  12     ,  f_j.22-,   ^  ,j^o^ 


*  The  average  current  in  the  band  of  conductors  BE  is 

I    {"^i  A              ,     '^  sin7 
—  I        %  .  cos  a .  ao =J . . 

and  the  number  of  conductors  in  this  band  is  -^  •  —  ■   The  ampere-wires  producing  th 

field  at  D  and  E  are  therefore  -— ^  j.sin7.     Hence  the  field  is  proportional  to  sin  -> 
■where  7  is  measured  from  B. 
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In  general,  whatever  the  type  of  winding,  we  may  write 

^mean  =  C.q'A    (171), 

in  which  the  coefficient  c  has  the  following  values : 

^277 

3  ' 

3  ' 
1-22      „  squirrel  cage  rotors. 

If  the  area  of  the  pole-face  be  Ag,  the  flux  per  pole  can  be  found  from  the 
formula 


c  =  I  "005  for  a  coil-width  of  - 


o  =  s„ 


0-477.  Xmean-^g       0-47T  .  C  .  q'  .i  .  Ag 


L 


In 


.(172). 


We  have  here  neglected  the  reluctance  of  the  iron  and  considered  merely 
that  of  the  double  air-gap  of  length  Ig. 


119.    The  Effect  of  the  Iron  in  the  Magnetic  Path. 

We  shall  now  make  use  of  the  formulae  which  we  have  just  established, 
to  calculate  the  magnetising  current  of  an  actual  150  h.p.  three-phase  motor 
made  by  the  Oerlikon  Company  of  Ztirich.  The  following  particulars  of  this 
motor,  together  with  Fig.  393,  are  taken  from  Arnold's  Konstruktions- 
tafeln. 

Terminal  pressure F  =  3300  volts. 

Primary  frequency ...         ■••A  =  50. 

Number  of  pairs  of  poles    ...         p  =  6. 

Axial  length  L  =  32-5  cm. 

Diameter  of  rotor £)  =  90  cm. 

The  double  air-gap Z,  =  0-15  cm. 

Total  number  of  stator  conductors  ...Z^  =  2016. 

Combined  length  of  a  stator  and  rotor  tooth      =  6  cm. 
Ratio  of  tooth  pitch  to  tooth  width         ...      =2-5. 


From  these  data  we  get  the  following: 


3300 


Pressure  per  phase Fj  =  ^^  =  1910  volts. 

•V3 

7 

Conductors  per  phase    2^'=— 1=672. 

7 

Conductors  per  pole  per  phase. . .    q'  =  — 5-  =  56. 

Polar  area   ^„  =  !?^jj^  =  ^6^ 

Let  Oo  be  the  total  flux  per  pole  produced  by  the  stator  at  no-load, 
Since  the  pressure  per  phase  F^  is  almost  exactly  equal  and  opposite  to  the 
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induced  electromotive  force  E^,  we  can  apply  formula  (145)  found  on  p.  297 
for  coil-windings,  viz. 

Fi  =  £1  =  2- 120)0 -A -^i'- 10-8. 


Hence 


0)0  = 


Fi . 108 


1910 .  10" 


2-69 .  10®. 


2-12  .  f-^.Z-l       2'12.50.672 

If  we  assume  that  2  per  cent,  of  this  flux  is  lost  in  leakage  and  that  98 
per  cent,  of  it  passes  through  the  rotor,  the  flux  O  in  the  latter  will  be 

O  =  o-980o  =  2-64.  io«. 


Statoi^ 


onn 


oiiinju 


Rotor 


-t- 


-4- 


-+- 


10     JZ    It    16    18    20    crw 
Fig:  393 

From  equation  (172)  on  page  382,  we  have 
in   which   c  =  i'i6   for   coil-windings.     Introducing   the   effective   value 


^= -7=.  we  get 
V2 


h- 


<b.la 


=  4'5-  amperes. 


^2,.o-i,TT  .c  .q'  .Ag 

This  would  be  the  magnetising  current  if  the  iron  had  no  reluctance. 
The  actual  current  taken  by  this  motor  on  open  circuit  was  6  amperes, 
which  is  33  per  cent,  more  than  the  above  value. 

The  main  part  of  the  reluctance  of  the  iron  lies  in  the  teeth,  on  account 
of  the  flux  density  in  them  being  very  high,  and  the  idea  will  suggest  itself 
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at  once  of  adding  something  to  the  length  of  the  air-gap  to  allow  for  this. 
Since  the  ratio  of  the  tooth  pitch  to  the  thickness  of  the  tooth  is  2'5,  and 
about  15  per  cent,  of  the  cross-section  of  the  iron  is  lost  in  insulation,  the 
flux  density  in  the  teeth  will  be  2-5/o-85  =  2-95  times  that  in  the  air-gap. 
The  length  of  air-gap  equivalent  to  the  teeth  will  be  found  by  multipls^ing 
the  length  of  the  teeth  by  2-95  and  dividing  by  the  permeabihty  /z.  The 
mean' flux  density  in  the  air-gap  is 

„  O      2-64.10* 

The  mean  flux  density  in  the  teeth  is  2*95  times  as  high,  and  is  therefore 
3450.2-95  =  10,200.    The  magnetisation  curve  for  the  iron  is  given  in 
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Fig.  394,  and  from  this  we  find  that  a  value  of  B  equal  to  10,200  requires 
2-6  ampere-turns  per  cm,  i.e. 

y=2'6,     and  H  =  0'47r.  y  =  3-25. 


Hence 


M=rr 


B      10,200 


H       3-25 


3140. 


The  combined  length  of  a  stator  and  rotor  tooth  is  6  cm,  so  that  the 
path  of  a  line  of  force  has  a  length  of  12  cm  in  the  teeth.  This  means  an 

12    2'Q'i 

equivalent  addition  to  the  air-gap  of  — '■ — ^  =  o'oii  cm.    This  will  increase 

the  value  of  Ig  from  0*15  to  o-i6,  and  the  value  of  I^  will  increase  in  the 
same  proportion,  viz.  from  4-5  to  4-8  amperes.  This  is  still  very  much  smaller 
than  the  actual  value,  and  proves  that  the  above  method  of  allowing  for  the 
reluctance  of  the  iron  is  incorrect.  The  reason  for  this  difference  between 
the  calculated  and  actual  current  is  to  be  found,  mainly,  in  the  fact  that 
the  iron  has  a  particularly  high  permeability  at  the  mean  value  of  the  flux 
density,  viz.  10,200  lines  per  cm.  We  have  assumed  that  the  permeability 
was  equally  good  at  every  point,  which  is  far  from  being  the  case.  A  more 
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reasonable  method  would  be  to  take  the  mean  permeabiUty  at  the  various 
flux  densities,  instead  of  the  permeabihty  at  the  mean  flux  density.  Even; 
then  the  result  is  little  better. 

The  only  rehable  method  of  accurately  determining  the  magnetising 
current  is  to  draw  a  curve  giving  the  relation  between  the  flux  density  at 
any  point  of  the  air-gap  and  the  ampere-turns  necessary  to  produce  this 
flux  density.  Then,  knowing  the  excitation  acting  at  each  point  of  the 
periphery  we  can  find  from  this  curve  the  corresponding  flux  density.  To 
plot  the  curve  we  choose  several  values  of  S,  and  calculate  the  ampere-turns 
necessary  for  the  gap  alone  from  the  formula 

Xg       =      0-8.   Bg.lg, 

or  since  in  our  case  Ig  =  0-15  cm, 

Xg       =      0-8.  Bg.   0-15       =      0-12Bg. 

We  then  calculate  the  corresponding  flux  density  in  the  teeth  by  multi- 
plying the  density  in' the  gap  by  the  ratio  of  the  cross-sections.  In  our  case, 

then,  we  have  „ 

Bt  =  2-955,. 

The  ampere-turns  per  cm  of  path  for  the  flux  density  Bf  in  the  teeth  is 
found  from  the  magnetisation  curve  for  the  stampings  (Fig.  394).  We  have 
then  „ 


X, 


=  (f), 


h 


For  If  we  must  put  the  total  length  of  path  in  the  teeth,  that  is,  two 
stator  teeth  and  two  rotor  teeth,  so  that 


-.=(f) 


. 2 .6  =  12 


■X 


Adding  Xg  and  X^,  we  have  the  total  excitation  X  necessary  to  produce 
the  assumed  flux  density.  This  calculation  has  been  carried  out  for  values 
of  Bg  from  2000  to  5200,  and  the  results  are  given  in  the  following  table: 


B, 

Xg=^0-12Bg 

Bt=2-95Bg 

in 

^'-Hf\ 

Xg+^t 

2000 

240 

5.900 

i-i 

13 

253 

3000 

360 

8,850 

1-9 

23 

383 

4000 

480 

11,800 

3-6 

43 

523 

4500 

540 

13.300 

5-4 

65 

605 

5000 

600 

14,800 

107 

128 

728 

5200 

624 

15.300 

i8-5 

222 

850 

In  Fig.  395  we  have  plotted  the  values  of  Xg  +  Xf  as  abscissae,  and  the 
corresponding  values  of  Bg  as  ordinates. 

We  must  now  assume  a  value  of  the  no-load  current  and  find  the  flux 
produced  by  it.  If  the  result  comes  out  far  from  the  actual  flux,  we  shall 
have  to  repeat  the  calculation  with  another  value  of  the  current.  Seeing  that 
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our  approximate  calculation  gave  4-8  amperes,  we  shall  estimate  the  current 

at  5-5  amperes,  so  that     _ 

^  Jo  =  5-5  amperes, 


and 


j'o  =  V 2 .  Iq  =  778  amperes. 


Half  the  pole-pitch  is  taken  as  a  base  line,  and  the  excitation  is  plotted 

at  every  point,  giving  the  curve  X  in  Fig.  396,  similar  to  the  curve  obtained 

in  Fig.  388  for  the  same  conditions.   As  before,  it  can  be  shown  that  the 

maximum  excitation  is         ^ 

2q'iQ  =  2.56. 778  =  870. 

For  an  abscissa  of  77/6  the  excitation  has  half  this  value.   The  scale  of 
ampere-turns  is  plotted  on  the  left-hand  vertical  axis.    Points  have  been 
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Fig-  397 


marked  on  this  axis  corresponding  to  the  values  of  Xg  +  Xf  in  the  above 
table,  viz.         x  =  Xg  +  X,==  253,  383,  523.  605,  728,  850, 

and  horizontal  lines  have  been  drawn  through  these  points  to  meet  the 
curve  X.  Ordinates  have  been  drawn  through  the  points  of  intersection, 
and  made  equal  to  the  corresponding  values  of  B^  in  the  table,  viz. 

Bg  =  2000,  3000,  4000,  4500,  5000,  6200. 

The  scale  for  Bg  has  been  arbitrarily  chosen  and  is  plotted  on  the  right 
of  the  figure.  The  curve  Bg  is  drawn  through  the  points  found  in  this  way, 
and  represents  the  field  distribution  for  a  current  of  5-5  amperes.  The 
average  flux  density  is  determined  by  measuring  the  area  enclosed  between 
this  curve  and  the  base,  and  dividing  it  by  the  base. 

The  result  obtained  with  the  aid  of  a  planimeter  was 

■Ojmean  ~  3o35' 
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The  same  construction  has  been  carried  out  in  Fig.  397  for  the  other 
extreme  condition,  corresponding  to  Fig.  389.  As  found  in  connection  with 
the  latter  figure,  the  maximum  excitation  is  here 

1739%  =  173 -56. 778  =  750. 
The  result  obtained  from  Fig.  397  was 

Bg  mean  =  3583- 

The  mean  of  these  two  values  of  the  flux  density  in  the  gap  is 

r>  __  3635  +  3583  _  _6_Q 

The  total  flux  entering  the  rotor  per  pole  is  therefore 

^  =  -Bgmean-^!,  =  3609.763  =  275 .  lO^. 

This  value  is  so  near  the  required  flux  of  2-64.10^  lines  that  we  riiay 
safely  assume  proportionaUty  between  current  and  flux.   The  magnetising 
current  required  for  a  flux  of  2-64  million  lines  will  therefore  be 
^       ^'S  .  2-64  .  10* 
^^  =     275  .  io«     =  ^'3  amperes. 

Now,  we  have  neglected  throughout  the  reluctance  of  the  stator  and 
rotor  cores.  In  addition  to  this,  we  have  taken  the  flux  density  in  the  air- 
gap  as  uniform,  whereas  the  slots  will  cause  it  to  vary,  thus  increasing  the 
maximum  density  and  the  necessary  excitation.  Finally,  we  must  remember 
that  the  observed  no-load  current  of  6  amperes  contains  an  energy  compo- 
nent to  cover  the  friction  and  iron  losses.  We  cannot  be  surprised,  therefore, 
that  the  calculated  current  of  5-3  amperes  is  about  10  per  cent,  smaller  than 
the  measured  current  Of  6  amperes.  Our  last  result  is  certainly  more  reliable 
than  that  obtained  by  taking  the  permeabihty  for  an  average  value  of  the 
flux  density. 

120.    The  Torque  of  an  Induction  Motor. 

To  calculate  the  torque  we  shall  assume  that  the  rotating  field  is  exactly 
sinusoidal,  with  the  same  flux  per  pole  as  the  actual  field.  We  shall  confine 
our  attention  in  the  first  place  to  a  coil-side  of  the  rotor-winding,  with  a 
breadth  2y  and  with  its  centre  displaced  by  an  amount  a^  from  the  point 
where  the  field  is  zero,  both  y  and  a  being  expressed  in  terms  of  the  pole-pitch 
(Fig.  398).  The  field  being  sinusoidal  the  e.m.f.  induced  in  such  a  coil-side, 
and  therefore  the  current  in  it,  is  proportional  to  the  sine  of  the  angle  a^TT. 
The  instantaneous  value  of  the  rotor  current  is  therefore 

A 

«2  =  «2  •  sin  OL-jTT. 

This  current  is  the  same  for  every  wire  in  the  coil-side,  but  the  field  in 

which  each  wire  is  situated  is  different.   To  find  the  value  of  the  torque  at 

this  moment,  we  must  determine  the  average  strength  of  the  field  over  the 

arc  2y.  The  flux  density  at  any  point  is  equal  to  B .  sin  an,  where  wrr  is  the 

angle  between  this  point  and  the  point  of  zero  field  strength.  The  average 

over  the  arc  2y  is  found  as  follows : 

„       I    /'(»i+v)  „      .  ,        „    sinyTT     . 

B  =  —  /  B  .  sm  avr  .  aa  =  B  .  — '— .  sm  a,7r. 

25—2 
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To  calculate  the  torque  we  shall  require  the  product  of  the  mean  field 
strength  and  the  momentary  value  of  the  current.   We  have 

.     „     _,   A    sinyTT     .  2 
yn 

In  this  equation  jg  is  the  momentary  value  of  the  current,  and  B  the 
mean  value  of  the  field  strength  over  the  coil-side  at  that  moment. 

NoW)  the  coil-side  moves  steadily  through  the  field,  i.e.  the  angle  a^TT 
varies  from  o°  to  360°,  and,  since  the  value  of  the  product  j'a .  B  is  proportional 
to  the  square  of  the  angle  a^Tr,  its  mean  value  can  be  found  in  exactly  the 
same  way  as  the  mean  power  was  determined  in  Section  73.  Analogous  to 
equation  (115)  on  page  237,  we  have 

A 

,p    . ,         _  B  .^2   smyTT 
(^  -hJmeiin  -  —^  ■  -:^  ■ 

The  force  on  the  coil-side  in  dynes  is  found  by  multiplying  together 
the  strength  of  the  field,  the  absolute  current  in  the  wire,  and  the  total  length 


Fig.  398 

of  effective  wire  in  the  coil-side.  Since,  however,  the  same  mean  force  is 
given  by  every  coil-side  during  a  period,  the  total  tangential  force  on  the 
rotor  is  equal  to  /,  where 

A 

J.     B .  «2   sin  vTT    „     ,  ,  ,       , 

/= -.  — ^— . Z, ./:  dynes    (173). 

This  force  acts  at  an  arm  equal  to  the  rotor  radius  r.  Since  the  cylindrical 
surface  of  the  rotor  is  equal  to  the  product  of  the  polar  surface  Ag  and  the 
number  of  poles  2p,  we  have 

2'!Tr.L  =  2p.Ag, 
or  r  =  i- — 5^  . 

TT  .L 

To  convert  the  torque  or  turning  moment  from  dyne-cm  into  kg-metres, 
we  must  divide  by  981,000. 100.  Thus  we  get 


^  _      f.r      _2p.B.Ag.Z^.i^   sinyTT 
'     9-81 .10'      77  .  40  . 9-81 .  10'  ■     yn 


•(174)- 
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Since  -.B  =  5mean, 

IT 

Substituting,  further,  the  effective  current  I^  for  Jj/Vz,  we  get 

M,  =  3-6.:^.O.Z,./,.io-".M (175). 

The  breadth  y  becomes  o  for  a  squirrel  cage,  is  equal  to  \  for  a  coil- 
winding,  and  I  for  a  winding  like  that  on  the  left  of  Fig.  366. 

The  ratio  ^   entered  into  the  coefficient  k  in  the  equations  (143) 

to  (146)  for  the  electromotive  force.  We  come,  therefore,  to  the  con- 
clusion that,  with  various  rotor-windings,  the  torque  is  proportional  to  the 
coefficient  k  for  the  e.m.f.  induced  in  the  rotor. 

The  same  result  together  with  the  formula  for  the  torque,  can  be  ob- 
tained directly  by  imagining  that  the  rotor  is  fixed,  and  that  the  whole 
power  supplied  to  it  is  dissipated  in  heating  the  rotor  or  a  resistance  con- 
nected in  series  with  it.  Let  O  be  the  actual  field  cutting  the  rotor  bars,  as 
the  resultant  of  the  stator  and  rotor  currents.  This  field  cuts  the  stationary 
winding  with  the  primary  frequency/,  =  p.n^,  where  n-y  is  the  revolutions 
made  by  the  field  per  second.  The  current  in  the  rotor  will  be  in  phase  with 
the  E.M.F.  induced  by  this  field.  If  this  e.m.f.  in  each  phase  be  E^,  and  the 
total  number  of  rotor  conductors  Zj,  then  the  total  power  supplied  to  the 
rotor  will  be 

P^  =  ZE^.I^  =  3-k.^.h.z^'. 10-^1^  =  k.(^.fy.Z^.T.o-\I^...{x']6). 
The  power  is  supplied  to  the  rotor  by  a  field  which  rotates  with  an 
angular  velocity  y 

OJ  =  2TT  .  n,  =  2TT  .  -^* . 

P 
Now  the  power  in  met.-kg  per  second  is  equal  to  the  product  of  the  torque 
and  the  angular  velocity.  Remembering  that  equation  (176)  gives  the  value 
of  Pg  in  watts,  and  that  a  met.-kg  per  second  is  equal  to  9-81  watts,  we  have 

P2  =  M^.oj.g-Si. 
Substituting  for  P^  and  oj,  we  get 

k.p.^.Z,.I,.xo-^  

*  277.9-81  ^  '" 

We  have  assumed  here  that  the  rotor  is  fixed,  but  this  is  quite  immaterial 
so  long  as  the  values  of  <I>  and  1 2  remain  the  same.  If  we  substitute  for  k 
the  values  found  for  it  on  page  297,  we  get  the  same  values  for  the  torque 
as  those  found  above.  This  is  therefore  a  check  on  the  above  result. 

It  is  interesting  to  compare  the  torque  of  a  three-phase  induction  motor 
with  that  of  a  d.c.  motor.  For  the  latter  we  found,  in  equation  (98)  on  page 
200,  that  -h  (b   7    T     lo-s  / 

'  a.  277. 9-81  J    J   /-  2a 

*  In  this  case  we  must  use  the  mechanical  angular  velocity,  and  not  the  phase  or 
vectorial  angular  velocity  27r/i  =  27r  .  ^  .  wi . 
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-^  is  the  current  in  each  armature  conductor.    From  equation  (i75)  ^'^^ 

a  squirrel  cage  rotor  we  get  a  coefficient  of  3-6  instead  of  3-25  because,  the 

coil-side  having  no  width, —  =  i,  but  the  equation  is  otherwise  the  same. 

yn 

Hence,  other  things  being  equal,  the  squirrel  cage  three-phase  motor  gives 

a  10  per  cent,  greater  torque  than  the  direct  current  motor. 

121.    Calculation  of  Slip. 

We  saw  in  Section  116  that  the  completely  unloaded  rotor  runs  syn- 
chronously with  the  field,  i.e.  at  the  speed 

We  saw,  moreover,  that,  as  the  motor  is  loaded,  the  speed  decreases  to 
a  value  n  such  that  the  rate  at  which  the  lines  of  force  are  cut  is  sufficient 
to  induce  the  necessary  e.m.f.  E^  in  the  rotor.  In  this  way  a  current  is 
produced  in  the  rotor,  and  this  current  produces  the  necessary  torque,  in 
accordance  with  the  equations  established  in  the  previous  section. 

The  slip,  or  the  frequency/,  with  which  the  field  cuts  the  rotor- winding, 

corresponds  to  the  difference  between  the  speed  of  the  rotating  field  and 

that  of  the  rotor,  and  -•      /  %  ^ 

/=  {ni-n)p. 

The  small  e.m.f.  which  is  thus  induced  in  the  rotor  winding  is  given  by 

the  equation  E,  =  k.<^fz,' .lo'^ 

By  O  we  understand  the  field  which  actually  cuts  the  rotor  conductors, 
so  that  there  is  no  difference  of  phase  between  E^  and  the  rotor  current  /g. 
If  the  resistance  of  each  phase  of  the  rotor-winding  be  R^,  we  have 

The  power  wasted  in  heating  the  three-phase  windings  of  the  rotor  is 
therefore  3.7/.i?,  =  3. £,.7,  =  k.^fZ^.xo-\I^ (178). 

Zj  has  been  substituted  for  3^2'-  By  dividing  this  equation  by  equation 
(176)  we  get  3j,.^       J 

~^r^A ^'^^^- 

Hence,  the  slip,  expressed  as  a  percentage  of  the  synchronous  speed,  is 
equal  to  the  percentage  of  the  power  supplied  to  the  rotor  which  is  lost  in 
heating  the  rotor-winding.  This  explains  why  motors  are  always  made  with 
a  small  slip.  It  is  evident  that  the  slip  can  be  made  to  have  almost  any 
value  by  suitably  altering  the  rotor  resistance. 

It  is  interesting  to  compare  the  behaviour  of  a  three-phase  motor  with 
that  of  a  direct-current  shunt  motor.   For  the  latter  we  have  the  equation 

In  this  equation  V.I„  is  the  power  supplied  to  the  armature,  while 
£■ .  /„  is  the  power  transformed  into  mechanical  output.  These  two  powers 
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are  in  the  ratio  of  V  to  E,  that  is,  the  ratio  of  the  speed  n^  at  perfect  no-load 
to  the  speed  n  when  loaded.  Hence 


v.i,-- 

no' 

no- 

n 

V.Ia~E 

■la 

h'.Ra 

«o 

V.I, 

-  V.I, 

and 

The  percentage  drop  of  speed  from  no-load  to  full  load  is  therefore  equal 
to  the  percentage  loss  of  power  in  the  armature  winding. 

Let  us  now  consider  the  case  in  which  the  slip  is  loo  per  cent.  This 
occurs  at  the  moment  of  starting,  before  the  motor  begins  to  rotate.  The 
rotating  field  cuts  the  rotor-winding  at  the  high  primary  frequency  f^  and 
induces  a  very  large  e.m.f.  in  it.  The  current  in  both  rotor  and  stator  might 
then  be  so  great  as  to  damage  the  motor  and  cause  a  complete  breakdown. 
It  is  for  this  reason  that  squirrel  cage  rotors  are  generally  confined  to  small 
motors.  They  can  be  used,  however,  for  large  motors,  if  they  are  brought 
up  to  the  normal  speed  before  switching  the  stator  on  the  supply  mains,  or 
if  they  are  started  up  together  with  the  generator.  Large  squirrel  cage 
motors  are  largely  used  in  the  United  States;  they  are  generally  started 
at  a  reduced  terminal  pressure,  a  special  transformer  being  supplied  for  the 
purpose. 

The  majority  of  motors  above  about  5  h.p.,  and  many  smaller  ones, 
have  rotor-windings  into  which  resistances  are  introduced  at  starting. 
These  windings  can  be  connected  either  in  star  or  mesh.  Although  a  mesh:- 
connected  rotor-winding  is  closed  on  itself,  it  is  electrically  open  until  the 
three  corners  of  the  mesh  are  connected  together,  either  through  the  external 
starting  resistance  or  by  short-circuiting  the  slip-rings.  The  starting  resist- 
ances are  most  conveniently  arranged  in  star  connection. 

Liquid  resistances  are  often  used  for  starting  induction  motors.  The 
resistance  is  gradually  reduced  by  dipping  the  electrodes  further  into  the 
liquid.  The  starting  resistance  does  not  merely  reduce  the  current  taken  by 
the  motor,  but  materially  increases  the  starting  torque  (compare  Section 
ia6). 

It  is  evident  from  equation  (179)  that  the  slip  is  increased  and  the  speed 
consequently  decreased  by  putting  resistance  in  the  rotor  circuit.  This  is 
analogous  to  putting  resistance  in  the  armature  circuit  of  a  shunt  motor, 
and  leads  to  the  same  large  waste  of  power.  The  speed  varies,  moreover, 
with  every  change  of  load. 

It  has  been  tried  to  vary  the  speed  by  altering  the  number  of  poles  of 
the  stator,  but  the  necessary  connections  are  very  complicated.  If  two 
motors  are  coupled,  as  is  generally  the  case  in  traction,  they  can  be  made  to 
run  at  half  speed  by  suppling  the  primary  of  one  from  the  secondary  of 
the  other.  This  so-called  cascade  arrangement  has  been  adopted  on  an 
Italian  railway.  It  cannot  be  denied,  however,  that  the  constant  speed  of 
the  induction  motor  and  the  lack  of  an  efficient  speed  regulation  make  it 
very  unsuitable  for  a  great  many  applications. 

The  consideration  of  a  motor  with  its  rotor  fixed  and  considerable  resist- 
ance in  series  with  the  rotor-winding  is  of  special  interest.  The  whole  power 
supplied  to  the  motor  is  dissipated  as  heat  in  the  rotor  and  starting  resist- 
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ance,  and  the  motor  is  nothing  more  than  a  transformer.  If  the  current  is 
the  same,  the  total  power  suppUed  to  the  rotor  is  the  same  as  when  the 
motor  was  running.  The  heat  produced  in  the  starting  resistance  is  equal 
to  the  mechanical  output  of  the  motor  when  working  normally  at  the  same 
current.  The  study  of  the  induction  motor  is  much  simplified  by  looking 
upon  it  as  a  transformer,  to  which  the  laws  and  equations  which  we  have 
established  for  transformers  can  be  applied.  The  fact  that  the  field  is  here 
a  constant  rotating  one,  and  not  a  simple  alternating  one,  introduces  no 
material  difficulty. 

122.    Calculation  of  the  Electromotive  Force, 

In  the  foregoing  sections  we  have  assumed  that  the  rotating  field  had  a 
sine-wave  distribution.  The  formula  for  the  electromotive  force,  on  this 
assumption,  is  E  =  k.^.f.z'.  iq-s. 

From  p.  297  we  find  that 

k  =  2-12  for  ordinary  three-phase  coil  windings, 

1-84  for  a  winding  with  a  coil-side  equal  to  f  of  the  pole-pitch, 
and  2-22   for  a  squirrel-cage,  since  the  coil-side  has  then  no 
width. 

For  O  we  have  taken  the  mean  of  the  two  symmetrical  fluxes  coinciding 
with  maximum  and  with  zero  current  in  one  of  the  phases  (see  Section  118). 

As  a  matter  of  fact,  the  flux  has  not  a  sine-wave  distribution,  nor  is  it 
symmetrical,  except  at  the  special  moments  considered  in  Section  118. 
The  flux-density  does  not  increase  uniformly,  as  it  would  do  with  a  perfectly 
distributed  winding.  The  coil-side  is  often  distributed  between  three,  or 
even  two,  slots,  so  that  the  curve  of  flux  distribution  is  a  stepped 
diagram. 

We  will  calculate  the  e.m.f.  induced  by  this  flux  distribution,  but  will 
confine  ourselves  to  the  case  of  a  three-phase  motor. 

Fig.  399  represents  the  upper  half  of  a  2-pole  stator,  with  the  unusually 
large  number  of  9  slots  per  pole  per  phase.  At  the  given  moment  the  upper 
nine  slots  have  their  maximum  current  and  the  others  half  this  value,  and 
the  flux  linking  the  former  phase  has  its  maximum  value.  We  shall  investi- 
gate the  E.M.F.  induced  in  this  phase  winding,  which  is  distinguished  in  the 
figure  by  heavier  dots.  If  the  currents  are  sine  functions  of  the  time,  the 
flux  linking  the  coils  must  also  be  a  sine  function  of  the  time,  no  matter  how 
it  may  be  produced  by  the  joint  action  of  the  three  phases. 

We  then  have  ^  ^  4-440./.  T.  iq-s, 

where  O  is  the  maximum  value  of  the  flux  linking  the  T  turns.  In  our  case, 
however,  the  flux  linking  the  various  coils  will  vary  from  slot  to  slot,  and  we 
must  find  the  maximum  linkages  for  each  slot  and  add  together  the  results 
obtained.  Let  there  be  g  slots  per  coil-side,  and  let  us  assume  in  the  first 
place  that  there  is  only  one  wire  per  slot.  We  shall  neglect  the  effect  of  the 
varying  permeability  of  the  iron  depending  on  the  flux-density,  and  also 
the  effect  of  the  different  lengths  of  path  in  the  stator  and  rotor  cores.  The 
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flux  per  tooth  will  therefore  be  proportional  to  the  ampere-turns  acting  on 
the  flux  in  that  tooth,  and  may,  so  far  as  we  are  concerned  with  merely 
relative  values,  be  put  equal  to  the  ampere-turns. 

If  the  maximum  current  be  taken  as  i  ampere,  the  9  slots  on  either  side 
will  be  carrying  0-5  ampere.  Then  from  the  figure  we  have 


(a) 
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2 

3 


Efiective 

ampere- turns 

or-flux  in  tooth 

I 

3 
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Turns 
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I 

3 
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linkages 

I 

3^ 

5^ 


Fig.  399 


The  other  slots  carry  only  half  the  current,  but  the  flux  links  all  the  g 
slots  of  our  upper  phase,  so  that  we  have 


(ft) 


Tooth 
I 

II 
III 


Effective 

ampere- turns 

or  flux  in  tooth 


Turns 
linked 


Number  of 
linkages 

^  fe  +  I) 

g{S  +  2) 
g{g  +  3) 


y  2g-i.2  g  g{2g-l) 

The  number  of  turns  in  this  series  is  {g  —  i). 

(c)   Finally,  we  have  the  tooth  z.  It  has  a  flux  due  to  2g  ampere-turns, 
and  this  flux  links  all  the  g  turns  of  our  phase,  hence  the  linkages  are  2g^. 

The  sum  of  the  series  (a)  can  be  shown  to  be  7^  -I-  —  -I-  - ,  and  the  sum 
^  '  623 

of  the  series  {b)  fg^  —  fg^-    Since  these  linkages  [a)  and  [b)  occur  also  in 

the  lower  half,  these  values  must  be  doubled,  whereas  (c)  occurs  only  once. 
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Hence  the  total  linkages  of  the  phase  winding  at  the  moment  of  maxi- 
mum current  are  equal  to  „„ 

To  turn  from  relative  to  actual  values  of  the  linkages  we  know  that  the 
flux  in  the  tooth  z  is  not  2g,  as  we  have  assumed,  but  B  multiplied  by  the 

cross-section  of  the  air-gap  for  one  tooth,  viz.  — * ,  where  Ag  is  the  cross- 

3i  ^ 

section  per  pole.   Moreover,  there  is  not  one  wire  in  each  slot,  but  —  ,  where 

q'  is  the  number  of  wires  in  a  coil-side.  Remembering  that  there  are  p  pairs 
of  poles  connected  in  series,  we  get 

3  ^^^        '     3g      2g   g   ^ 
=  Ci.p.Ag.q'.B, 

where  c,  is  put  for  ^^  't'^  . 

Similar  calculations  with  an  even  number  of  slots  per  coil-side  lead  to  the 
same  result. 

The  following  table  gives  the  values  of  c^  calculated  for  various  values 
otg: 


g 

ci 

X 

0-66? 

2 

0-583 

3 

0-568 

4 

0-563 

OO 

0-555 

For  the  e.m.f.  we  have 

E  =  ^■4iCj_.p.Ag.q'.B.f.T0-\ 
For  very  distributed  windings  {g=<x,)  this  formula  agrees  almost  exactly 
with  equation  (145).  Hence,  as  g  is  never  less  than  2,  we  may  always  safely 
assume  that  the  field  is  distributed  according  to  the  sine  law.  It  must  be 
remembered  that  the  above  figures  have  been  obtained  by  ignoring  the 
varying  permeability  of  the  iron  of  the  stator  and  rotor  teeth. 

(For  further  calculations  on  this  subject,  see  Gorges,  E.T.Z.,  1907,  p.  i.) 
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123.    Rotor  Current,  Torque,  and  Output  in  relation  to 
the  Slip,  neglecting  Leakage. 

We  shall  assume,  for  the  sake  of  simplicity,  that  there  is  no  magnetic 
leakage,  so  that  no  lines  of  force  pass  across  the  slots  in  stator  or  rotor. 
There  is  then  only  one  flux  which  crosses  the  air-gap  and  links  both  stator 
and  rotor  conductors.  This  flux  is  produced  by  the  combined  action  of  the 


Fig.  400 

stator  and  rotor  currents.  We  shall  assume  that  this  flux  <I>  has  a  positive 
maximum  at  A  and  a  negative  maximum  at  B,  so  that  A  is  the  mid-point  of 
a  north  pole  and  B  the  mid-point  of  a  south  pole.  The  lines  of  force  pass 
vertically  downwards,  and  the  vector  OX  may  represent  the  ampere-turns 
or  resultant  excitation  producing  this  flux. 

If  the  field  be  rotating  in  the  clockwise  direction,  it  will  induce  a  current 
in  the  rotor  with  the  maxinjum  values  at  A  and  B. 
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By  means  of  the  right-hand  rule,  it  is  seen  that  the  current  at  A  is 
towards  the  observer,  while  at  B  it  is  away  from  him.  Each  coil-side  of  the 
three-phase  rotor-winding  is  distributed  between  4  slots.  The  points  and 
crosses  in  the  slots  at  A  and  B  are  drawn  heavy  to  indicate  the  maximum 
current.  In  the  other  two  phases  the  current  has  half  this  value. 

The  vector  OX^  of  the  excitation  due  to  the  rotor  currents  alone  must 
be  drawn  horizontally  from  left  to  right,  since  this  is  the  direction  of  the 
flux  which  the  rotor  currents  alone  would  produce. 

In  order  to  give  the  resultant  excitation  OX,  it  is  necessary  for  the 
stator  excitation  to  be  equal  to  OX^  both  in  magnitude  and  phase.  The 
stator  currents  have  their  maximum  values  at  C  and  D,  with  crosses  at  C 
and  dots  at  D.  The  stator  has  3  slots  per  pole  per  phase.  The  current  will 
have  its  maximum  value  in  the  phase  CD,  and  half  that  value  in  other 
phases. 

From  Fig.  400  we  see 

(i)  that  the  primary  and  secondary  currents  are  in  approximate  op- 
position, as  in  the  ordinary  transformer; 

(2)  that  the  current  induced  in  the  rotor  is  strongest  at  the  point 
where  the  field  cutting  the  rotor  is  strongest ;  and 

(3)  that  the  rotor-current  vector  is  at  right  angles  to  the  rotor-field 
vector. 

When,  now,  we  remember  that  the  rotating  field  cuts  the  stator  as  well 
as  the  rotor,  we  see  that  the  e.m.f.  induced  in  the  stator-winding  wiU  be  a 
maximum  at  points  A  and  B,  whereas  the  maximum  stator  current  is  at 
C  and  D. 

We  see  then 

(4)  that  the  stator  current  lags  behind  the  stator  pressure  by  the 
angle  ^  in  the  figure. 

This  comparatively  large  angle  of  lag  is  due  to  the  fact  that  the  induction 
motor  has  to  produce  its  own  field,  and  that,  since  the  magnetic  path 
necessarily  includes  the  air-gap,  there  must  be  a  large  wattless  or  magnetis- 
ing current.  Although  the  air-gap  is  sometimes  reduced  to  a  quarter  of  a 
millimetre  or  less,  it  is  only  in  large  motors  that  cos  (f>  can  be  got  up  to  0-9, 
and  only  in  extremely  large  ones  that  this  value  of  the  power-factor  can 
be  exceeded.  The  wattless  current,  as  we  have  already  seen,  causes  a 
needless  loss  in  the  wire  in  generator,  mains,  and  motor,  besides  having  a 
bad  effect  on  the  pressure  regulation  of  the  former.  For  this  reason,  induc- 
tion motors  must  be  constructed  relatively  larger  than  direct-current  and 
synchronous  motors.  Finally,  the  large  magnetising  current  is  especially 
unfavourable  when  the  motor  is  running  Ught. 

We  shall  now  calculate  the  most  important  values  for  an  ideal  motor 
free  from  magnetic  leakage.  If  the  ohmic  pressure  drop  in  the  stator  is 
small,  the  induced  e.m.f.  in  the  stator  will  be  almost  equal  to  the  constant 
pressure  F^  applied  to  each  phase.  It  also  depends  on  the  magnetic  flux  <!>, 
which,  in  the  absence  of  leakage,  links  both  stator  and  rotor.  The  induced 
E.M.F.  in  the  stator  is  given  by  the  equation 

£:i  =  ^.a)/i^/.io-8. 
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If  the  ohmic  drop  in  the  stator-winding  be  neglected  the  value  of  E-^ 
is  equal  to  that  of  V^,  and  is  therefore  constant,  and,  as  is  evident  from  the 
above  equation,  the  flux  O  must  also  be  constant. 

If  this  field,  which  we  have  seen  to  be  common  to  both  stator  and  rotor, 
cuts  the  rotor  conductors  with  a  frequency  /  corresponding  to  the  slip,  an 
E.M.F.  will  be  induced  in  the  rotor-winding,  in  accordance  with  the  equation 

E.^  =  k.(t>fz^.j.o-^. 

We  shall  assume,  for  the  sake  of  simplicity,  that  the  windings  of  stator 
and  rotor  are  similar,  so  that  both  have  the  same  value  of  k. 

The  rotor  current  7^  will  be  equal  to  E2IR2,  and  is  therefore  proportional 
to  the  slip.  We  can  express  this  by  the  equation 

where  Cj  is  constant. 


Fig.  401 

The  torque  is  proportional  to  the  product  of  the  rotor  current  I^  and  the 
flux  O  (equation  177).  In  our  case  the  latter  is  constant,  while  the  current 
is  proportional  to  the  slip.  By  introducing  a  constant  c^  we  can  write 

Mt  =  c^.f. 

The  power  transmitted  to  the  rotor  is  also  porportional  to  the  product 
Za-O  (equation  176).  Since  the  flux  is  constant,  this  power  is  therefore  pro- 
portional to  the  slip,  and  we  can  put 

where  Cg  is  another  constant. 

The  mechanical  power  P,  including  the  power  wasted  in  friction,  can  be 
found  by  subtracting  the  copper  loss  in  the  rotor  from  the  total  power 
transmitted  to  the  rotor.  Now,  the  copper  loss  is  proportional  to  the  square 
of  the  current,  and  therefore  to  the  square  of  the  slip.  If  c^  be  another  con- 
stant and  i?2  the  resistance  of  each  phase  of  the  rotor,  we  have 
P  =  P,-3.I,\R,  =  c,.f-c,.f. 

The  rotor  current,  torque,  transmitted  power  and  mechanical  power  are 
plotted  in  Fig.  401  on  a  base  line  representing  speed.  OA  is  equal  to  the 
speed  Wq  at  no-load  and  OB  is  equal  to  the  speed  at  a  certain  load.   The 
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difference  OA  —  OB  =  AB  is  equal  to  the  revolutions  per  second  lost  by 
the  slip.  The  first  three  of  the  above  quantities  are  proportional  to  the  slip, 
and  will  therefore  be  represented  by  straight  lines  through  A.  The  mech- 
anical power,  on  the  other  hand,  is  given  by  the  ordinates  of  the  parabola 
in  the  figure.  It  must  be  zero,  both  at  0  where  the  rotor  is  at  rest,  and  at  A 
where  the  motor  is  running  light.    It  will  reach  its  maximum  value  for  a 

speed  n  equal  to  —  ,  i.e.  for  a  slip  of  50  per  cent.  The  normal  working  posi- 
tion is  much  further  to  the  right,  where  the  slip  is  small  and  the  efficiency 
consequently  high. 

An  actual  motor  differs  from  this  ideal  motor  in  almost  every  respect, 
but  especially  with  regard  to  the  starting  torque  and  overload  capacity. 

At  starting,  the  speed  is  nil  and  the  torque,  according  to  Fig.  401,  is  very 
large.  As  a  matter  of  fact,  the  effect  of  leakage  in  an  actual  motor  is  to 
make  the  starting  torque  extremely  small.  Resistance  has  to  be  inserted 
in  the  rotor  circuit  to  enable  the  motor  to  start  against  the  normal  load. 

This  can  be  explained  by  the  large  leakage  flux  caused  by  the  excessive 
currents  in  stator  and  rotor  when  the  slip  is  100  per  cent.  The  flux  which 
cuts  the  rotor  conductors  is  thereby  so  reduced  that  there  is  very  little 
torque  in  spite  of  the  large  rotor  currents.  Hence,  the  starting  resistance 
not  only  reduces  the  otherwise  excessive  current  taken  by  the  motor,  but 
also  enables  the  motor  to  exert  a  large  starting  torque.  This  will  be  more 
clearly  understood  after  studying  the  circle-diagram  of  Heyland,  to  which 
we  now  proceed. 

124.    The  Circle-diagram,  neglecting  Primary  Losses*. 

We  shall  consider,  in  the  first  place,  the  general  effect  of  the  leakage, 
before  passing  on  to  the  vector  diagram  and  an  accurate  determination  of 
the  various  quantities  involved. 

When  there  is  no  load  on  the  motor,  the  total  stator  field  is  made  up  of 
two  fields,  one,  the  flux  which  crosses  the  air-gap  and  enters  the  rotor,  the 
other,  the  primary  leakage  flux  Oj^.  Both  fluxes  are  produced  by  the  no-load 
stator  current,  and  are  therefore  in  phase  with  each  other,  and  inversely 
proportional  to  the  magnetic  reluctance  of  the  air-gap  path  and  the  primary 
leakage  path. 

When  the  motor  is  loaded,  the  flux  Q>g,  which  crosses  the  air-gap,  is 
produced  by  the  combined  action  of  the  stator  and  rotor  currents. 

It  was  formerly  the  custom  to  consider  this  air-gap  flux  as  linking  the 

*  The  historical  development  of  the  circle-diagram  is  very  interesting.  Heyland 
published  the  diagram  in  the  E.T.Z.  on  the  nth  Oct.  1894,  and  gave  further  develop- 
ments on  pages  649  and  823  for  the  year  1895.  ^^  the  E.T.Z. ,  1896,  page  63,  Behrend 
developed  the  diagram  analytically,  but  made  a  small  error  in  the  determination  of  the 
rotor  current.  The  convenient  determination  of  the  slip  and  losses  was  given  by  Heyland 
in  the  E.T.Z.  for  1896,  p.  138.  (See  also  Heyland's  "Eine  Methode  zur  experimentellen 
Untersuchung  an  Induktionsmotoren,"  published  in  Voit's  Sammlung,  vol.  11.  1900.) 
Emde  corrected  Behrend's  error  in  a  letter  to  the  E.T.Z.,  1900,  p.  781,  which  opened 
an  interesting  discussion.  In  the  Z.fUr  E.,  Vienna,  for  1899,  Ossanna  gave  the  diagram, 
corrected  for  stator  loss.  (See  also  an  article  by  Ossanna  in  the  E.T.Z.,  1900,  p.  712, 
and  also  by  Thomalen  in  the  E.T.Z.,  1903,  p.  972.)  It  is  interesting  to  note,  however, 
that  Ossanna's  circle  was  really  included  in  Heyland's  first  publication. 
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rotor-winding  (Fig.  402)  and  inducing  therein  an  e.m.f.  sufficient  to  main- 
tain the  rotor  currents  against  the  resistance  and  self-induction  of  the  rotor- 
winding.  The  ohmic  pressure  drop  in  the  rotor  would  then  be  equal  to  the 
resultant  of  two  electromotive  forces,  produced  by  the  fluxes  Oj  and  0,^ 
respectively.  This  second  flux  is  the  rotor  leakage  flux,  and  it  is  not  in  phase 
with  the  air-gap  flux.  As  a  matter  of  fact,  however,  these  two  fluxes  do  not 
exist  separately  in  the  rotor,  but  combine  to  form  the  resultant  rotor  flux 
<1>.  It  is  therefore  preferable  to  consider  that  only  a  part  O  of  the  air-gap 
flux  Oj  passes  round  the  rotor- windings,  while  a  part  O;^  i^  forced  along  the 
leakage  paths  by  the  back  ampere-turns  of  the  rotor  current  (Fig.  403). 

In  Fig.  404,  let  the  vector  LD  represent  the  flux  O  which  passes  through 
the  rotor-winding.  The  e.m.f.  induced  in  the  rotor-winding  by  this  flux  will 
lag  90°  behind  it,  and  will  be  in  phase  with  the  rotor  current,  since,  in 
accordance  with  Fig.  403,  this  e.m.f.  has  to  cover  merely  the  ohmic  pressure 
drop  and  not  the  self-induction.    Hence  LB  =  I^  is  perpendicular  to  LD. 

The  secondary  leakage  flux  Oj^  =  LE  =  DA  is  drawn  in  the  opposite 
direction  to  the  rotor  current,  because,  from  the  point  of  view  of  Fig.  403, 


Fig.  402 


Fig-  403 


this  flux  is  produced  by  a  current  which  exactly  balances  the  back  magneto- 
motive force  of  the  rotor  current. 

The  flux  Oj  in  the  air-gap  is  the  sum  of  the  rotor  flux  O  and  the  second- 
ary leakage  flux  Oj^.   We  have,  therefore,  Og  =  LA. 

The  magnetomotive  forces  of  the  stator  and  rotor  currents  are  nearly 
opposed  to  one  another.  Their  resultant,  however,  must  be  such  as  to  pro- 
duce the  flux  Og  in  the  air-gap.  If  c  be  a  constant  and  R  the  reluctance  of 
the  air-gap,  and  if,  moreover,  both  stator  and  rotor  have  the  same  number 
of  turns,  the  law  of  the  magnetic  circuit  gives  us  the  equation 


«'.=  ■ 


R 


In  this  equation  Ig  is  the  magnetising  current  which  is  necessary  to  maintain 
the  flux  Oj  across  the  gap.  It  will  be  the  resultant  of  the  primary  and  second- 
ary currents.  If  the  scale  to  which  the  current  is  plotted  be  suitably  chosen, 
the  length  LA  can  be  made  to  represent  the  current  Ig  as  well  as  the  flux 
Oj.  If  LB  represents  1 2  to  this  same  scale,  the  primary  current  I^  must  be 
represented  by  the  line  AB.  For  the  sake  of  compactness,  we  have  drawn 
the  triangle  of  forces  instead  of  the  parallelogram. 
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The  primary  leakage  flux  ^i^,  which  links  the  stator-winding  without 
crossing  the  air-gap,  is  in  phase  with  the  primary  current,  and  is  represented 
by  the  line  ^  0  in  continuation  of  the  line  BA .  The  total  flux  $q  in  the  stator 
is  represented  by  LO.  With  a  constant  terminal  pressure,  and  con- 
sequently, on  our  present  assumptions,  a  constant  induced  E.M.F.  in 
the  stator,  the  primary  flux  Oq  =  LO  is  constant  at  all  loads. 

Let  i?;j  and  Rj^  be  the  reluctances  of  the  primary  and  secondary 
leakage  paths,  and  let  „ 


R_ 

Ru 


Fig.  404 
Then,  from  the  law  of  the  magnetic  circuit,  we  have 


AO  =  $;,  = 


c .  Ii      c 


-   p  .  Ti  .  /j  =  Tj  .  /j. 


D^  =  O,,  =  ^'  =  ^ .  T2  .  /a  =  T2  .  /a 


Rr. 


R- 


It  is  to  be  noted  that  we  have  so  chosen  the  scale  of  current  in  Fig.  404, 
that  the  same  length,  viz.  AL,  represents  both  Ig  and  O,,  which,  since 

c  I  c 

Oy  =  -W^ ,  is  equivalent  to  putting  ■5=1-    Now,  the  point  A  divides  the 

line  OB  in  the  ratio  of  t^  to  i,  and  as  DAF  is  parallel  to  BL,  it  follows  that 


FA=- 


I+Ti' 
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It  is  also  evident  that  the  point  F  divides  the  primary  flux  LO  in  the 

ratio  T^:  I,  that  is,  in  the  ratio  of  the  reluctance  of  the  air-gap  to  that  of 

the  primary  leakage  path.   Since  the  flux  will  divide  between  two  parallel 

paths  in  inverse  proportion  to  their  reluctances,  OF  must  be  the  primary 

leakage  flux  at  no-load  and  FL  the  corresponding  flux  in  the  air-gap.   If 

Iq  be  the  no-load  stator  current,  it  follows  from  the  law  of  the  magnetic 

circuit  that  .    t 

PT  -  ^•-'0  _  r 

J-   ^  —        D       —  -'0>  « 

whence  OF  =  r^.FL  =  t^.Iq. 

If  we  draw  AG  parallel  to  DL,  i.e.  perpendicular  to  FA,  we  get 


7-1 


FG  =  FL — -  I  ^  +  "^i'    ^ 

^^     ^^-FA+AD-^'-—       -  -■ 

/     .I.  +  r.-Io 
I  -I-  Tj      ^        ^      ^ 

By  simplifying  this  and  putting 

T  =  Ti  +  T2  +  T1T2 , 

we  get  FG  =  ^^2^-^ . 

T 

Hence,  both  F  and  G  are  fixed  points  on  the  constant  line  LO,  and  the 
point  A  moves  on  a  semicircle  on  GF  as  diameter.  If,  now,  the  whole  figure 
be  enlarged  in  the  ratio  t^:  1,  and  allowance  be  made  for  the  fact  that  the 
rotor  conductors  are  not  equal  in  number  to  those  on  the  stator,  but  are 

Z. 

only  -^  of  the  latter,  we  have  the  following  values : 

OF  =  Io,  FG  =  ^    (180), 

T 

OA^I^,  FA=-^—  .^-f^  (181). 

The  end  of  the  primary  current  vector  moves  on  a  semicircle  on  the 
diameter  ~  (Fig.  405). 

T 

It  is  evident  that  the  conditions  at  various  loads  are  largely  dependent 
on  the  leakage  coefficients  t^  and  tj  and  the  resulting  coefficient  t.  The  values 
of  Ti  and  T2  lie  between  0-07  and  0-02.  If  t^  and  Tg  are  assumed  to  be  equal, 
the  value  of  t  can  be  found  from  the  table  on  page  406. 

125.    Output,  Torque  and  Slip  from  the  Circle-diagram. 

From  equation  (176)  on  page  389  we  know  that  the  power  supplied  to 
the  rotor  is  P,  =  ;fe.OAZ,.io-«.7,. 

Since  the  point  F  in  Fig.  404  divides  the  line  LO  in  the  ratio  ti'.  i,  it 
follows  that  FL  = —  .    From  the  same  figure  we  have 

^  =  LD  =  FL. cosfi=~^cos^   (182), 

and  from  equation  (181), 

/^.Z,  =  (I  +  T,).FA.Z^  ={1+  Ti)  FA.3.Zi'. 


T.  E. 


26 
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If,  now,  we  put  FA 


AH 
cos  ^ 


(Fig.  405),  and  substitute  these  values  of 


I^-Z.^  and  O  in  the  above  equation  for  the  power  suppUed  to  the  rotor,  we 

^^*  P^  =  Z.k.%f^z^.AH. 

On  the  assumption  that  there  are  no  losses  in  the  stator,  the  terminal 
pressure  V^  wiU  be  represented  by  a  vector  perpendicular  to  Og  and  also 
to  /q,  as  shown  in  the  figure.  The  ordinate  ^^  is  therefore  the  energy  com- 
ponent /j  cos  ^  of  the  primary  current.  The  product  k .  ^ofih'  i^  equal  to  the 
electromotive  force  E-^,  and  therefore  also  to  the  primary  terminal  pressure 
V^.   On  substituting  these  values,  we  get 

P,  =  2-V^.AH  =  3.Fi.7i.cos<^  (183). 

This  proves  that  the  power  supplied  to' the  rotor  is  equal  to  that  supplied 
to  the  motor  itself,  which  is,  of  course,  a  necessity,  since  we  have  neglected 
stator  losses. 


Fig-  405 

The  power  Pg  is  transmitted  to  the  rotor  by  means  of  a  field  which 
rotates  with  an  angular  velocity  co  =  2Trfi/p,  and  it  is  immaterial  whether 
the  rotor  is  fixed  or  rotating.  The  torque  is  obtained  by  dividing  the  power 
by  the  angular  velocity,  hence 

Mf=  ^= f-o~  met.-kg. 

If  we  substitute  for  P^  its  value  from  equation  (183),  we  get 

^*  =  ^l7fTpi-^^=2l^,-^^-^t-kg (^84). 

Not  only  does  the  Heyland  diagram,  however,  enable  us  to  read  off  the 
power  transmitted  to  the  rotor  and  the  torque  exerted,  but  it  also  gives  us 
a  direct  reading  of  the  sUp  corresponding  to  any  value  of  the  stator  current. 
Equation  (179)  on  page  390  expresses  the  important  fact  that  the  percentage 
slip  is  equal  to  the  percentage  power  lost  in  the  rotor-windings,  or 

/_3-V-iga 
fx  P,       • 


125-  Output,  Torque  and  Slip  from  the  Circle-diagram    40; 

By  squaring  each  side  of  equation  (181)  on  page  401,  we  get 


FA^ 


and  from  the  figure  it  is  evident  that 

FA      GF  _  .„     7q    ___ 

Tr3=  WT    or     FA^  =  —  .HF. 
HF     FA  T 

It  follows  from  these  two  equations  that 

I^^iL±I^.^,HF. 

T  Z2 

By  substituting  this  for  I^^  in  the  above  formula  for  f  ,  and  puttinj 

HF 

A  =  3^1  •  AH  and  -j^  =  tan  ^,  we  have 

f  =C.tanj8  (185), 

where  C  =  ^^i^' .  |ij .  %^* (186). 

The  percentage  slip  is  therefore  proportional  to  the  tangent  of  th' 
angle  B,  To  determine  it  graphically,  the  line  GK  in  Fig.  405  is  drawn  so  a 
to  make  an  angle  ^g  with  the  horizontal,  where 

tan^o  =  J-     (187)- 

Let  this  line  cut  the  semicircle  at  /;  then,  when  the  load  is  such  tha 
the  primary  current  becomes  OJ,  the  slip/ will  be  equal  to/i,  because 

f 

j  =  C .  tan/3o=  i. 

A 

The  shp  will  then  be  100  per  cent.,  and  the  motor  is  therefore  at  rest 
0]  is  the  so-called  short-circuit  current,  i.e.  the  current  taken  by  the  stato 
when  the  rotor  is  fixed,  or  at  the  moment  of  starting. 

A  point  K  is  taken  on  the  line  GJ  so  that  the  perpendicular  Kl^  on  ti 
the  base  is  exactly  100  mm  long.  This  perpendicular  cuts  the  line  GA  ii 
the  point  M.   When  the  primary  current  is  OA,  we  have 

/  =  C  tanS-*^^-M^ 
A      ^•^^"^-tan^o"^^' 

and  since  KN  is  100  mm  the  length  of  MN  in  mm  is  equal]  to  the  per 
centage  slip. 

We  could  determine  the  mechanical  power,  or  output  of  the  rotor,  b; 
decreasing  the  power  supplied  to  the  rotor  by  an  amount  correspondiuj 

*  The  resistance    ^  '  ^  is  the  secondary  resistance  reduced  to  its  equivalent  primar 

value,  as  we  have  already  seen  in  connection  with  transformers.  If  the  windings  o 
stator  and  rotor  are  dissimilar,  k^Zi  and  k^Z^  must  be  substituted  for  Zj  and  Z^  in  equa 
tions  (181)  and  (i86)  (compare  p.  382). 

26 — -2 


404 


Electrical  Engineering 


to  the  slip.  A  simpler  way  of  proceeding  is  to  join  FJ,  cutting  the  ordinate 
AH  in  the  point  P.  The  angle  FPH  is  equal  to  ^o,  and  we  have 

/      ta.np_  HF  j HF     PH 
/i~tan;8o     Ah/pH     AH' 

Since  the  percentage  slip  is  equal  to  the  percentage  loss  in  the  rotor, 


3-h'-R2 


I. 
fi 


PH 
AH' 


We  have  already  seen  that  AH  is  a  measure  of  the  power  transmitted 

to  the  rotor,  whence  PH  must  represent  to  the  same  scale  the  loss  in  the 

rotor,  and  the  difference  AP,  the  mechanical  power  or  output.  It  is  evident 

from  equation  (183)  on  page  402  that  the  mechanical  output  P  may  be 

expressed  as  follows: 

P  =  3.Fi..4Pwatts. 

This  output  consists  of  the  frictional  loss  and  the  useful  output. 


126.    Normal  Load,  Starting  Torque  and  Maximum  Torque. 

The  induced  e.m.f.  lags,  roughly  speaking,  90°  behind  the  magnetising 
current,  and  the  e.m.f.  vector  should  be  drawn  vertically  downwards  in 
Fig.  406.  If  the  stator  losses  be  neglected,  the  terminal  pressure  vector  will 


ZT 


Fig.  406 


be  exactly  opposite  to  the  e.m.f.  vector,  and  will  make  an  angle  <ji  with  the 
primary  current,  as  shown  in  Fig.  406.  The  angle  of  lag  will  be  evidently 
a  minimum  when  the  current  vector  is  a  tangent  to  the  semicircle,  and  the 
motor  should  be  so  designed  that  the  normal  working  conditions  correspond 
approximately  with  this  position.  The  maximum  value  of  the  power-factor 
is  given  by  the  following  equation: 

io 

(cos,f>U^  =  .^^^  =  ^^    (188). 


^+7 


2T+I 


126.  Normal  Load)  Starting  and  Maximum  Torques      4c 

Hence,  if  the  primary  losses  be  neglected,  the  maximxim  value  of  tl 
power-factor  depends  only  on  the  leakage  coefficient  t. 

The  table  given  below  shows  the  maximum  power-factors  attainab: 
with  different  values  of  the  leakage  coefficients,  on  the  assumption  tht 
Tj  =  Tj.  We  see  that  a  value  of  cos  (f>  =  0-9  can  only  be  obtained  by  makin 
Ti  and  T2  as  small  as  0-03,  which  is  about  as  small  as  it  is  possible  to  reach' 
It  is  further  evident  that,  for  a  given  value  of  t,  the  value  of  the  primar 
current  I^,  corresponding  to  the  maximum  power-factor,  has  a  definil 
relation  to  the  no-load  current  Ig.  This  is  expressed  in  the  equation 


fk^T\'flo\ 


^-S+^o) 


,2r; 


From  which  we  get, 


From  this  equation  we  can  determine  the  most  advantageous  value  ( 
the  ratio  Iq/Ii.  The  values  have  been  calculated  and  are  given  in  the  tab 
below.  We  see  that  under  the  best  conditions  the  no-load  current  lif 
between  ^  and  |  of  the  normal  full-load  current.  The  relatively  large  no-loa 
current  is  caused  by  the  air-gap  between  stator  and  rotor,  and,  although 
wattless  current,  is  one  of  the  greatest  disadvantages  of  an  induction  moto: 
Even  when  the  leakage  of  stator  and  rotor  is  reduced  to  2  per  cent,  eacl 
the  no-load  current  is  still  0-197  of  the  normal  current.  For  example, 
500  H.p.  motor  of  the  Alioth  Companyf,  which,  on  account  of  its  size,  shoul 
give  very  good  results,  had  a  no-load  current  of  9-3  amperes,  and  a  fuU-loa 
current  of  50  amperes.  This  gives  a  value  of  the  ratio  Zq  :  -^i  equal  to  9-3 :  5 
or  o-i86.  It  is  safe  to  conclude  that  this  motor  had  leakage  coefficients  -; 
and  T2  of  2  per  cent.,  since  the  normal  current  vector  of  50  amperes  woul 
almost  certainly  be  tangential  to  the  Heyland  circle. 

We  turn  now  to  the  overload  capacity  of  the  motor,  still  keeping  to  th 
assumption  that  the  motor  runs  at  its  normal  full  load  with  the  smalles 
possible  value  of  <j>.  The  primary  current  I^  is  the  tangent  to  the  semicircli 
and  /i  (cos  ^)max  is  a  measure  of  the  normal  torque  (equation  (184)).    Th 

maximum  possible  torque  is  given  to  the  same  scale  by  the  radius  —  .    Th 

overload  capacity,  or  the  ratio  of  the  greatest  possible  to  the  norm; 
torque,  is  therefore 

maximum  torque  _         -^o/^t         _  -^0   2t  +  i 
normal  torque        /^  .  (cos  ^)max  ~  A       2t 

*  Heyland  makes  cos  ^  =  i  by  fitting  a  commutator  with  a  small  number  of  segmen 
to  the  rotor  and  supplying  the  magnetising  current  to  the  rotor  instead  of  the  stato 
Since  the  frequency  of  the  e.m.f.  induced  in  the  rotor  is  very  small,  a  small  pressure 
sufficient  to  drive  the  magnetising  current  through  the  rotor-windings.  This  sms 
pressure  is  usually  tapped  off  from  the  stator  coils  and  applied  to  the  brushes.  Tl 
wattless  magnetising  current  is  practically  negligible  compared  with  the  whole  currei 
supplied  to  the  stator,  so  that  the  motor  has  a  power-factor  of  unity.  (See  the  E.T  2 
1901,  p.  633;  1902,  pp.  28  and  533;  1903,  pp.  51,  72,  95  and  213.) 

t  See  E.T.Z.,  1901,  p.  547. 
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The  last  column  of  the  following  table  has  been  calculated,  from  this 
formula: 


^0           /    r 
7l~V    l+r 

Overload  ratio 

Tj=r2 

T=Tl  +  T2  +  TiT2 

(COS0U,-^^^^ 

7o     2T+I 
-h        2T 

o-oy 

0-145 

0-776 

0-355 

1-58 

o-o6 

0-124 

0-802 

0-33 

1-65 

0-05 

0-103 

0-83 

0-305 

1-78 

0-04 

0-082 

0-86 

0-275 

1-95 

0-03 

0-061 

0-892 

0-24 

2-2 

0-02 

0-040 

0-925 

0-197 

2-63 

It  is  evidently  very  difficult  to  obtain  an  overload  capacity  of  2-6  times 
that  obtained  with  the  maximum  value  of  cos  ^.  It  is  possible,  of  course, 
to  design  the  motor  so  that  the  normal  primary  current  vector  falls  below 
the  tangent.  The  value  of  cos  (f)  is  not  greatly  decreased,  and  the  overload 
capacity,  with  regard  to  the  normal  torque,  is  increased. 

A  point  of  special  interest  and  importance  is  the  torque  at  starting.  If 
the  resistance  of  the  rotor  is  negligibly  small,  equations  (186)  and  (187) 
give  us  the  following  result : 


tan^o 


I 
C' 


■.Z,: 


{l+T,)'.Z,^ 


R-i-h 


The  angle  ^^  is  then  equal  to  90°,  and  the  points  /  and  G  in  Fig.  405 
fall  together.  OG  is  therefore  the  theoretical  stator  current  at  starting,  on 
the  assumption  that  the  rotor  resistance  is  negligibly  small.  Under  these 
conditions  the  starting  torque  is  evidently  zero. 

Even  when  the  actual  resistance  of  the  rotor  is  put  into  the  equation 
for  ^0,  the  line  OJ  is  still  very  nearly  perpendicular,  and  the  point  /,  the 
ordinate  of  which  gives  the  starting  torque,  is  still  very  low.  It  is  evident, 
however,  that  the  resistance  of  the  rotor  circuit  can  be  increased  to  any 
desired  extent  by  putting  starting  resistance  across  the  slip-rings.  As  can 
be  seen  from  the  above  equation,  the  angle  ^^  will  be  thereby  decreased,  and 
the  ordinate  of  the  point  /,  which  gives  the  starting  torque,  increased.  To 
make  the  motor  start  with  its  maximum  torque,  the  angle  jSq  must  equal  45°, 
so  that  tan  jSq  =  i.  If  the  combined  resistance  of  rotor  and  starting  resist- 
ance per  phase  be  i?2>  the  conditions  for  this  maximum  starting  torque  are 
as  follows: 

tan  R   -  -^-^2   -Vl  _  r 

tan  po  -  ^^  _L  _  \2    7-     7  2   t>  -  i> 


or 


'      (i+Ti)^7o.Z,2 


With  this  resistance  per  phase  the  starting  torque  of  the  motor  will  have 
its  greatest  possible  value. 


127.  Ossatma's  Circle-diagram 


40' 


127.    Ossanna's  Circle-diagram. 

Up  to  this  point  we  have  assumed  that  the .  resistance  of  the  stator 
winding  and  the  consequent  losses  could  be  neglected.  On  this  assumptioi 
the  terminal  pressure  V^  can  be  represented  by  a  vector  equal  and  oppositi 
to  that  of  the  induced  e.m.f.,  and  making  an  angle  of  go°  with  the  no-loac 
current  If,.  As  a  matter  of  fact,  however,  the  terminal  pressure  V^  has  no 
only  to  overcome  the  back  e.m.f.  Ej,  but  has  also  to  drive  the  current  / 
through  the  resistance  R^.  In  Fig.  407  the  terminal  pressure  vector  V 
is  drawn  vertically,  as  before,  and  the  primary  current  vector  OP  =  I 
lags  behind  F^  by  the  angle  <^.  Along  OP  is  drawn  the  primary  copper  dro] 
OP2  =  Ii-Ri-  The  vector  E^  which  counterbalances  the  back  e.m.f.  is  thi 
side  of  a  parallelogram,  of  which  OP^  is  the  other  side  and  V^  the  resultan 
diagonal.  E-^  is  evidently  smaller  than  V^,  and  the  magnetic  flux  and  mag 
netising  current  must  be  correspondingly  reduced.   We-i»ay-assuBae.aa^ 


Redu, 


'£ecf. 


/ 

\            ^^^ 
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^^ 
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Fig.  407 


appxojdmation  that  the  reduction  of  magnetising  current  is  proportions 
JtaJJiejeduction  of  ilux.  The  reduced  magnetising  current  OF^  is  at  righ 
angles  to  £1,  and  OF^ :  F^G^  =  t.  The  end  P  of  the  primary  current  vecto 
lies  on  the  circle  on  the  diameter  F-fi-^^  with  the  mid-point  P^.  The  positio: 
and  size  of  this  circle  varies  witlLfi3i£qiLchaDige-in  the  load,  but  we  shall  us 
it  to  find  the  locus  of  the  point  P  To  this  end  we  must  find  the  equatio 
to  the  circle  on  F^Gi,  that  is,  we  must  express  the  co-ordinates  of  the  centr 
Pj,  and  the  radius  of  the  circle,  as  functions  of  the  co-ordinates  of  P. 

'  Let  OF  =  /q  be  drawn  at  right  angles  to  Fj  to  represent  the  no-loa 
current  for  a  stator  without  resistance,  that  is,  the  current  which  woul 

produce  a  flux  to  give  an  e.m.f.  equal  to  F^.    Further,  let  FG=  -^, 

DM  =  m,  and  PjFj  =  r^,  and  let 

X  and  y  be  the  co-ordinates  of  the  point  P, 
yi        „  ..  ..  "      Pi> 

y^  )>  >y  ''  '*  25 


FM  = 


^1 
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On  the  assumption  that  the  no-load  currents  are  proportional  to  the 
electromotive  forces,  we  have 

OPj-.  OM  =  E^:  Vi 

and,  since  the  angles  OQP2  and  MOP^  are  equal,  these  triangles  must  be 
similar.   It  follows  from  the  figure  that 

Vi-yz~Vi'        ^3~Fi'         r      OF      Fi' 
Moreover, 

x^  =  x.R^,     y^  =^y.Ri.      E^^  =  V^^  +  I^^.R^^  -  2V J ^R^  cos <j>. 
Since  /i.cos  <;&  =  3/  and  I-^  =  x^  +  y^,  we  have 

m  .V-i  —  myRi  _  mxR^ 


r 


2 


Now,  the  point  P  lies  on  the  circle  with  the  pentre  P^,  and  its  co-ordinates 
must  therefore  fulfil  the  equation 

(X  -  x^)^  +{y-  y,)'  =  ri^. 

We  can  substitute  the  values  already  found  for  %,  y^  and  r,,  and  put 


w 


-  r^  =  s2  and  z^  =  V^^  +  s^.R^^- 


We  thus  get  the  equation 

This  is  obviously  the  equation  of  a  circle,  the  centre  of  which  is  given  by 
the  co-ordinates  m   V  ^ 

P  =  -^  (189), 


?= ^ — - (190)- 

If  R  be  the  radius  of  this  circle  (Fig.  408), 

R'  =  P'^q'--^ (191). 

This  circle  is  known  as  the  Ossanna  circle. 

If  the  values  of  p  and  q  be  substituted  in  equation  (191),  and  the  last 
term  be  multiplied  top  and  bottom  by  z^  =  V^^  +  s^.Rj^,  we  get 

mK  V/     s^ .  V,^ .  R^^     s^ .  V^ .  (Fi^  +  s^ .  R^^) 


z* 


whence 


or,  since  m^  —  s^  =  r^, 


z^  z* 

r   F,2 


z^   (192)- 
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From  the  circle  with  the  radius  R,  the  angle  ^  corresponding  to  any 
primary  current  7^  can  be  directly  determined. 

If  the  line  OA  be  drawn  in  Fig.  407  so  as  to  make  the  angle  a  with  OP, 
then  OA  will  make  the  same  angle  a  +  <f>  with  Vi  in  the  original  diagram 
as  OP  makes  with  E-^  in  the  reduced  diagram.  Since  both  diagrams  are 
based  on  the  same  value  of  r,  we  have 

qP^OFj^Ej^ 

0A~  OF  ~Vi' 
Hence,  for  many  purposes,  it  is  sufficient  to  take  the  point  A  in  the  ori- 
ginal diagram,  and  to  imagine  the  diagram  reduced  in  the  ratio  OP:  OA, 
and,  at  the  same  time,  turned  up  by  the  angle  a.  The  end  of  the  primary 
current  vector  will  thus  be  brought  to  the  point  P  on  the  Ossanna  circle. 
Further,  since  the  triangles  OP  A,  QP^O  are  similar,  the  angle  OAP  must  be 
equal  to  ^.  It  follows  from  this  that  the  points  A  and  P  He  on  a  circle  to 
which  OQ  is  a  tangent  at  0,  and  which  has  its  centre  on  the  line  OG.  Hence, 


Fig   408 

the  point  P  on  the  Ossanna  circle  corresponding  to  the  point  A  on  the  ori- 
ginal circle  must  he  on  the  circle  through  the  points  0  and  A,  which  has 
its  centre  on  the  base  line  OG.  This  is  the  auxiliary  circle  in  Fig.  407. , 

It  must  be  carefully  noted  that  neither  of  the  three  circles  in  Fig.  407 
is  the  Ossanna  circle.  We  proceed  now  to  give  a  graphical  construction, 
whereby  the  Ofj^pnna  .rirrlp  may  be  determined.  The  points  F  and  G  in 
Fig.  409  are  the  ends  of  the  original  vectors  of  no-load  current  and  short- 
circuit  current  respectively.  F'  and  G'  are  the  corresponding  points  on  the 
Ossanna  circle.  We  know,  from  what  we  have  just  seen,  that  F'  must  lie 
on  a  semicircle  on  OF,  and  G'  on  a  semicircle  on  OG,  the  centre  of  which  is 
M^.  The  triangles  OF'F  and  OG'G  are  therefore  right-angled  triangles. 

Now,  both  at  no-load  and  on  short-circuit  with  a  rotor  of  negligible 
resistance,  the  motor  acts  merely  as  a  choking  coil,  so  that  the  primary 
current  OF'  or  OG'  must  form  one  side  of  a  right-angled  triangle  of  which  the 

hypotenuse  is  p*.     In  Fig.  409  OD  is  made  equal  to  ~  and  the  angl 

OF'D,  OG'D  are  therefore  right  angles. 


es 
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Hence,  the  points  F'  and  G'  of  the  Ossanna  circle  lie  not  only  on  the 
semicircle  on  OD,  but  also  on  the  lines  DG  and  DF.  This  gives  us  a  very 
simple  way  of  finding  the  points  G'  and  F'. 

If  M  is  the  centre  of  the  original  circle,  we  have  from  equations  (189) 
and  (190)  that  ^         vjRi 


m- 


Fig.  409 

Hence  the  centre  Mq  of  the  Ossanna  circle  must  lie  on  the  line  MD,  and 
as  we  have  found  two  points  on  the  circle,  viz.  G'  and  F',  the  circle  can  now 
be  drawn. 

If  we  draw  a  semicircle  on  OG  with  centre  M-^  it  must  just  touch  the 
Ossanna  circle  at  G',  since  it  touches  the  original  circle  at  G.  Hence,  the 
points  G',  Mq  and  Mj  must  lie  on  a  straight  line. 

It  can  also  be  shown  that  the  points  C  and  E,  at  which  the  Ossanna 
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circle  intersects  the  lines  DG  and  DF,  are  on  the  same  level  as  the  centre 
Mq.  Finally,  the  points  OEG'  and  OF'C  Ue  on  two  straight  lines. 

This  construction  can  only  be  conveniently  carried  out  in  the  case  of 
small  motors,  in  which  the  primary  resistance  plays  an  important  part.  In 

large  motors  with  a  good  efficiency,  the  length  OD  =  ^  would  be  enormous, 

compared  with  the  remainder  of  the  diagram.  In  such  a  case  the  only  effect 
of  the  primary  resistance  is  to  raise  the  centre  of  the  semicircle  almost 
vertically  through  a  distance  q,  while  the  diameter  is  hardly  changed 

from  — . 

T 

In  a  600  H.p.  Oerlikon  motor*,  for  example, 

T  =  0-117; 


^1  = 

1900, 

^  = 

36, 

Ri 

=  0' 

from  these  data 

we  find 

7„ 

r  = 

"  2t 

=  154. 

m  = 

/o  + 

2t 

190, 

s^  =  m^  —  r  =  12,400, 
^2  =  7^2  _j_  s^.Rj^  =  3600. 10^+  2.103. 

If  we  neglect  the  second  term  in  the  expression  for  z^,  the  error  is  only 
2  in  3600,  and  we  can  then  put  z'  =  V-^.  This  makes  p  =  m  in  equation 
(189),  and  Mo  vertically  above  M  in  Fig.  409.  It  also  makes  the  new  radius 
R  equal  to  the  original  radius  r  in  equation  (192).  The  distance  through 
which  the  centre  is  raised  is 

q-^ \ — i  =    y  '■  =  2-6  amperes. 

The  smallness  of  this  correction  may  be  seenf  rom  the  fact  that  the  length 
OG  represents  344  amperes. 

128.    Ossanna's  Circle-diagram — continued. 

In  Fig.  410  we  have  drawn  both  the  original  circle,  neglecting  the  stator 
resistance,  and  the  Ossanna  circle,  the  former  dotted  and  the  latter  as  a  full 
line.  The  auxiliary  circle  through  0  is  also  drawn  as  a  full  Une.  We  saw 
in  the  previous  section  that  the  triangles  OP  A,  QP^O  were  similar.  If  we 
drop  the  ordinate  PBK,  the  angle  OPK  is  equal  to  ^.  The  triangles  OBP, 
OP  A  and  QP^O  are  therefore  similar,  arid  we  have 

PB      Ii 

iiRi    v^- 

The  power  lost  in  stator  resistance  is 

3V-i?i  =  sFi.Pfi. 
The  power  supplied  to  the  stator  is 

Pr  =  3Vi.Ii.coscf,  =  3V,.PK. 

*  See  E.T.Z.,  1900,  No.  52. 
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By  subtracting  one  from  the  other  we  get  the  power  transmitted  to  the 

The  length  F^P  in  Fig.  407  is  a  measure  of  the  rotor  current,  in  accord- 
ance with  equation  (181).  To  find  F^P  in  Fig.  410  we  must  reduce  FA  in 

,,        ^.    £,      OP 
the  ratio  ^  =  ^ ,  or 

,    ^^^\^  =FiP=FA.^. 
(H-Ti)Zi        ^  OA    . 

To  make  this  reduction  a  horizontal  is  drawn  through  B  to  meet  FA 
in  C.  The  ordinate  through  C  cuts  the  original  circle  in  D.  Then  we  have 

FD^     FV     FC      OB 
FA^~  FH~  FA~OA' 

A1  OB    OB  OP    qp^ 

OA~OP'OA~OA^' 


From  these  two  equations,  it  follows  that 

OP          T     7 
FD  =  FA  .^-^  = ^^^ 

The  hue  GJ  is  drawn  at, an  angle  ^0  with  the  horizontal,  where  jSq  is  the 
same  as  in  equations  (186)  and  (187)  on  page  403.  Then  we  have 

FV 

tan;8o' 

FD^._FD^_      I^.Z^         Iq 

From  this  equation,  together  with  equation  (186)  on  page  403,  we  get 

UV  =  iLjJh 
V,    ■ 

The  loss  in  the  rotor  is  therefore 


and 


FV  = 
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Since  CV  =  BK,  the  mechanical  power  given  out  by  the  rotor  must  be 

P  =  3Fi.Ci7. 
Further,  since  the  relative  slip  is  equal  to  the  relative  loss  in  the  rotor, 

f  _VV     LH 
A     CV     AH- 
For  the  convenient  determination  of  the  slip  Hhe  method  of  Fig.  405 
can  be  employed,  using  the  point  A  in  the  original  circle. 

129.    The  most  Convenient  Form  of  the  Circle-diagram. 

Ossanna's  method  of  correcting  the  circle-diagram,  as  described  in  the 
foregoing  section,  has  the  advantage  of  strict  accuracy,  but  the  decided 
disadvantage  of  being  extremely  cumbersome.  For  this  reason  another 
method,  due  to  Heyland,  is  generally  employed,  in  which  the  losses  in  the 
stator  and  rotor  are  subtracted  from  the  ordinates  of  the  original  circle- 
diagram.  The  simplicity  of  the  method  more  than  compensates  for  the 
small  error  thus  introduced. 

It  was  shown  in  Section  127  that  the  radius  of  the  corrected  circle  should 

be  almost  exactly  — ,  and  that  its  centre  should  be  nearly  vertically  above 

the  centre  of  the  original  circle  by  a  small  distance  q.  We  shall  now  neglect 
this  small  distance,  so  that  the  corrected  circle  and  the  original  circle  will 
be  identical.  The  vector  of  the  primary  terminal  pressure  will  be  vertical, 
and  the  power  supplied  to  the  motor  will  be  (Fig.  411) 

Pi  =  3Vi.h.coscf>=3V^.AH. 

From  this  supplied  power  we  must  subtract  the  primary  copper  loss. 
The  line  GK  is  drawn  at  an  angle  a^  below  the  horizontal,  so  that 

tan«,  =  ^.(2  +  ^) (193). 

A  circle  is  drawn  with  its  centre  at  M-^  where  the  vertical  through  M 
meets  GK,  and  with  a  radius  M^G.  This  circle  meets  the  line  GM-^  produced 
at  the  point  K  vertically  below  F;  it  also  cuts  the  line  AG  in  the  point  P. 
A  horizontal  is  drawn  through  P  to  meet  the  ordinate  AH  s±  the  point  C. 
It  is  evident  from  the  geometry  of  the  figure  that  the  angles  a^,  a^  and  a^ 
are  all  equal,  and  that  the  triangles  AHF,  PGA  are  similar.  From  this  it 
foUows  that  jiQ     HP  ap 

AP=FA^''^FA  =  ^'-'''''- 
Multiplying  these  equations  together,  we  have 

AC  =  HF. ta.na3  =  HFAana^    («). 

In  the  triangle  OAF,  we  have 

Ij^==FA^  +  ]o^  +  2lo.HF, 

and  since  FA^^GF.  HF  =  ^.HF, 

T 

I^^=-'>-.HF  +  Io''  +  2lo.HF. 

T 


414 


Electrical  Engineering 


Solving  this  equation  for  HF,  we  get 

J-i      -'o 


HF  =  - 


Substituting  this  in  the  above  equation  for  AC,  and  using  equation  (193), 


we  have 


^C^i^^.tan«3=(-^^^^^^ 

•in 


'.(—:) 


We  shall  now  neglect  the  term  Ig^.R,  which  is  always  very  small,  more 
especially  as  we  can  allow  for  it  later  when  correcting  for  the  no-load  losses. 
For  the  primary  copper  loss,  we  have  therefore 

3.Ii'.R^  =  3Vi.AC. 


Fig.  411 

By  simple  subtraction  we  find  the  power  transmitted  from  the  stator 
to  the  rotor  to  be  P,  =  3  .  V^-CH  =  3  .  Fj-Pg. 

To  determine  the  effect  of  the  rotor  copper  loss  we  draw  the  line  GL  in 
Fig.  412,  so  that 


tanyi 


_tan«,=  (i±^f)!,^#^^=C 


T.Z,^Fi 


.(194). 


This  is  the  same  expression  as  we  used  in  Section  125  (equation  (186)) 
for  determining  the  shp.  The  vertical  through  M  cuts  this  Une  in  the  point 
M^.  With  the  centre  M^  and  the  radius  M^G  we  draw  the  circle  GRFL. 
As  before,  the  angles  yn  Y2  ^^'^  Ya  ^.re  equal.  A  horizontal  through  R  meets 
AH  in  S.  Then  j^^  ^5     jjp 

^  =  tany3and^=^. 
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Multiplying  these  equations  together,  we  have 

4S  =  fl'Ftany3  =  HFtanyi  (6). 

We  saw  above  that  AC  =  HF  tan  a^,  whence 

CS  =  AS  —  AC  =  HF  tan  yj  —  HF  tan  a^  =  HF  (tan  y^  —  tan  a^). 

FA 
If  we  substitute  for  HF  its  equivalent  ^^y-? ,  and  for  tan  yj  —  tan  a^  its 

value  from  equation  (194),  we  get 

r^_FA^   (I  +  Ti)^ ■  Jq ■  Z^^ .R,     (I  +  n)^ ■  F^^ Zi^  ^■ 
/„/t-  T.Z^^Fi  Z^i*  -Fj- 


Fig.  412 
From  equation  (i8i)  on  page  401,  we  know  that 


{i  +  Ti)KFA\Zj^ 


—  -fa  ' 


so  that 


CS- 


^1     ■ 


We  get,  therefore,  for  the  copper  loss  in  the  rotor 

3V-'^2  =  3^1.  CS. 

Subtracting  this  from  the  power  transmitted  to  the  rotor,  we  have 

P  =  3.Vi.SH  =  3.Vi.RT. 
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This  is  the  power  which  is  transformed  into  mechanical  power  in  the 

rotor.    It  includes  the  no-load  losses,  which,  however,  can  be  allowed  for 

by  drawing  a  horizontal  Une  at  a  suitable  distance  above  the  base  hne.  This 

line,  which  is  shown  dotted,  is  then  taken  as  the  foot  of  the  output  ordinates. 

For  the  sake  of  simphcity  we  add  the  stator  hysteresis  loss  to  the  friction 

loss,  and  remember  that  we  have  still  a  part  of  the  stator  copper  loss,  viz. 

lo^.Ri,  to  allow  for.    The  sum  of  these  losses  is  practically  equal  to  the 

power  taken  to  run  the  motor  light  at  the  normal  voltage.  Calling  this  Pg, 

we  have  „ 

P„  =  3.V,.T'T. 

The  ordinate  RT'  is  then  a  measure  of  the  nett  mechanical  output  of  the 
motor. 


Fig-  413 


We  must  now  construct  a  scale  of  slip  in  our  diagram.  For  this  purpose 
the  line  GJ  is  drawn  at  right  angles  to  GM^  (Fig.  413).  This  line  cuts  the 
original  circle  in  the  point  /.  Since  GJ  is  a  tangent  to  the  lowest  circle,  it 
does  not  intersect  it ;  in  other  words,  the  point  R  in  Fig.  412  coincides  with 
the  point  G,  and  the  mechanical  output  is  nil.  The  motor  is  therefore  station- 
ary, and  the  point  /  corresponds  to  a  slip  of  100  per  cent.  The  vector  OJ 
represents  the  primary  starting  current. 

To  find  the  slip  for  any  primary  current  I^  we  join  GA,  and  drop  ajser- 
pendicular  from  any  point  D  in  GJ  produced,  on  to  GMj^.  Since  the  sides 
of  any  triangle  are  proportional  to  the  sines  of  the  opposite  angle,  we  have 


XY 
GY' 


sin^ 


sin;8 


sin  [90°  —  (ai  +  y8)]     cos  (aj  +  ^) ' 
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Similarly,  since  the  angle  at  D  is  equal  to  y^  —  a^,  we  have 

GY  _  sin  (yi  —  «^)  _  sin  (yj  —  «i) 
DY  ~  sin  (90°  -  7])  cosy^ 

By  multiplying  together  the  two  left-hand  sides  and  the  two  right-hand 
sides  of  these  equations,  we  get 

XY _   tanyj— tanffj 
DY     cotan ^  —  tan cji ' 

From  equations  (a)  and  (6)  of  this  section  and  from  Fig.  413,  we  have 

tan«i  =  ^,  tanyi=^^,         cot^=-^. 

Hence  XY^  AS  -  AC  ^CS^ 

DY     AH-AC     CH- 

CS 
Now,  this  ratio  ^r^;  represents  the  fraction  of  the  power  supplied  to  the 

rotor  which  is  lost  in  heating  the  rotor-winding.    It  must,  therefore,  repre- 
sent the  ratio  of  the  slip  to  the  synchronous  speed.  Hence 

XY  _  f 
DY-f,- 

If,  now,  the  perpendicular  DZ  is  so  drawn  that  the  length  DY  is  equal 
to  100  mm,  the  length  J^F  in  mm  will  give  the  percentage  shp. 

130.    Practical  Example. 

We  shall  now  construct  the  Heyland  diagram  for  an  actual  motor,  viz. 
a  600  horse-power  three-phase  motor  by  the  Oerlikon  Company  of  Zurich*. 
The  motor  was  designed  for  the  abnormally  low  speed  of  75  revolutions  per 
minute.  For  this  reason  the  number  of  poles  must  be  relatively  large  and 
the  leakage  consequently  above  the  average  (see  Section  131).  In  these 
circumstances  a  frequency  of  50  would  have  been  too  high,  and  a  frequency 
of  22'5  cycles  per  second  was  therefore  employed.  For  the  number  of  pairs 
of  poles  we  have 

^      n 

The  diameter  of  the  rotor  was  about  300  cm  and  the  air-gap 
0-2  cm. 

The  terminal  pressure  F^  of  the  delta  wound  stator  was  1900  volts.  The 
resistance  R^  per  phase  of  the  stator  was  0-4  ohm,  while  that  R2  of  the  rotor 
was  o-oi6  ohm.  The  stator  had  324  slots  each  containing  8  wires,  so  that 
the  total  number  of  wires  Z^  in  the  primary  winding  was  324.8  =  2592. 
The  rotor  had  a  winding  of  bare  copper  bar,  each  of  the  432  slots  containing 
a  single  bar,  so  that  Zg  =  432.  Since  both  stator  and  rotor  had  ordinary 
coil-windings,  the  winding  coefficients  k^  and  k^  are  equal.  The  no-load 
current  is  given  as  62  amperes,  and  the  normal  full-load  current  as  170 

*  See  E.T.Z.,  1900,  No.  52. 
T.  E.  27 
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amperes.   The  corresponding  currents  in  the  stater- winding  can  be  found 
by  dividing  by  Vs.  Collecting  these  data,  we  have 


=  0-4, 
■■  0'0i6, 
■■  2592, 
432, 


Fj  =  1900, 


T        62        c 


h- 


-Z^=  100  (normal). 
V3 

D 


From  experiments  which  were  carried  out  on  the  motor,  and  which  will 
be  considered  in  the  next  section,  the  leakage  factor  under  normal  conditions 
was  found  to  be  ^  ^  ^.^^^  or  r^  =  r^  =  0-057. 

For  the  construction  of  the  diagram,  we  have 

OF  =  I,  =  36, 
36 


T 


o"ii7 


=  306. 


From  equations  (193)  and  (194)  on  pp.  413  and  414,  we  have 


tan  «!  = 


h-Ri 


('-'} 


36 . 0-4 


2  + 


and 


Vi      \     '  y/       1900 

tanyi  -  tanai  =  ^^ r.ZKV  

By  addition  therefore  we  have 

tanyi  =  0-103  +  0"08  =  0-183. 


0"ii7/ 


o-o8. 


=  0-103. 
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Fig.  414  is  drawn  from  these  values  of  /q,  — ,  a^  and  y^.   The  total  no-load 

losses  were  found  to  be  P^  =  16,000  watts,  and  the  dotted  horizontal  line  is 
drawn  at  a  corresponding  height  above  the  base  line,  viz. 


T'T  = 


16,000 


=  2"8  amperes. 


3  .  Fi     3 • 1900 

We  now  proceed  to  determine  the  current,  efficiency,  power-factor,  and 
speed  for  different  values  of  the  load,  from  no-load  up  to  the  maximum  load, 
at  which  the  motor  stops.  By  load  we  mean  the  useful  turning-moment  M^ 
as  measured  on  the  motor  pulley.  This  is  not  the  turning-moment  exerted 
on  the  rotor,  but  that  obtained  by  dividing  the  useful  output  P„  by  the 
angular  velocity :  thus  p 

M„  = ^-?^— 0-  met.-kg. 

277.  W.  9-81  '^ 

Since  the  useful  output  is  equal  to  the  product  3.  F^.iJT',  where  RT'  is 
measured  to  a  scale  of  amperes,  we  have 

^^■^900-RT'^         RT 
"       277. «. 9-81       9^5    ^    met.  Jcg. 

The  corresponding  value  of  the  primary  current  7^  is  given  by  the  length 
OA  on  the  scale  of  amperes. 

The  watt-component  of  the  primary  current  is  AH,  so  that  the  efficiency 
is  given  by  the  ratio 

RT 
"I^AH- 

In  order  that  the  speed  may  be  read  off  directly,  the  perpendicular  from 
D  on  to  GMi  is  taken  so  that  the  length  DY,  down  to  the  point  at  which  it 
meets  GO,  is  equal  to  75  mm,  75  revolutions  per  minute  being  the  syn- 
chronous speed.  It  follows  from  the  previous  section  that  the  length  DX  in 
mm  is  equal  to  the  speed  of  the  motor  in  revolutions  per  minute. 

In  this  way  the  values  given  in  the  following  table  for  seven  different 
values  of  I^  can  be  found  very  quickly.  The  third  horizontal  row  repre- 
sents the  normal  full-load  conditions  as  shown  in  Fig.  414.  The  last  vertical 
column  gives  the  values  of  the  line  current  I  which,  for  the  delta  connection, 
is  equal  to  V3 .  Ii- 


1 1  =  0  A 

RT 

AH 

RT 
^-AH 

r.p.m.  =DX 
in  mm 

COS0 

AH 
"OA 

RT 
9^'5-    n 

I=s/3h 

45 

21-2 

24-2 

0-87 

74-4 

0-548 

1,565 

78 

60 

387 

427 

0-91 

74 

0-718 

2,900 

104 

100 

73-5 

8o-5 

0-916 

73 

0-805 

5,600 

173 

196-3 

I2I-2 

1427 

0-85 

70-5 

0-73 

9,520 

340 

220 

123-9 

150 

0-83 

68-3 

0-682 

10,000 

380 

243 

I2I-2 

152-5 

0-793 

66-6 

0-63 

10,100 

421 

(284 

II3-5 

150-2 

0-753 

64-8 

0-57 

9,700 

490) 

27- 
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The  curves  in  Fig.  415  have  been  plotted  from  this  table.  The  abscissae 
represent  the  useful  torque.  This  reaches  a  maximum  value  of  10,000  metre- 
kilogrammes,  which  is  nearly  double  the  normal  load  of  5600  met.-kg.  The 
motor  has,  therefore,  nearly  100  per  cent,  overload  capacity.  The  corre- 
sponding value  of  the  current  is  380  amperes,  which  is  more  tha.n  double 
the  normal  current  of  173  amperes.  If  the  load  be  stUl  further  increased 
the  motor  comes  to  rest.  It  is,  therefore,  impossible  for  the  motor  to  run 
with  the  point  A  on  the  right-hand  side  of  the  diagram  in  Fig.  414;  when 
starting  without  external  resistance  in  the  rotor  circuit,  the  point  A  starts 
from  /  and  moves  over  the  semicircle  to  the  left-hand  side.   By  putting 


r.p.m.  I 


r.p.m. 

I 

7 
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suitable  starting  resistance  in  the  rotor  circuit,  the  point  A  may  be  made  to 
start  on  the  left-hand  side  of  the  diagram;  in  this  way  the  starting  current 
is  greatly  reduced. 

The  speed  of  the  motor  under  full  load  is  73,  which  represents  a  slip  of 
2  in  75,  or  2'7  per  cent.  The  speed  drops  continually  as  the  load  is  increased, 
and  reaches  68-8  revs,  per  minute  at  the  maximum  possible  load. 

The  curves  of  efficiency  and  power-factor  increase  very  rapfdly  at  first, 
reach  their  maximum  values  at  the  normal  load,  and  then  fall  very  gradually 
as  the  load  is  still  further  increased.  Both  curves  are  practically  horizontal 
over  a  remarkably  wide  range  in  the  neighbourhood  of  the  normal  load.  An 
efficiency  of- 92  per  cent.  and. a  power-factor  of  o-Si  might  appear,  at  first 
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sight,  to  be  very  low  values  for  a  motor  of  600  horse-power.  We  shall  see 
in  the  next  section  that  the  low  speed  results  in  a  relatively  great  leakage, 
and  affects  both  the  power-factor  and  the  efficiency  disadvantageously.  An 
Oerlikon  standard  motor  of  the  same  output  for  a  speed  of  370  revolutions 
per  minute,  with  a  frequency  of  50  cycles  per  second,  had  a  power-factor  of 
0-92,  an  efficiency  of  95  per  cent,  and  1-5  per  cent.  slip. 

We  shall  now  consider  the  experimental  determination  of  the  leakage 
factor  T,  which  we  have  seen  to  be  of  fundamental  importance  in  the  prin- 
ciple and  working  of  induction  motors.  We  shall  also  consider  the  various 
factors  which  affect  the  leakage,  since  an  accurate  knowledge  of  these 
factors  is  essential  to  the  design  of  an  induction  motor. 

131.    The  Leakage  Factor. 

If  the  motor  has  a  two-  or  three-phase  wound  rotor,  the  leakage  factor  t 
can  be  determined  experimentally  in  the  following  manner.  A  terminal 
pressure  V^  is  applied  to  the  stator,  and  the  pressure  across  the  slip-rings  of 
the  open  rotor  is  measured.  The  motor  is  simply  a  transformer  on  open 
circuit,  and  the  terminal  pressures  should  be  proportional  to  the  numbers  of 
turns  Zj  and  Z^.  Due  allowance  must  be  made,  of  course,  for  any  differences 
between  the  connections  and  windings  of  the  stator  and  rotor. 

2, 

We  should  expect  the  pressure  across  the  rotor  terminals  to  be  F^ .  ^^ . 

If,  however,  some  of  the  lines  which  link  the  primary  do  not  link  the 

Z 
secondary,  the  pressure  V^  will  be  smaller  than  V-^.-^ .    The  ratio  of  the 

Z 

expected  pressure  F^ .  ^^  to  the  actual  pressure  V^  is  equal  to  the  ratio  of 

the  total  flux  produced  by  the  stator  to  that  actually  linking  the  rotor  con- 
ductors. Now,  at  no-load  there  is  no  rotor  current  and  consequently  no 
rotor  leakage,  hence  t^  will  be  the  ratio  of  the  leakage  flux  to  the  flux 
linking  the  rotor  conductors,  or 

Hence  "-^     =  i  +  ti, 

F,    -^  • 

and  I  -I-  Ti  =  — r? —  • 

'  2 

In  the  same  way  a  three-phase  pressure  Fg  can  be  applied  to  the  rotor, 

and  the  resulting  pressure  F^  across  the  disconnected  stator  terminals 

measured.     It  should  theoretically  be  equal  to  V^.^,  but  leakage  will 

^2 
cause  it  to  be  smaller,  and  we  have 

F.  ^ 
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As  the  difference  between  the  theoretical  and  the  actual  value  is  very 
small,  great  care  is  necessary  if  reliable  results  are  required.  Having  found 
Tj  and  Tj  we  can  easily  calculate  the  leakage  factor  t  =  tj  +  tj  +  r^2- 

This  method  of  finding  the  leakage  factor  has  the  advantage  of  simphcity 
and  depends  directly  on  the  definition  of  t^  and  Tg.  Unfortunately,  however, 
it  leads  to  incorrect  results  in  the  majority  of  cases,  because  the  leakage 
factor  is  not  a  constant,  as  we  have  assumed,  but  decreases  with  large 
currents  owing  to  the  saturation  of  the  tips  of  the  teeth.  The  current  used 
in  the  above  method  is  very  small,  and  the  normal  current  is  several  times 
as  large.  The  power-factor  of  the  motor  is  therefore  better  than  one  would 
expect  from  the  above  experiments. 

For  the  same  reason  it  is  obvious  that  the  Heyland  diagram  is  not 
strictly  correct,  except  for  one  special  load,  at  which  the  assumed  values 
of  Ti  and  Tg  hold  true.  It  may  be  necessary,  in  extreme  cases,  to  draw 
separate  diagrams  for  different  values  of  the  load.  It  is,  however,  of  the 
greatest  importance  that  the  assumed  values  of  t^  and  r^  should  be  correct 
at  the  normal  load.  To  do  this,  the  rotor  is  short-circuited  and  fixed,  and 
the  primary  current  I^^  determined.  If  the  rotor  resistance  were  negligible, 
the  short-circuit  current  OJ  =  I^c  in  Fig-  405  would  coincide  with  OG.  In 
any  case,  it  will  not  differ  much  from  it  as  regards  magnitude.  Having 
measured  also  the  no-load  current  Iq  we  have 

T    -  T  4-^ 

^sc  —  ■'0  T^        > 
T 

or  T=^--e-=.    (195). 

If  the  short-circuit  test  were  made  with  the  normal  primary  voltage,  the 
current  would  be  far  too  large.  This  current  would  highly  saturate  the  tips 
of  the  teeth  across  which  the  leakage  mainly  occurs.  The  value  of  t  obtained 
by  this  method  would  be  too  small  for  the  normal  working  condition,  and 
would  only  be  true  for  the  extreme  right-hand  side  of  the  diagram*.  The 
stator  pressure  should  be  adjusted  so  as  to  give  a  short-circuit  current 
approximately  equal  to  the  normal  working  current.  The  reluctance  of  the 
leakage  paths  will  then  be  the  same  as  under  normal  working  conditions. 
The  theoretical  value  of  I^^  at  the  full  pressure  can  be  found  by  multiplying 
the  measured  current  by  the  ratio  of  the  full  pressure  to  the  reduced  pressure 
at  which  the  test  was  made. 

To  make  this  clearer,  we  shall  take,  as  an  example,  the  motor  considered 
in  the  previous  section.  The  experimental  data  are  taken  from  the  E.T.Z., 
1900,  No.  52.  The  short-circuit  current  was  measured  with  values  of  the 
primary  p.d.  of  600  and  390  volts  respectively  instead  of  the  normal  p.d. 
of  igoo  volts.  The  values  found  for  the  short-circuit  current  were  200  and 
no  amperes  in  the  external  leads,  which  correspond  to  200 jV^  =  116  and 
iio/Vs  =  63-7  amperes  respectively. 

Considering  in  the  first  place  the  value  found  with  a  p.d.  of  600  volts, 
viz.  116  amperes,  we  see  that  this  would  give  a  short-circuit  current  I^^  at 

*  See  Electrician,  1904,  vol.  ltv,  p.  87,  for  an  interesting  example. 
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the  full  P.D.  of  116 .  ~ —  =  368  amperes.    In  the  second  case  a  current  of 
63-7  amperes  is  measured  at  a  p.d.  of  390  volts,  which  corresponds  to  a 
current  of  637  .  ~ —  =  310  amperes  at  the  normal  primary  pressure. 
These  results  are  collected  in  the  following  table : 


Fi 

h 

Observed 
current 

-fsc  (calc.) 
for  1900  V. 

1900 

36 

— 

— 

— 

600 

— 

116 

368 

0-109 

390 

— 

637 

310 

0-131 

It  is  evident  that  the  leakage  factor  t  decreases  as  the  current  increases, 
so  that  the  values  of  t^  and  t^  in  the  table  on  page  406  decrease  with  in- 
creasing current.  The  reason  for  this,  as  we  have  already  pointed  out,  is 
that  the  tips  of  the  teeth  become  saturated,  and  so  prevent  an  increase  of 
current  from  causing  a  corresponding  increase  of  leakage  flux.  The  per- 
centage loss  of  flux  by  leakage  is  therefore  continually  decreased  as  the 
current  in  stator  and  rotor  is  increased. 

The  value  of  t  corresponding  to  the  normal  full  load  of  the  motor  can  be 
found  by  interpolation  from  the  foregoing  figures.   We  have 

7sc  =  116,  T  =  0-109, 

63-7,  0-131. 

Hence,  for  the  normal  current  of  100  amperes, 

T  =  0-117. 

Now,  from  page  401,  we  know  that  t  =  t^  +  tj  +  Tjt^,  and  if  t^  =  r,^ 
this  becomes  t  =  2Ti  +  t-^,  which  for  a  value  of  t  of  0-117,  gives 

Tj  =  T2  =  0-057. 

Although  a  large  value  for  a  motor  of  this  size,  it  is  by  no  means  ex- 
cessive when  the  number  of  poles  is  taken  into  account. 

The  third  method  of  constructing  the  diagram  is  perhaps  the  most 
obvious  one,  viz.  by  making  an  actual  brake  test  on  the  motor  at  different 
loads,  or  by  fixing  the  rotor  and  varying  the  regulating  resistance  in  the 
rotor  circuit.  We  measure  the  line  circuit  I,  the  terminal  voltage  V,  and, 
by  means  of  one  or  more  wattmeters,  the  power  Pj  supplied  to  the  stator. 
We  have  then  p 

cos<l>  =  —7===^. 
V3.V.I 

The  primary  p.d.  is  set  up  vertically,  and  the  angle  cf)  set  out  for  each 
value  of  the  primary  current,  which  is  then  marked  off  along  its  correspond- 
ing line.  Were  t  invariable,  the  points  so  obtained  should  lie  on  a  circle. 
A  circle  can  generally  be  drawn  through  the  points  in  the  working  part  of 
the  figure,  and  then  used  for  the  calculation  of  t.  The  points  shown  in 
Fig.  416  were  obtained  by  the  author  on  a  ij  h.p.  motor. 

Since  the  power-factor  and  the  overload  capacity  are  both  directly 
dependent  upon  the  leakage  factor  t,  the  designer  of  an  induction  motor 
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must  strive  to  obtain  as  small  a  value  of  t  as  possible,  that  is,  he  must 
reduce  the  leakage  to  the  smallest  possible  limit.  It  is  obviously  disadvan- 
tageous to  place  the  winding  in  closed  tunnels  or  holes,  on  account  of  the 
small  reluctance  offered  to  the  leakage  flux.  This  is  especially  the  case  if 
a  considerable  thickness  of  iron  is  left  between  the  hole  and  the  air-gap,  but 
if  this  bridge  of  iron  be  reduced  to  a  minimum  by  stamping  the  holes  very 
near  the  air-gap,  there  is  little  objection  to  the  totally  enclosed  hole.  The 
best  construction,  from  the  point  of  view  of  reduced  leakage  and  of  ease 
of  manufacture,  is  the  rectangular  open  slot,  into  which  former-wound  coils 
can  be  placed.  This  leads,  however,  to  an  unequal  distribution  of  flux  in  the 
air-gap,  and  consequently  to  an  increased  magnetising  current. 

It  is  necessary  in  all  cases  to  divide  the  coil-side  between  several  slots, 
in  order  to  keep  down  the  leakage  flux  produced  by  the  current  in  one 


Fig.  416 

slot.  A  limit  is  set  to  the  number  of  slots  by  the  proportionately  greater 
amount  of  space  taken  up  by  the  insulation.  Generally  speaking,  the  stator 
has  from  3  to  5  slots  per  coil-side,  while  the  rotor  has  from  3  to  7.  It  is 
obvious  why  induction  motors  are  often  made  with  relatively  large 
diameters  and  small  axial  lengths,  since  the  large  pole-pitch  enables  the 
coil-side  to  be  distributed  among  a  large  number  of  slots.  Unfortunately, 
however,  increasing  the  diameter  at  the  expense  of  axial  length  adds  con- 
siderably to  the  cost  of  the  motor.  This  is  obvious  from  the  consideration 
that  the  output  could  be  considerably  increased  by  making  the  motor  axially 
longer,  without  adding  very  materially  to  the  cost  of  manufacture.  Another 
disadvantage  of  the  short  axial  length  is  the  relative  importance  of  the 
flank  leakage. 

A  second  way  in  which  the  value  of  r  can  be  reduced  is  by  decreasing  the 
air-gap.  Since  the  product  t^t.^  is  negligibly  small,  we  may  put  t  =  t,  +  t 


131.  The  Leakage  Factor  425 

and,  as  we  can  see  from  the  definition  of  r^  and  t^  on  page  400,  the  value  of 
T  is  directly  proportional  to  the  reluctance  of  the  air-gap*. 

It  is  interesting  to  consider  the  effect  on  the  operation  of  the  motor  of 
varying  the  air-gap.  This  cannot  be  done  by  using  one  motor  and  succes- 
sively turning  a  little  off  the  stator  or  rotor,  since  this  would  not  only 
increase  the  air-gap,  but  would  also  increase  the  reluctance  of  the  tips  of  the 
teeth. 

Two  motors  should  be  compared  which  have  the  same  slot  dimensions, 
etc.,  but  different  air-gaps.  The  smaller  the  air-gap,  the  smaller  is  the  value 
of  T,  and  the  larger  is  the  maximum  power-factor,  in  accordance  with  the 
equation 

(c0S9^)mas=^^_^^. 

A  decrease  in  the  air-gap  will  naturally  lower  the  no-load  current,  since 
a  smaller  magnetising  current  is  now  required  to  drive  the  flux  across  the 
reduced  air-gap.   The  maximum  torque  is  dependent  on  the  radius  of  the 

Heyland  circle,  or  on  —  .     This  has  remained  the  same  for  both  motors, 

T 

showing  that  the  maximum  torque  is  but  little  affected  by  the  air-gap  if 
the  motors  are  the  same  in  other  respects. 

The  value  of  r  is  very  greatly  affected  by  the  choice  of  frequency.  In 
order  to  make  this  clear  we  may  consider  two  motors  with  stator  and  rotor 
cores  of  the  same  dimensions  and  with  the  same  number  of  slots.  The  pri- 
mary P.D.,  the  output  and  the  speed  are  the  same  in  each  case,  but  one  motor 
is  designed  for  a  frequency  of  50  cycles  per  second,  the  other  for  30.  We 
shall  assume  that  the  proportion  of  slot  space  occupied  by  copper  is  the 
same  in  each  case,  as  also  the  current  density  in  the  wires,  and  the  number  of 
ampere-turns  per  cm  of  periphery. 

Since  the  output  and  the  p.d.  are  the  same,  it  follows  that  the  current 
will  also  be  the  same  in  each  case,  if  we  neglect  any  difference  in  the  value 
of  cos  <j>.  Moreover,  since  the  number  of  ampere-turns  per  cm  of  periphery 
has  been  taken  as  the  same  in  each  case,  the  equality  of  current  leads  to  the 
equality  of  the  number  of  wires  on  the  stator  and  also  of  the  number  of 
wires  per  slot. 

The  motors  will  differ,  however,  in  the  number  of  pairs  of  poles,  in 
accordance  with  the  equation  r 

The  motor  for  a  frequency  of  50  must  have  a  greater  number  of  poles 
than  that  for  a  frequency  of  30,  in  the  ratio  of  5  :  3.  Since  both  motors  have 
equal  peripheries,  their  pole -pitches  will  be  in  the  proportion  of  3:5.  If 
Fig.  417  represents  the  first  motor  with  3  slots  per  coil-side  or  9  per  pole- 
pitch,  then  the  second  motor  will  be  represented  by  Fig.  418,  in  which  there 
are  5  slots  per  coil-side  or  15  per  pole.  The  number  of  wires  in  each  slot  is 
the  same  in  each  case,  so  that  the  wires  per  coil-side  will  be  as  3  :  5. 

The  E.M.F.  per  phase  is  given  by  the  equation 

Fi  =  A; .  Oo  ./i .  Zi' .  io~^  volts. 
*  See  Behrend,  The  Induction  Motor;  also  Behrend,  E.T.Z.,  1904,  p.  59. 
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We  can  put  Oq  approximately  equal  to  the  flux  Bmean--4»  which  crosses  the, 
air-gap,  and  /^  equal  to  ^ . «  neglecting  the  slip ;  we  thus  get 

Fi  =  ^.Smean--4j.:^.W.2i'. 10-8  volts. 

In  this  equation  Ag  .p  is  equal  to  half  the  cylindrical  surface,  and  is  there- 
fore the  same  in  each  case.  Since,  moreover,  V^,  k,  n,  and  z^'  are  the  same  in 
each  case,  it  foUows  that  both  motors  must  work  with  the  same  average^, 

flux  density  Bmean- 

With  equal  flux  density  the  hysteresis  loss  is  proportional  to  the  fre- 
quency, and  will  therefore  be  f  times  as  great  in  the  50  cycle  motor  as  in  the 
30  cycle  motor. 

To  produce  the  same  flux  density  in  each  case  will  require  the  same 
number  of  ampere-turns  per  coil-side,  and  as  the  coil-side  of  the  50  cycle 


J'ole-pitc/o. 

Fig.  417 


Fig.  418 


motor  contains  only  f  of  the  wires  in  the  coil-side  of  the  other  motor,  its 
no-load  or  magnetising  current  will  have  to  be  greater  in  the  ratio  of  5  :  3, 
that  is,  the  no-load  current  will  be  directly  proportional  to  the  frequency*. 
The  question  is  not  nearly  so  simple  when  we  come  to  consider  the 
relative  values  of  the  leakage  factor  t.  If  we  consider  the  leakage  flux  due 
to  one  coil-side  in  Fig.  417  we  see  that  it  has  to  cross  3  slots,  whereas  in 
Fig.  418  it  has  to  cross  5  slots,  or,  in  other  words,  the  reluctances  of  the  leakage 
paths  are  as  3 : 5.  If  we  assume,  temporarily,  that  the  short-circuit  current  is 
the  same  in  each  case,  the  ampere-wires  per  coil-side  are  in  the  same  ratio, 
viz.  3:5.  Since  both  the  ampere-turns  and  the  reluctances  have  changed 
in  the  same  proportion,  the  resulting  flux  will  be  the  same  in  each  case.   In 

*  When  considering  any  given  motor  the  primary  p.d.  of  which  is  maintained  con- 
stant, the  no-load  current  must  evidently  vary  approximately  inversely  as  the  frequency. 
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the  first  case,  this  flux  links  3  slots  with  a  frequency  of  50,  whereas  in  the 
second  case  it  links  5  slots  with  a  frequency  of  30;  the  e.m.f.  induced  in  the 
coil-side  would  be  the  same  in  each  case,  but  as  the  first  motor  has  |  times 
as  many  coil-sides  as  the  second,  the  total  e.m.f.  of  the  first  motor  would 
be  f  times  that  of  the  second.  Hence,  to'  produce  the  same  short-circuit 
current  in  each  case,  the  primary  pressures  would  have  to  be  in  the  ratio  of 
5  :  3,  or,  on  the  other  hand,  with  the  same  p.d.  the  short-circuit  currents  of 
the  two  motors  are  as  3  :  5. 

We  have  seen  above  that  the  no-load  currents  are  in  the  ratio  of  5  :  3. 
The  alterations  in  both  no-load  current  and  short-circuit  current  are  there- 
fore in  such  a  direction  as  to  reduce  t  in  the  second  motor,  i.e.  the  one  for 
the  lower  frequency.  If  our  assumptions  were  strictly  correct,  the  value  of 
T  would  vary  as  the  square  of  the  frequency.  An  important  part  of  the 
leakage,  which  we  have  not  considered,  is  that  around  the  ends  of  the  coils, 
where  they  project  beyond  the  stator  and  rotor.  Since  the  30  cycle  motor  in 
Fig.  418  would  have  much  longer  coil-ends,  this  part  of  the  leakage  would 
be  increased  as  the  frequency  was  decreased.  How  far  this  increased  leakage 
would  counteract  the  decreased  slot  leakage  is  not  at  all  certain.  If  it  exactly 
counterbalanced  it,  the  short-circuit  current  would  be  the  same  in  both 
cases  and  r  would  vary  directly  as  the  frequency.  The  general  correctness 
of  these  results  has  been  proved  experimentally  by  Behrend. 

It  is  interesting  to  note  that  the  two  motors  will  have  about  equal  over- 
load capacity.  The  motor  with  the  greater  number  of  poles  has  the  greater 
magnetising  current,  but  also  the  greater  leakage  factor  t.  The  radius  of  the 
Heyland  circle,  and  therefore  the  maximum  torque,  will  be  approximately 
the  same  as  in  the  other  motor. 

The  important  points  of  difference  between  the  two  motors  lie  in  the 
magnetising  current  and  in  the  power-factor. 


CHAPTER  XIX 


132.  Resolution  of  the  primary  m.m.f.  of  the  single-phase  motor  into  two  constant 
rotating  components. — 133.  The  circle-diagram  of  the  single-phase  motor. — 134. 
Single-phase  commutator  motors. — 135.  The  plain  series  single-phase  motor. — 
136.    The  repulsion  motor. — 137.    The  Eichberg-Latour  motor. 

132.    Resolution  of  the  Primary  M.M.F.  of  the  Single-phase 
Motor  into  Two  Constant  Rotating  Components. 

If  one  of  the  leads  supplying  current  to  a  three-phase  induction  motor 
be  broken,  it  will  continue  to  run  as  a  single-phase  motor  in  the  same 
direction.  Coils  i  and  2  of  the  three-phase  motor  in  Fig.  419  now  form  a 
single  coil  with  a  breadth  equal  to  two-thirds  of  the  pole-pitch,  carrying  the 
same  current  throughout.  If  the  rotor  circuit  is  open,  the  primary  current 
produces  an  alternating  flux,  the  axis  of  which  has  a  fixed  direction.  In  the 
figure  this  direction  is  vertical.  The  centres  of  the  poles  remain  at  A  and  C 
and  the  neutral  points  at  B  and  D.  It  is  difficult  to  see  how  a  torque  can  be 


Fig.  420 


Fig.  421 


produced  by  means  of  this  alternating  field,  and  how  the  direction  of  this 
torque  can  be  determined  by  the  initial  direction  of  rotation  which  is  ar- 
bitrarily given  to  the  rotor. 

Ferraris  resolved  the  alternating  field  into  two  oppositely  rotating  fields 
of  constant  magnitude.  We  shall  go  a  step  further,  and  resolve,  not  only 
the  flux,  but  also  the  primary  ampere-turns  into  two  oppositely  rotating 
sets  of  ampere-turns.  We  must  assume,  however,  that  the  conductors  are 
distributed  around  the  stator  according  to  the  sine  law,  as  is  shown  in 
Fig.  420  by  circles  of  various  sizes,  the  larger  circles  indicating  that  the 
wires  are  more  closely  packed.  Theoretically  this  would  lead  to  an  infinite 
number  of  infinitely  small  wires.  We  can  represent  this  sinusoidal  distri- 
bution of  the  ampere-turns  in  the  manner  indicated  in  Fig.  421. 

On  this  assumption,  the  effect  of  the  alternating  ampere-turns  at  any 
moment  and  at  any  point  is  exactly  equal  to  the  combined  effect  of  two 
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sinusoidal  windings,  carrjdng  a  constant  current  and  rotating  in  opposite 
directions.  The  constant  current  is  such  that  the  number  of  ampere-turns 
in  each  rotating  winding  is  a  half  of  the  total  ampere-turns  on  the  actual 
stator,  when  the  alternating  current  reaches  its  maximum  value.  In  Fig. 
422  the  actual  stator  current  is  a  maximum.  At  this  moment,  those  sides 
of  the  imaginary  rotating  coils  (shown  black)  which  carry  current  in  the 
same  direction  are  superposed,  and  their  individual  effects  can  be  added. 
They  are  therefore  equivalent  to  the  stationary  alternating  ampere-turns, 
represented  by  the  outer  ring  of  the  figure,  which  have  their  maximum  value 
at  the  given  moment. 

An  eighth  of  a  period  later  the  stator  current  wiU  be 

A  A 

J. sin  45°  =  0707  i. 

We  see  that  at  this  moment  the  rotating  ampere-turns  at  A  and  C  neutralise 
each  other  (Fig.  423).  The  addition  of  the  two  sine  curyes  in  the  lower  part 
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C 


Fig.  424 


of  the  figure  gives  a  sine  curve  with  a  maximum  at  B,  as  before,  but  with 
the  ordinates  reduced  in  the  ratio  of  0707  :  i  as  compared  with  Fig.  422. 
The  magnetic  effect  of  the  two  rotating  windings  is  still  equal  to  that  of  the 
actual  stator-winding.  The  same  agreement  is  found  after  another  ^  period, 
when  the  actual  stator  current  is  zero  (Fig.  424).  The  rotating  ampere-turns 
now  neutraUse  each  other  at  all  points.  It  must  be  impressed  on  the  reader 
that  this  substitution  of  two  oppositely  rotating  magnetomotive  forces  with 
a  constant  sine-wave  distribution  in  place  of  the  actual  stationary  alter- 
nating current,  is  purely  fictitious  and  does  not  exist  except  in  our  imagina- 
tion.  It  is,  nevertheless,  a  very  useful  and  fruitful  device. 

We  shall  now  imagine  the  motor  to  be  frictionless  and  running  hght 
with  a  squirrel-cage  rotor  of  negligible  resistance.  We  shall  assume  the 
direction  of  rotation  to  be  clockwise,  and  we  shall  designate  the  imaginary 
stator-winding  which  rotates  in  this  direction  as  the  forward  ampere-turns, 
and  that  in  the  opposite  direction  as  the  backward  ampere-turns.  The 
magnetic  flux  which  the  forward  ampere-turns  drive  through  the  rotor 
rotates  synchronously  with  it  and  does  not  cut  the  rotor  bars.   This  flux 
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is  shown  in  Figs.  425,  426  and  427,  for  the  three  moments  previously  con- 
sidered. In  all  that  follows,  the  flux,  electromotive  force,  and  rotor  currents, 
etc.,  for  each  fictitious  rotating  magnetomotive  force  will  naturally  be 
distributed  around  the  periphery  according  to  the  sine  law. 

With  respect  to  the  backwardly  rotating  ampere-turns,  the  rotor  has  a  sUp 
of  200  per  cent.  In  consequence  of  this,  a  large  short-circuit  current  flows  in 
the  rotor,  directly  opposing  the  backwardly  rotating  ampere-turns,  and  pre- 
venting the  flux  from  entering  the  rotor.  The  flux  is  driven,  however,  along 
the  secondary  leakage  path  (Figs.  428, 429  and  430).  The  outer  black  circles 
in  these  figures  represent  the  backwardly  rotating  ampere-turns,  and  the 
inner  ones  the  rotor  ampere-turns.  On  the  assumption  that  the  rotor  has  no 
resistance,  an  infinitely  small  number  of  lines  is  sufficient  to  induce  the  rotor 
currents  necessary  to  counterbalance  the  primary  backwardly  rotating 
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ampere-turns.  When  running  perfectly  Ught  with  a  rotor  of  zero  resistance, 
we  have  therefore  the  forward  rotor  field,  the  backward  rotor  leakage  field, 
and  the  backward  rotor  ampere-turns.  Since  the  rotor  itself  runs  synchron- 
ously, the  rotor  bars  must  carry  an  alternating  current  of  double  frequency. 
Turning  now  to  the  actual  conditions  in  the  motor,  we  see  that  the  flux 
in  Fig.  425  is  produced  by  the  difference  between  the  actual  ampere-turns 
on  the  stator  and  those  on  the  rotor.  Figs.  425  and  428  represent  ampere- 
turns  and  fluxes  existing  simultaneously  in  the  motor;  similarly  for  Figs.  426, 
429  and  427,  430.  The  flux  represented  in  Fig.  427  is  90°  out  of  phase  with 
the  actijal  stator  ampere-turns  both  as  regards  time  and  space,  for  the 
actual  stator  current  is  zero  at  this  moment;  hence  the  flux  shown  in  Fig.  427, 
which  we  have  ascribed  to  the  fictitious  forwardly  rotating  component' 
must  really  be  produced  by  the  rotor  currents.  The  rotor  currents  shown  in 
Fig.  430  at  this  moment  are  in  the  right  direction  to  produce  this  flux,  and 
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will  therefore  be  increased  by  an  amount  equivalent  to  the  ampere-turns 
shown  in  Fig.  427.  The  single-phase  motor  is  thus  reduced  to  a  two-phase 
motor,  one  phase  of  which,  viz.  that  producing  a  vertical  flux  in  the  figures, 
is  obtained  from  the  difference  between  the  stator  and  rotor  currents,  while 
the  other,  viz.  that  producing  the  horizontal  flux,  is  obtained  from  the  rotor 
currents  alone.  These  relations  are  somewhat  altered,  even  on  no-load,  if 
the  rotor  resistance  is  taken  into  account.  They  are  considerably  altered 
when  the  motor  is  heavily  loaded.  The  single-phase  motor  does  not  possess 
the  simplicity  and  uniformity  of  the  polyphase  induction  motor.  We  shall 
proceed  further  with  the  theory  of  the  rotating  ampere-turns,  and  see  to 
what  results  it  leads  us. 

133.    The  Circle-diagram  of  the  Single-phase  Motor, 

In  the  previous  section  we  imagined  the  actual  stator  winding  to  be 
replaced  by  two  oppositely  rotating  windings  distributed  around  the  peri- 
phery according  to  a  sine  law  and  carrying  a  direct  current.  We  would 
arrive  at  exactly  the  same  result  if  these  two  imaginary  windings  were 
stationary  and  uniformly  distributed  around  the  periphery,  but  made  up 
of  a  great  many  phases,  each  turn,  in  fact,  being  supplied  with  alternating 
current  of  the  correct  phase  depending  on  its  position  on  the  periphery. 
Such  a  distribution  of  current  exists  around  the  periphery  of  a  squirrel-cage 
rotor. 

In  what  follows  we  shall  imagine  that  the  actual  stationary  single-phase 
stator  winding  is  replaced  in  this  way  by  two  stationary  polyphase  windings, 
suitably  supphed  with  polyphase  currents  and  producing  two  magnetic 
fields  rotating  in  opposite  directions.  For  the  sake  of  simplicity  we  shall  fix 
our  attention  on  those  turns  of  these  two  polyphase  windings,  which  are  co-axial 
with  the  actual  stator  winding.  It  is  obvious  from  Fig.  423  that  the  current  in 
these  phases  must  have  its  maximum  value  at  the  moment  of  maximum 
current  in  the  actual  stator  winding.  From  this  it  follows  that  the  current 
in  these  two  phases  which  we  are  specially  considering  is  in  phase  with  the 
actual  stator  current,  and  that  their  vectors  will  coincide  in  direction. 

With  regard  to  the  magnitude  of  these  vectors,  we  shall  draw  the  dia- 
gram to  represent,  not  the  effective  value  of  the  current  in  the  phases 
considered,  but  the  ampere-turns  of  the  rotating  magnetomotive  forces, 
which  are,  of  course,  proportional  to  the  effective  value  of  the  current.  Each 
of  these  rotating  magnetomotive  forces  is  equal  to  a  half  of  the  actual 
maximum  ampere-turns  on  the  stator,  for  which  we  shall  use  the  symbol  I^ 
when  the  rotor  circuit  is  open,  and  /  when  the  motor  is  working. 

When  the  rotor  circuit  is  open,  the  two  rotating  magnetomotive  forces 
produce  two  rotating  magnetic  fluxes,  which,  together,  induce  the  same 
E.M.F.  in  the  stator  winding  as  is  actually  induced  by  the  alternating  flux, 
and  which,  we  know,  must  be  practically  equal  and  opposite  to  the  applied 
terminal  p.d. 

When  the  motor  is  running,  the  equality  of  the  two  rotating  fluxes  is 
destroyed  by  the  rotor  currents.  They  must,  nevertheless,  induce  in  the  staler, 
electromotive  forces  whose  geometrical  sum  is  equal  and  opposite  to  the  applied 
terminal  p.d.    The  fact  that  the  magnetic  fluxes  are  rotating  in  opposite 
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directions  does  not  affect  the  vector  diagram  in  any  way,  for  the  latter 
shows  only  the  variation  of  e.m.f.  with  time,  and  it  is  immaterial  whether 
the  flux  has  been  removed  from  a  coil  to  the  right  or  to  the  left.  If,  then, 
the  forwardly  rotating  flux  induces  an  e.m.f.  E^  in  the  actual  stator,  while 
that  induced  by  the  backwardly  rotating  flux  is  E^,  the  constant  terminal 
pressure  V  must  be  the  resultant  of  two  vectors  drawn  equal  and  opposite 
to  £1  and  £2  (Fig.  431). 

The  electromotive  forces  induced  in  the  two  imaginary  phase  windings 
which  we  are  specially  considering  will  be  in  phase  with  E^  and  E^  since  they 
are  co-axial  with  the  actual  stator  winding,  and,  moreover,  they  wiU  be 
proportional  to  their  respective  magnetising  ampere-turns  OP^  and  OP^. 
Hence,  the  resultant  OF  must  be  at  right-angles  to  the  terminal  pressure  V 
and  must  also  be  constant.  This  is  true  for  all  conditions  of  load,  and  even 
when  the  rotor  is  open;  in  this  latter  case,  however,  the  two  rotating  fields. 


Fig-  431 

are  exactly  equal,  and  therefore  OP^  and  OP^,  are  also  equal,  and  are  added 
algebraically  together  to  give  the  maximum  value  of  the  actual  ampere-turns 
with  open  rotor.  Obviously  then  OF  represents  this  latter  magnitude  which 
we  have  called  Zq. 

We  now  make  t 

Pfi^  =  -.OP^ 


and 


P^P  =  ^-.OP, 


and  draw  the  two  Heyland  circles.  Since,  if  we  neglect  the  rotor  resistance, 
the  slip  with  respect  to  the  backwardly  rotating  flux  is  200  per  cent.,  OP 
must  be  the  backwardly  rotating  ampere-turns,  and,  since  the  forwardly 
rotating  ampere-turns  must  be  equal  both  in  magnitude  and  phase,  it  is 
obvious  that  the  point  P  must  also  lie  on  the  circle  on  P^Gj^  with  centre  P^. 
The  Heyland  circles  are  both  drawn  with  the  same  value  of  t.  For  the  sake 
of  simplicity,  let  ^p  =  c.OP 
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and  let  x  and  y  be  the  co-ordinates  of  the  point  P,  and,  with  the  corre- 
sponding index,  of  the  points  P^  and  P^.  Remembering  that  OF  =  /q  we  have 

yi  =  -y'i  =  -c-y- 

Again,  if  OPg  =  Cj .  OP^,  we  have 

Xo  =  Ci.%  and  yg  =  c^^.y^. 

Finally,  if  we  let  the  radius  P^Pj  =  c^.OP^  we  get  for  the  equation  to  the 
circle  about  Pq. 

{X  -  x,Y  +{y-  y,Y  =  P,P^^  =  c^K[x^^  +  y^^). 

If  we  substitute  in  this  equation  the  values  found  for  x^,  x^,  y^  and  y-^,  we 
obtain  an  equation  in  which  x'^  and  y'^  have  equal  coefficients,  and  in  which 
the  xy  and  y  terms  vanish,  showing  that  the  locus  of  the  point  P  is  a  circle 
with  its  centre  on  the  base  line  OG.  The  same  is  therefore  true  of  the  end 
point  A  of  the  actual  stator  ampere-turns,  since  OA  is  double  OP. 

The  coefficients  c,  c^  and  Cj  could  easily  be  calculated  from  the  leakage 
factor  T,  but  this  is  not  necessary  if  we  introduce  the  no-load  current  1^'  taken 

/  ' 
by  the  motor  when  running  light.    This  is  equivalent  to  a  current  —  in 

each  of  the  rotating  magnetomotive  forces,  and  seeing  that  the  motor  is 
running  nearly  synchronously  this  will  be  the  magnetising  current  in  one 
case,  but  the  short-circuit  current  in  the  other.    Since  the  short-circuit 

current  in  the  latter  case  is  -5~ ,  the  corresponding  magnetising  current  will 

be  -^  .  .     Now,  we  have  already  proved  that  the  resultant  of  the  two 

magnetising  currents  is  a  constant  Jg,  and  in  the  present  case,  where  there 
is  no  load,  these  currents  are  in  phase  and  can  be  added  algebraically. 
Hence,  ,         , 

or  Io'  =  2lo.^^;^  (196). 

In  the  figure  OB  is  made  equal  to  Ig',  the  no-load  current.  On  short-circuit, 
that  is,  when  the  rotor  is  closed  but  stationary,  the  two  imaginary  rotating 
fluxes  are  again  equal.  A  moves  round  to  G,  while  P  and  Gj  coincide  on 
the  base  line  OG;  P^  and  Pj  will  fall  together  at  the  mid-point  of  OF.  Hence, 

OG  =  Iq+  —,  where  OG  is  the  current  taken  by  the  motor  when  short- 

T 

circuited.   The  diameter  of  the  actual  primary  current  circle  is  therefore 
BG  =  OG-OB  =  Io  +  ^-2lo  i±^  =  :^.^±^     ...(i97)- 

The  same  result  could  have  been  obtained  from  the  equation  to  the 
circle  already  found. 

The  following  characteristic  properties  of  the  single-phase  motor  foUow 
from  these  equations. 

I.E.  28 
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1.  As  T  is  of  the  order  of  o-i,  the  no-load  current  OB  is  nearly  twice  as 
large  as  the  current  with  open  circuited  rotor. 

2.  The  maximum  power-factor  is  smaller  than  that  of  polyphase  motors. 

3.  Assuming  the  rotor  to  have  no  resistance,  the  slip  is  zero,  and  the 
speed  of  the  motor  is  therefore  constant,  depending  simply  on  the  frequency. 

■  The  turning-moment  is  therefore  proportional  to  the  power,  and  is  repre- 
sented by  the  ordinates  of  the  circle  GB.  The  overload  capacity  is  evidently 
much  smaller  than  that  of  the  polyphase  motor. 

4.  A  single-phase  motor  will  not  start  as  such,  even  though  resistance 
be  inserted  in  the  rotor  circuits,  for,  when  the  rotor  is  stationary,  the  two 
rotating  excitations  are  exactly  similar,  and  there  is  no  reason  why  the 
motor  should  revolve  in  one  direction  in  preference  to  the  other.  In  practice 
single-phase  motors  are  provided  with  an  auxiliary  winding,  making  them 
practically  two-phase  motors.  Both  windings  are  connected  up  to  the  single- 
phase  supply  mains,  but  by  various  so-called  phase-splitting  devices,  con- 
sisting of  arrangements  of  choking-coUs  and  resistances  and  sometimes  also 
condensers,  the  currents  taken  by  the  two  windings  are  made  to  differ  largely 
in  phase.  When  the  motor  has  got  up  speed  the  auxiUary  winding  is  either 
disconnected  entirely  or  put  in  series  with  and  thus  made  to  form  a  part 
of  the  main  winding. 

Further  investigation  shows  that  the  end  point  of  the  primary  current 
vector  lies  on  a  circle,  even  when  the  rotor  resistance  is  taken  into  account. 
The  centre  of  this  new  circle  lies  vertically  above  that  of  the  circle  obtained 
above  by  neglecting  the  rotor  resistance.  The  proof  of  this  point  is,  however, 
beyond  the  scope  of  this  work.  It  can  be  shown,  moreover,  that  the  power 
supplied,  the  mechanical  output,  the  torque,  and  the  rotor  losses,  for  the 
actual  motor,  are  equal  to  the  sum  of  the  corresponding  values  obtained  from 
the  diagrams  for  the  two  rotating  excitations.  The  sum  of  the  two  sUps 
must  be  always  200  per  cent.,  and  the  torque  and  mechanical  output  due 
to  the  backward  rotating  excitation  must  be  reckoned  negative. 

These  results  are  very  remarkable,  when  we  consider  the  complicated 
nature  of  the  relations  involved.  For  example,  if  the  rotor  resistance  be 
taken  into  account,  the  rotor  currents  are  found  to  have  a  sine-wave  distri- 
bution, the  position  of  the  maximum  rotating  in  the  opposite  direction  to 
the  motor,  while  its  value  fluctuates  from  moment  to  moment.  It  is  found 
also  that  the  actual  field  which  cuts  the  stator-winding  has  a  sine-wave 
distribution,  and  rotates  in  the  same  direction  as  the  motor,  while  its  maxi- 
mum value  is  subjected  to  periodic  fluctuations  (elliptic  rotating  field). 

134,    Single-phase  Commutator  Motors. 

On  account  of  the  poor  characteristics  of  the  single-phase  induction 
motor  as  regards  overload  capacity,  power-factor,  and  starting  torque,  it 
is  very  unsuitable  for  many  purposes,  notably  for  electric  traction.  The 
polyphase  induction  motor  is  superior  in  all  these  respects,  but  has  the  dis- 
advantages of  requiring  a  number  of  overhead  wires  and  of  offering  no 
simple  and  efficient  means  of  speed  regulation. 

The  construction  .of  practical  single-phase  commutator  motors  must 
therefore  be  regarded  as  an  important  advance.  These  can  only  be  operated 
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as  series  motors  since  the  inductance  of  the  field  coils  of  a  shunt  motor  would 
cause  the  flux  to  lag  nearly  90  degrees  behind  the  armature  current,  thus 
giving  a  very  small  torque. 

Single-phase  commutator  motors  may  be  divided  into  three  types: 

1.  The  ordinary  series  motor  with  the  armature  and  field  windings 
connected  simply  in  series. 

2.  The  repulsion  motor  in  which  the  torque-producing  flux  is  due  to 
one  part  of  the  stator  winding,  whilst  the  torque-producing  current  is 
induced  in  the  short-circuited  armature  by  the  other  part  of  the  stator 
winding. 

3.  The  Eichberg-Latour  motor  in  which  the  field-producing  current 
is  suppUed  directly  to  the  armature,  whilst  the  torque-producing  current  is 
induced  in  the  armature  by  the  current  in  the  stator  winding. 
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Fig.  432 

In  order  the  more  readily  to  understand  the  action  of  these  motors,  we 
shall  first  consider  the  e.m.f.  induced  in  the  armature  due  to  transformer 
action  and  to  rotation.  We  shall  consider  the  general  case  in  which  the  axis 
of  the  armature  winding,  i.e.  the  direction  of  the  field  produced  thereby, 
makes  an  angle  a  with  the  stator  winding.  The  stator  winding  is  assumed 
to  be  uniformly  distributed,  and  the  rotor  is  assumed  to  be  short-circuited 
by  connecting  the  brushes  (Fig.  432).  As  in  equation  (68  a  on  page  88, 
the  coefficient  of  mutual  induction  M  is  io~*  times  the  number  of 
stator  linkages  produced  by  a  rotor  current  of  i  ampere.  By  this  we 
mean  a  current  of  i  ampere  in  the  connection  short-circuiting  the  two 
brushes.  Only  those  stator  coils  between  B  and  D,  i.e.  subtending  an 
angle  tt  (i  —  2a)  =  2877,  need  be  considered,  as  the  coils  between  D  and  F 
are  not  linked  with  the  flux  produced  by  the  rotor.  Let 

Ti  be  the  number  of  stator  turns  in  series  per  pole-pair, 

Jg  =  c .  Tj  the  number  of  rotor  turns  in  series  per  pole-pair. 

28 — 2 
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The  maximum  value  of  the  flux  density  produced  by  a  rotor  current  of 


I  ampere  will  be 


B,= 


0-477  ■  Tg 


where  l„  is  the  double  air-gap. 

This  maximum  value  occurs  at  E  in  Figs.  432,  433,  the  flux  density 
falling  off  uniformly  on  either  side  and  reaching  zero  at  the  points  C  and  G. 
If  we  assume  for  the  moment  that  the  maximum  flux  density  is  unity  and 
that  the  motor  is  bipolar,  so  that  each  pole  subtends  an  angle  tt,  we  see  that 

2 
the  flux  density  at  any  point  in  the  air  gap  will  he  x .- ,  where  x  is  the  angle 

between  C  and  the  point  considered.   A  coil  of  width  dx,  as  shown  in  the 
lower  part  of  Fig.  433,  will  be  linked  by  flux  partly  positive  and  partly 
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negative,  the  resultant  flux  being  equal  to  the  shaded  area,  on  the  assump- 
tion that  the  motor  has  an  axial  length  of  i  cm.  Calling  this  flux  O  we  have 


*=(-¥)-(i-)=i(-v:). 


dx 


The  number  of  turns  in  series  in  this  stator  coil  of  width  dx  will  be  —  .T,. 

TT 

The  linkages  will  therefore  be 


O 


dx 


•^^=t(^-V.)^- 


Now,  to  find  the  total  stator  linkages  per  pole-pair  we  have  seen  that  we 
need  consider  only  those  coils  between  B  and  D,  that  is  from  a;  =  —  S77  to 
X  =  +  Stt.  Hence  we  have 


where 
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Now,  when  we  remember  that 

the  axial  length  is  not  i  but  L^, 

the  maximum  density  not  i  but  Bg  = 

the  pairs  of  poles  not  i  but  p,  and 
D 


o"4^  •  ^2 

la 


the  pole-pitch  not  n  but  -^  times  as  great, 


we  have 


M: 


0'27r^ 


k.T^.T^ 


D.L„ 


10- 


3     ------     l^ 

This  is  the  mutual  induction,  but  from  it  we  can  easily  determine  the 
coefficient  of  self-induction  of  the  stator,  neglecting  leakage,  that  is,  neg- 
lecting the  flux  which  links  the  conductors  without  crossing  the  air-gap. 
We  put  T^  instead  of  T.^  and  make  a  =  o ;  ^  is  then  unity,  and  we  have 


L  = 


O'ZTT^ 


Ti^. 


In 


.  10 


If  the  stator  carries  an  alternating  current  /j,  the  e.m.f.  induced  in  the 
stator  due  to  its  own  flux,  including  its  leakage  flux,  will  be 

Ej    =27r/.I../j   (l+Ti)    =    (I-FTi).Z.7i, 

where  X  is  put  for  zrrfL. 

The  rotor  turns  T^  =  cT-^,  hence  its  self-induction  will  be  c^  times  that 
of  the  stator,  and  the  e.m.f.  induced  in  the  rotor  due  to  its  own  flux,  in- 
cluding that  due  to  leakage,  will  be 

E^  =  c\27rf.L.I^  (I  +  Ta)  =  (I  +  r^).c^.X.l^. 

The  E.M.F.  induced  in  the  rotor  by  the  stator  will  be 

£12  =  277/.M./1  =  c.k.X.Ii, 

and  similarly  that  induced  in  the 

stator  by  the  rotor,  |< ^^-n- ^ 

E^i  =  c.k.X  .1^. 

We  have  determined  the  elec- 
tromotive forces  due  to  trans- 
former action;  we  must  now  con- 
sider those  due  to  rotation.  These 
cannot  be  due  to  rotation  in  the 
field  produced  by  the  rotor  itself, 
nor  by  the  turns  BCD  (Fig.  432). 
The  only  field  we  need  consider 

is  that  produced  by  the  turns  pig  ^24 

DEF,  and  this  will  be  distributed 
as  shown  in  Fig.  434.   The  maximum  value  B^  of  the  alternating  flux  will 

be  produced  by  2a.Ti.i-^  ampere-turns,  where  t^  is  the  external  current 
supplied  to  the  stator.  Hence 


B^ 


0"47T 


2a.  T^.  j'l. 
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If  the  axial  length  be  L„  and  the  pole-pitdi  ^ .  the  maximum  flux  is 

evidently  (see  Fig.  434) 

^      „      /H-2S\    La.D 

The  E.M.F.  induced  by  the  rotation  will  have  a  maximum  value  (see 
equation  (79)  on  page  124) 

e,  =  - .  O  . «  .  ^2 .  io~*. 

The  total  number  of  wires  on  the  armature  is  Z^,  where 

Z2  =  2a.p.2T^. 

f 
If  V  is  the  speed  expressed  in  terms  of  the  sjoichronous  speed  ^ ,  we  have 

n  =  v  .-  = 


'  p        p  .  277 

Substituting  these  values,  we  have 

fZ  +  28\ 


[^^).v.u,.T,.B,.L,.D. 


If  now  we  put  in  the  value  found  above  for  B^,  and  put  X  for  2vfL  or 
(oL,  we  find  for  the  effective  or  r.m.s.  value  of  the  e.m.f., 

IT 

Let  ft' =  ^(1-48"), 

77 

then  Er=k'  .c.v  .X  .1^. 

One  often  puts  as  an  approximation 

k  =  cos  a;        k'  =  sin  a. 
The  following  table  shows  that  the  error  thereby  made  is  small: 
a  COS  a  sin  a  k  k' 

10°  0-985  0-174  0-982  0-2 

20°  0-94  0-342  0-933  0-373 

30°  0-866  0-5  0-853  0-53 

135.    The  Plain  Series  Single-phase  Motor. 

This  is  essentially  the  same  in  principle  as  the  continuous  current  series 
motor.  If  such  a  motor  be  supplied  with  alternating  current,  the  current 
through  armature  and  field  both  reverse  simultaneously  and  the  torque  is 
consequently  always  in  the  same  direction.  In  the  actual  operation  of  such 
motors  with  alternating  currents,  the  phase  displacement  due  to  the  large 
self-inductance  of  the  field  and  armature  windings  is  a  great  disadvantage. 


135-  The  Plain  Series  Single-phase  Motor 


439 


The  magnetic  field  produced  by  the  field  magnets  is  essential  to  the  pro- 
duction of  torque  and  must  not  be  neutralised,  whereas  that  due  to  the 
armature  current  is  not  only  non-essential  but  increases  the  difficulties  of 
commutation.  It  can  therefore  be  neutralised  by  means  of  a  suitable  com- 
pensating winding.  This  winding  is  placed  in  slots  in  the  pole  faces  of  the 
stator  (Fig.  435)  and  can  be  connected  in  series  with  the  field  and  armature 
windings  (Fig.  436),  or  it  maybe  short-circuited  on  itself,  in  which  case  it 
acts  as  a  short-circuited  secondary  winding  of  a  transformer,  of  which  the 
armature  winding  forms  the  primary  (Fig.  437).  The  ampere-turns  of  the 
two  windings  are  approximately  equal  and  opposite  and  produce  no  flux 
except  that  due  to  leakage. 

In  Fig.  438  the  current  vector  is  horizontal  and  lags  behind  the  applied 
terminal  pressure  V  by  the  angle  <J3.   If  R  is  the  total  ohmic  resistance  of 


K>A/W 


Fig-  436 


Fig-  435 


Fig.  437 


the  motor,  the  ohmic  drop  is  RI;  this  is  represented  by  the  vector  AB,  in 
phase  with  the  current.  The  vector  J  A  represents  that  part  of  the  applied 
terminal  pressure  necessary  to  counterbalance  the  e.m.f.  induced  by  the 
rotation  of  the  armature.  This  is  in  phase  with  the  current,  since  it  is  a 
maximum  when  the  flux  is  a  maximum.  JB  is  the  total  energy  component 
of  the  terminal  pressure.  The  wattless  component  BO  of  the  terminal 
pressure  counterbalances  the  e.m.f.  due  to  the  inductance  of  the  field 
winding  and  the  leakage  inductance  of  the  armature.  These  can  be  cal- 
culated by  the  methods  described  in  the  previous  section.  Putting  BO  =  wL^I, 

Since  this  is  constant,  the  point  A  lies  on  a  circle 


we  have  tan  y  =  -^ 


through  the  points  0  and  /,  the  centre  M  of  which  is  on  the  line  through 
0  making  an  angle  90°  —  y  with  OJ.  Now 

AO  =  I  V{R^  +  a>2L,2) . 
and,  caUing  the  current  which  flows  when  the  motor  is  prevented  from  ro- 
tating Isc  V 
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Hence,  if  to  some  suitable  scale  the  line  OJ  represents  the  constant  cur- 
rent 7,„  the  working  current  I  will  to  the  same  scale  be  represented  by  the 
line  OA.  In  Fig.  439  the  diagram  is  re-drawn  with  the  diameter  horizontal. 
Since  the  angle  AOM  in  Fig.  438  is  obviously  equal  to  90°  -  4>,  the  vector 
of  the  terminal  pressure  V  must  be  drawn  vertically  from  0.  As  the  load 
s  varied  the  end  A  of  the  current  vector  moves  around  the  circle. 

The  torque  is  proportional  to  the  flux  and  to  the  current;  for  low  mag- 
netic densities  it  is  therefore  proportional  to  the  square  of  the  current. 

The  speed  is  proportional  to  the  quotient  of  the  electromotive  force  of 
rotation  A  J  by  the  flux;  assuming  the  flux  to  be  proportional  to  the  current, 
the  speed  is  proportional  to  AJjOA,  i.e.  approximately  to  cotan  0.  The 
power-factor  cos  ^  increases  therefore  with  increasing  speed.  This  is  obvious 
from  the  fact  that  the  energy  component  A  J  becomes  increasingly  important 
with  increasing  speed.  The  variations  of  both  torque  and  speed  with  the 
load  follow  curves  similar  to  those  obtained  for  the  continuous  current 
series  motor. 


Fig.  438 

In  motors  of  this  type,  commutation  is  a  matter  of  great  importance. 
As  in  the  continuous  current  motor  an  e.m.f.  due  to  self-induction  is  induced 
in  the  short-circuited  coil,  and  is  proportional  to  the  current  and  to  the 
speed.  In  the  present  case,  however,  the  current  to  be  commutated  is 
alternating,  and  the  induced  e.m.f.  will  vary  in  magnitude  with  the  varia- 
tions of  the  current.  It  can  be  compensated  by  means  of  interpoles  as  in 
the  continuous  current  motor. 

Another  e.m.f.  is  induced  in  the  short-circuited  coil  due  to  transformer 
"action  between  it  and  the  field  winding,  the  latter  acting  as  the  primary 
of  a  transformer.  This  induced  e.m.f.  lags  90°  behind  the  magnetic  flux 
and  is  proportional  to  it  and  to  the  frequency.  It  will  be  greatest  at 
starting  since  the  current  and  therefore  also  the  flux  have  then  their  greatest 
value. 

To  minimise  the  current  due  to  this  transformer  action,  the  flux  and 
the  frequency  should  be  kept  as  small  as  possible.  Frequencies  of  15  to  25 
are  more  favourable  than  50.  Further  improvement  is  obtained  by  the  use 
of  narrow  hard  carbon'  brushes,  and  by  the  insertion  of  high  resistance  con- 
nections between  the  armature  coils  and  the  commutator  segments.  In  the 
Siemens-Schuckert  motor  these  resistances  are  made  of  copper  and  are  laid 
along  the  slots  in  such  a  way  that  the  current  in  them  increases  the  torque. 
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As  compared  with  the  continuous  current  motor  the  alternating  current 
motor  shows  a  greater  iron  loss  since  both  stator  and  rotor  are  subjected  to 
reversal  of  magnetism.  On  the  other  hand  the  latter  type  can  be  started 
and  regulated  by  means  of  a  transformer  with  tappings  without  the  use  of 
a  resistance. 

136.    The  Repulsion  Motor. 

The  distinguishing  characteristic  of  the  repulsion  motor  is  the  absence 
of  any  direct  connection  between  the  armature  and  the  source  of  supply, 
the  current  being  induced  in  the  short-circuited  armature  by  that  in  a  part 
of  the  stator  winding,  the  two  being  thus  mutually  compensated.  The  re- 
pulsion motor  may  be  regarded  as  being  obtained  from  Fig.  437  by  making 
the  compensating  winding  the  primary  and  the  rotor  the  secondary,  i.e. 
by  exchanging  their  functions;  in  this  way  we  get  Fig.  440.  The  stator 
winding  consists  of  the  exciting  or  field  winding  DF  and  the  inducing 


Fig.  440 


®  §     §  0 

®00©® 

Fig.  441 


winding  DB.  As  a  matter  of  fact  the  two  are  combined  in  a  single  distri- 
buted winding,  the  axis  of  which  makes  an  angle  with  the  axis  of  the  rotor 
winding  as  shown  in  Fig.  432.  Even  in  this  case,  however,  the  part  DF  and 
the  part  DB  may  be  regarded  as  the  exciting  and  the  inducing  windings 
respectively.  Under  the  conditions  shown  in  Fig.  432  the  torque  is  clockwise. 
The  speed  can  be  regulated  by  displacing  the  brushes.  If  the  angle  between 
the  stator  and  rotor  axis  is  reversed  the  direction  of  rotation  is  reversed. 

If  the  rotor  winding  be  of  the  short  chord  type  shown  in  Fig.  in,  its 
effective  width  is  reduced.  The  effective  width  can  also  be  reduced  by  the 
use  of  two  pairs  of  brushes  per  pole  pair  (Brown-Boveri  repulsion  motor), 
as  shown  in  Fig.  441.  The  portions  DF  and  BH  are  not  effective.  By  making 
the  inducing  stator  winding  and  the  induced  rotor  winding  occupy  the  same 
portion  of  the  periphery,  a  better  compensation  is  obtained.  If  the  brushes 
B  and  F  in  Fig.  441  are  displaced  an  angle  Aa,  the  magnetic  axis  is  only 
displaced  Aa/2;  this  permits  a  finer  adjustment  of  the  angle  a  between  the 
stator  and  rotor  axes. 

Let  O,^  be  the  exciting  flux  produced  by  the  exciting  winding  DF  (Fig. 
440),  and  Oj.  the  transformer  flux  produced  by  the  joint  action  of  the  in 
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ducing  winding  BD  and  the  rotor.  The  former  induces  in  the  rotor  due  to 
its  rotation  an  e.m.f.  OB  (Fig.  442)  which  is  in  phase  with  the  stator  current 
since  it  reaches  its  maximum  when  the  flux  O,,  is  a  maxi- 
mum. As  in  a  continuous  current  motor  this  induced 
E.M.F.  is  opposed  to  the  armature  current  and  is  therefore 
in  the  same  direction  as  the  inducing  current  in  the  stator; 
for  this  reason  I^  and  OB  are  drawn  in  the  same  direction. 
The  transformer  e.m.f.  induced  in  the  rotor  by  the 
flux  Oa,  must,  if  the  rotor  resistance  be  neglected,  be  equal 
and  opposite  to  the  e.m.f.  due  to  rotation.  It  is  repre- 
sented in  Fig.  442  by  the  line  OA.  Since  it  must  lag  90° 
behind  the  flux  (S>^,  the  vector  of  the  latter  is  drawn 
horizontally  to  the  left.  The  two  fluxes  which  are  dis- 
placed 90°  in  space  have  thus  a  phase  displacement  of  90°, 
giving  a  resultant  rotatory  field. 
If  V  be  the  ratio  of  the  speed  to  the  synchronous  speed,  and  if  it  be  as- 
sumed that,  for  the  same  frequency  and  flux,  the  rotational  e.m.f.  and  the 
transformer  e.m.f.  are  equal,  it  follows  from  the  necessary  equality  of  these 


-..*, 


Fig.  442 


Fig-  443 


two  electromotive  forces  that  O^  =  v^y.  It  follows  from  this  that  at  syn- 
chronism (1/  =  i)  the  rotating  field  is  constant  in  magnitude;  at  rest  {v  =  0) 
the  horizontal  component  vanishes,  whereas  above  synchronous  speed  it 
exceeds  the  vertical  component.  • 

We  will  now  construct  the  vector  diagram  of  the  repulsion  motor  (Fig.  443) . 
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The  electromotive  forces  E^  and  E^^  lag  90°  behind  the  stator  current  /j, 
by  the  magnetic  field  of  which  they  are  induced.  Similarly  E^  and  Sji  lag 
90°  behind  the  rotor  current  I^.  The  electromotive  force  E^  is,  however, 
exactly  in  phase  with  I^,  since  the  e.m.f.  due  to  rotation  is  evidently  a  maxi- 
mum when  the  stator  current  is  a  maximum. 

As  in  any  transformer,  the  secondary  current  I^  is  more  or  less  in  opposi- 
tion to  the  primary  current  I^  (compare  Fig.  432).  If  the  primary  current 
vector  be  drawn  vertically  upwards  (Fig.  443),  the  vector  representing  the 
rotor  current  will  be  drawn  in  some  direction  below  the  horizontal.  The 
vectors  E^  and  E^^.  wiU  lag  90°  behind  the  current  I^,  while  the  vectors  E^ 
and  £^21  will  lag  90°  behind  the  current  I^.  Since  the  total  e.m.f.  in  the  short- 
circuited  armature  must  be  zero,  the  resultant  of  E^  and  E^^  must  be  equal 
and  opposite  to  E^,  that  is,  it  must  be  vertically  downwards  in  the  vector 
diagram.  On  the  other  hand,  the  resultant  of  E^  and  £21  gives  the  induced 


back  E.M.F.  in  the  stator,  which  must  be  equal  and  opposite  to  the  terminal 
pressure.   We  have  then 

OA  =  E,    and     OE  =  V. 

From  the  figure  and  our  equations  for  the  electromotive  forces,  we  have 

Vcos^,=  OA.^^^^^.X.I,    {a). 

^2       -L  -r  "2 

Similarly,  putting  1  +  t  =  (i  -I-  ti)  (i  +  r^),  we  find  that 

Vsm<f,,=  E,-E,2.^-m^.X.h    (&). 

We  have  from  these  two  equations 

When  the  rotor  circuit  is  open,  the  stator  current  /q  is  given  by  the 
^^1"^*^°"  V  =  7„Z  (I  +  .,). 
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Putting  this  value  for  V  in  the  above  equation  for  V  sin  0i,  we  have 

The  locus  of  the  end  point  of  the  primary  current  vector  is  therefore  a 
circle  (Fig.  444),  the  diameter  of  which  is  the  short-circuit  current  I^^,  where 

J         (i+t)./o 
'"      X  +  r-k^' 
The  turning-moment  can  be  found  from  the  equation 

Mt  =  —^ ^  = i jp^  kg-met., 
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or,  using  the  above  equations  for  /q  and  V  cos  (jj^, 
p.k.k'  V 


Mf- 


I-^  kg-met. 


=  !•'' 


.{d). 


g-8x. 2iT.  f  Io{x  +  t)' 
The  right-hand  side  of  this  equation  is  constant  except  for  the  primary 
current. 

In  Fig.  443  the  angles  ^2  ^^'^  V  ^^^  equal,  from  which  it  follows  that 
,      ,       OA      E,      k' 

■C.12         ■^•12 

<f)2  is  the  angle  by  which  I^  and  I^  depart  from  exact  opposition.  If,  now, 
in  Fig.  444  AF  be  drawn  making  an  angle  ^2  with  AO,  then,  since  the  sides 
of  a  triangle  are  proportional  to  the  sines  of  the  opposite  angles, 

OF  _        sin  ^2 
77  ~"  cos  (^1  -  9^2) ' 
If,  now,  cos  {(f)i  —  ^2)  be  expanded  and  divided  through  by  sin  ^2,  we 
find,  with  the  aid  of_equations  {a),  (b),  (c)  and  {d),  that 

OF  =  /„. 
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By  a  further  application  of  the  sine  law  to  the  triangle  OAF,  we  find  that 

This  is  strikingly  similar  to  the  corresponding  value  in  the  Heyland 
diagram.  In  Fig.  445  the  power-factor,  speed  and  torque  are  plotted  against 
the  current,  for  three  positions  of  the  brush  axis,  viz.  a  =  10°,  20°  and  30°. 
To  simplify  the  diagram,  7^  and  p .  V/f  have  been  taken  as  unity  whilst  t 
has  been  assumed  to  be  0-2.  It  will  be  seen  from  the  curves  that  the  repulsion 
motor  has  somewhat  similar  characteristics  to  the  continuous  current  series 
motor. 

Turning  now  to  the  subject  of  commutation,  it  will  be  seen  that,  as  in  the 
continuous  current  motor,  an  e.m.f.  is  induced  in  the  short-circuited  coil 
due  to  its  self-induction;  this  e.m.f.  is  proportional  to  the  speed  and  to  the 
rotor  current.  If  the  motor  is  working  well  down  on  the  left-hand  side  of 
the  semicircle  in  Fig.  444,  the  rotor  current  1 2  is  almost  constant  whilst  the 
speed  V  increases  continually  as  the  point  A  approaches  0  (see  equation  (c)). 
The  self-induced  e.m.f.  consequently  increases  with  the  speed.  To  this  is 
added  at  high  speeds  a  further  disadvantage.  We  have  seen  that  at  syn- 
chronous speed  the  field  is  a  rotating  one  of  constant  amplitude  and  there- 
fore without  effect  on  the  short  circuited  coil,  but  that  above  synchronism 
the  cross-flux  O,.  is  in  excess.  The  rotation  at  high  speed  in  this  flux  in- 
duces a  large  e.m.f.  in  the  short-circuited  coil,  and  leads  to  bad  com- 
mutation. 

Below  synchronous  speed,  on  the  other  hand,  the  exciting  flux  O^  is  the 
more  important.  It  can  be  shown  that  the  e.m.f.  induced  in  the  short- 
circuited  coils  by  the  variation  of  this  flux  neutralises  to  some  extent  the 
e.m.f.  due  to  their  self-induction.  The  commutation  of  repulsion  motors 
is  therefore  better  at  low  than  at  high  speeds. 


137.    The  Eichberg-Latour  Motor. 

The  Eichberg-Latour  motor,  which  is  shown  diagrammatically  in  Fig. 
446,  differs  from  the  repulsion  motor  in  that  the  motor  field  or  excitation  is 
produced  by  current  led  into  the  rotor,  whilst  the  torque  producing  current 


Fig.  446 


Fig.  447 


is  induced  in  the  rotor.  In  Fig.  446  the  vertical  flux  O^  is  produced  by  the 
rotor  current  ly  which  in  this  case  is  the  same  as  the  main  current  I.  The 
stater  winding  forms  the  primary  of  a  transformer  of  which  the  short-cir- 
cuited rotor  forms  the  secondary;  in  this  way  the  current  I^  is  induced  in  the 
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latter.  It  is  perhaps  helpful  to  picture  the  rotor  as  carrying  two  distinct 
windings  each  with  its  own  commutator  as  shown  in  Fig.  449. 

Although  in  the  Eichberg  motor  the  two  currents  are  superposed  in  the 
same  winding,  Latour  has  suggested  the  arrangement  shown  in  Fig.  448 
in  which  the  two  currents  flow  in  separate  parts  of  the  same  winding.  The 
portions  AB  and  CD  carry  the  main  current  I  =  ly  and  produce  the  vertical 
field  <i>y,  whilst  the  current  I^  is  induced  in  the  short-circuited  portions  AC 
and  BD. 

In  the  actual  Eichberg  motor  the  rotor  is  not  connected  directly  in 
series  with  the  stator  winding,  but  is  suppUed  with  the  exciting  current  ly 
from  one  of  a  number  of  tappings  from  the  secondary  winding  of  a  trans- 
former, the  primary  of  which  is  connected  in  series  with  the  stator  winding, 
as  shown  in  Fig.  447.  Beyond  the  possibility  of  varying  the  ratio  between  / 
and  ly  Fig.  447  does  not  differ  fundamentally  from  Fig.  446. 


lyl 


Fig.  448 


Let  u  =  the  ratio  of  primary  to  secondary  turns  in  the  transformer, 
I  =  the  primary  current, 
and      ly  =  the  secondary  current; 


then 


ly    =    U.I. 


Since  the  primary  and  secondary  currents  are  approximately  180°  out  of 
phase,  the  current  /„  in  the  rotor  can  be  assumed  in  phase  with  the  stator 
current  I  (Fig.  450).  The  electromotive  force  E^y  induced  in  the  short- 
circuited  rotor  by  its  rotation  in  the  flux  $^  is  in  phase  with  <by,  and  its 
vector  must  have  the  same  direction  in  Fig.  451  as  the  vectors  representing 
I  and  ^y. 

Neglecting  the  resistance  of  the  rotor,  the  sum  of  the  electromotive  forces 
induced  in  the  short-circuited  winding  must  be  zero,  and  the  e.m.f.  E^  due 
to  transformer  action  must  be  represented  by  a  vector  equal  and  opposite 
to  the  vector  E^y.  The  horizontal  flux  3>a,  which  induces  this  e.m.f.  E^  must 
be  90°  ahead  of  it  and  is  therefore  drawn  horizontally  to  the  right.  Hence 
this  type  of  motor  possesses  a  rotary  field.  As  in  the  repulsion  motor  so 
here  it  can  be  shown  that  in  the  neighbourhood  of  synchronism  the  two  fields 
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are  not  only  at  right  angles  and  90°  out  of  phase  but  are  equal  in  amplitude, 
thus  producing  a  perfect  rotating  field. 

Two  electromotive  forces  are  also  induced  in  the  armature  considered 
about  the  vertical  axis,  one  Ey  by  the  vertical  flux  <I)„  and  the  other  E^^  by 
rotation  in  the  flux  O^..  The  former  lags  90°  behind  the  flux  0„  which  in- 
duces it  and  its  vector  is  therefore  drawn  horizontally  to  the  right;  the  latter 
must  be  a  maximum  when  the  flux  O^.  is  a  maximum.  Its  direction  can  be 
seen  from  the  consideration  that  at  synchronous  speed  the  two  fluxes  O^, 
and  Oj,  produce  a  perfect  rotating  field  and  since  the  rotor  conductors  do 
not  cut  the  field,  no  e.m.f.  is  induced.  Hence  Ey  and  E^^  are  in  opposition. 

It  is  noteworthy  that  the  difference  Ey  —  E„,  which  represents  the  total 
back  E.M.F.  in  the  exciting  circuit  of  the  rotor,  is  wattless.  Consequently 
the  primary  p.d.  of  the  series  transformer  which  is  equal  to  u  (Ey  —  £„) 
is  also  wattless. 

We  now  proceed  to  determine  the  current,  speed,  and  torque,  in  relation 
to  the  phase  displacement. 
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The  stator  current  I  (Fig.  450)  induces  in  the  rotor  the  e.m.f. 

OD  =  C.X.I (a), 

and  in  the  stator  itself  due  to  its  leakage  flux,  the  e.m.f. 

OE  =Ti.Z.7  (6). 

Both  of  these  lag  90°  behind  the  stator  current. 
The  rotor  current  I^  induces  in  the  rotor  itself  an  e.m.f.  OF  due  to  that 
part  of  its  flux  which  links  the  stator  and  a  further  e.m.f.  FG  due  to  its 
leakage  flux,  where  pQ  _     gp 

Both  of  these  lag  90°  behind  I^. 

The  resultant  OA  of  OD  and  OG  is  the  total  e.m.f.  in  the  horizontal  axis 
due  to  self  and  mutual  inductance;  it  is  equal  and  opposite  to  the  e.m.f. 
of  rotation  E^y.   Appl5dng  the  formula  established  on  p.  438  and  putting 

k'  =  -  and  Ii  =  c .  (1+  T2)  M .  /,  we  have 


OA 


E^  =  E^y=^.c^.v.X.u. I  {i  +  T^) (c). 
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The  resultant  OB  of  the  electromotive  forces  OF  and  OD  is  the  e.m.f. 
induced  in  the  rotor  by  the  flux  which  links  both  stator  and  rotor.  The  e.m.f. 
induced  in  the  stator  by  the  same  flux  is  OB/c,  since  c  is  the  ratio  of  the  turns. 
This  E.M.F.  has  the  watt  component  OC/c  and  the  wattless  component 
CB/c.  Since  no  watt  component  other  than  OC/c  occurs  in  the  motor,  this 
is  the  watt  component  of  the  supply  p.d.  and 

,      OC     OA   OF     OA       I 
Fcos^=  -  =  _._g  =  -_.__  (^). 

For  the  wattless  component  —  of  the  e.m.f.  induced  in  the  stator  by 
the  rotor  flux  we  have:    CB_qD   FG^OD      r^ 

c         c    '  OG       c    '  1  +  T2' 

To  this  must  be  added  the  e.m.f.  OE  induced  in  the  stator  by  its  own 
leakage  flux  and  the  wattless  p.d.  across  the  series  transformer,  viz. 
u  {By  —  Ef^).   Hence  the  total  wattless  component  of  the  supply  p.d.  is 

Vsmcf>  =  OE  +  ^.^^  +  u(Ey-E,,) {e). 

From  p.  437  putting  ^  =  i,  we  have 

Ey  =  cKX.u. I. (i+T,)  (/). 

Since  the  electromotive  forces  for  the  same  flux,  due  respectively  to 
rotation  and  to  inductance,  are  in  the  ratio  k'v/k,  which  in  the  present  case 
is  equal  to  Sv/tt,  we  have 

E,^=^.v.E^=  ^.v.OA. 

Substituting  in  equation  {d)  from  equations  {a),  [h)  and  (c)  and  putting 

T  =  Ti  +  T2  +  TjTa, 

,    _3         cX 
X 


F(I+T,)' 


COSii 

we  get  V  =    ,  Z- , 

which  substituted  in  equation  (e)  gives 

y .  sin^  =  ^1  -  ^  .  j2 .  cos^^. 

In  Fig.  452  the  vector  of  the  terminal  p.d.  is  drawn  vertically  upwards. 
The  current  vector  lags  behind  it  by  the  angle  <f).    The  reciprocal  i/I  is 

drawn  in  phase  with  /.    Then  x  =  jsmif>  and  y=  jcos^;  hence  from  the 

last  equation,  j 

x=k^-yy^  (g). 
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The  locus  of  the  extremity  of  i//  is  a  parabola  with  its  focus  at  a  distance 
^2/4  to  the  left  of  the  apex  S. 

At  starting  ^  =  90°,  y  =  0,  and  the  reciprocal  of  the  starting  current  I^^ 
is  equal  to  x.  Hence 

i/7,„  =  OS  =  k^. 

This  fixes  the  distance  OS.  It  changes  with 
any  change  in  the  ratio  of  the  series  transformer. 
The  parabola  itself  remains  unchanged  however. 

The  ratio  v  of  the  speed  to  the  synchronous 

speed  can  be  obtained  from  Fig.  452.   We  saw 

above  that  , 

_  cos  <p    X      y 

The  torque  or  turning-moment  is  given  by 
the  equation 

F. /.cosi^_     F. Z.cos^ 


Mf. 


■  kg-met. 


277  .  9'8l   .    "t  .V 

p 


Fig-  452 


Substituting  the  value  just  found  for  v  we  obtain 

'        277  .  9-81   .  / 

Thus  for  each  value  of  (p  one  can  determine  successively  cos^,  j ,  I,v, 

and  Mf.  The  results  thus  obtained  are  represented  in  Fig.  453 ;  it  has  been 
assumed  that 

3    X_^     _^  p.V 


T2=0'I,       T=0'2, 


I,    and 


r=I. 


277  . 9'8i ./ 

and  uc  has  been  taken  as  0-2  for  one  set  of  curves  and  as  0-4' for  the  other. 

The  curves  for  Af,  and  v  are  similar  to  those  obtained  for  continuous 
current  series  motors.  They  agree  in  general  with  the  curves  obtained  from 
tests  on  Eichberg  motors.  Naturally  some  differences  are  to  be  expected 
since  we  have  neglected  the  saturation  of  the  iron. 

The  curves  show  that  with  a  constant  load  the  speed  increases  as  the 
transformation  ratio  u  is  decreased.  This  is  to  be  expected  since  the  exciting 
current  /,,  is  equal  to  u.I,  and  decreasing  u  weakens  the  motor  field. 

To  find  the  speed  Vq  at  which  the  power-factor  is  unity,  we  put  x  =  o 
in  equation  (g)  (see  Fig.  452).   This  gives y^  =  k^.k^,- 

On  the  other  hand  we  have  already  seen  that  v  =  y/kg.  Combining  these 
two  equations,  we  get 

A,  .  A,        77^  /  T  ,        \ 


''0  — 


k  8 


9  \{i  +  Ti)^ .  u^ .  c' 


+  1 


By  changing  the  transformer  ratio  u  the  power-factor  can  be  made  unity 
for  any  speed.  If  the  torque  is  also  given,  however,  the  supply  voltage  V 
would  have  to  be  varied. 

A  point  of  special  interest  is  the  distribution  of  the  supply  voltage 
between  the  stator  and  rotor  (Fig.  446)  or  between  the  transformer  and  the 
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stator  (Fig.  447).  When  the  motor  is  at  rest  it  is  equivalent  to  two  choking 
coils  in  series.  On  account  of  the  short-circuited  rotor  the  stator  winding 
has  a  very  smaU  apparent  inductance,  the  flux  being  confined  to  the  leakage 
paths,  whereas  the  current  ly  passing  through  the  rotor  is  free  to  produce 
a  large  flux  without  any  such  restriction.  For  this  reason  the  supply  p.d. 
comes  almost  entirely  across  the  rotor  brushes. 

When  the  motor  rotates  the  voltage  across  the  brushes  decreases  to 
the  value  Ey  -  E^^  and,  at  a  certain  speed,  becomes  zero.  The  whole 
supply  P.D.  is  then  being  apphed  to  the  stator.  At  higher  speeds  Ey  -  E^^ 
becomes  negative  and  the  motor  is  thereby  enabled  not  only  to  compensate 
for  the  wattless  component  of  the  stator  voltage  {<fj  =0),  but  to  take  a 
leading  current  from  the  mains  [cf)  negative). 
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The  commutation  at  the  short-circuiting  brushes  is  similar  to  that  in  the 
repulsion  motor.  An  interesting  point  arises,  however,  in  connection  with 
the  commutation  at  the  exciting  brushes.  Two  electromotive  forces  wiU 
be  induced  in  the  coils  short-circuited  by  these  brushes,  one  due  to  the  hori- 
zontal field  and  the  other  due  to  rotation  in  the  vertical  field  (Fig.  446). 
These  electromotive  forces  are  in  the  ratio  OJv^y.  Now  the  electromotive 
forces  in  the  horizontal  and  vertical  axes  due  to  flux  pulsation  are  pro- 
portional to  the  respective  flux;  hence,  making  use  of  equations  (c)  and  (/) 
we  have  O^     £»_3 


^V  Ey 


'^•^' 


so  that,  neglecting  the  factor  3/77,  <^^  =  vO^.  Hence  the  two  electromotive 
forces  in  the  short-circuited  coils  are  equal  to  each  other  at  all  speeds.  That 
they  are  in  opposite  directions  follows  from  the  consideration  of  the  pure 
rotary  field  which  exists  at  synchronous  speed. 
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138.  Relation  between  direct  and  alternating  currents  in  rotary  converters. — 139.  The 
voltage  regulation  of  rotary  converters. — 140,  Armature  copper  loss  in  rotary 
converters. — 141.  Comparison  between  rotary  converters  and  direct-current 
generators  with  regard  to  armature  copper  loss. — 142.  Six-phase  rotary  converters. 
143.    La  Cour's  motor  converter. 

138.    Relation  between  Direct  and  Alternating  Currents  in 
Rotary  Converters. 

The  principle  of.  the  rotary  converter  has  been  already  considered  in 
Section  95.  If  suitable  points  on  the  armature- winding  of  a  direct-current 
motor  are  connected  to  slip-rings,  an  alternating  current  may  be  taken  from 
these  rings  when  the  motor  is  running  in  the  usual  manner.  If  this  arrange- 
ment is  inverted,  that  is,  if  alternating  current  is  suppUed  to  the  motor  by 
means  of  the  shp-rings,  it  runs  as  a  synchronous  motor,  and  direct  current 
can  be  collected  from  the  commutator.  The  peculiarity  of  this  type  of 
machine  is  the  simultaneous  existence  of  both  direct  and  alternating  cur- 
rents in  the  same  armature  conductors,  so  that  the  alternating  current  may 
sometimes  be  added  to  the  direct,  while  at  other  times  it  is  flowing  in  the 
opposite  direction  and  must  therefore  be  subtracted.  The  heating  of  the 
armature-winding  of  a  rotary  converter  is  consequently  entirely  different 
from  that  of  the  same  machine  when  mechanically  driven  as  a  direct-current 
dynamo  on  the  same  load. 

In  order  to  compare  the  heat  developed  in  both  cases,  we  must  know  the 

A, 

relation  between  the  maximum  value  i  of  the  alternating  current  /„  and 
the  value  I„  of  the  direct  current.  These  are  the  currents  in  the  armature 
conductors,  and  not  those  in  the  external  circuit.  The  relation  between 
them  may  be  expressed  by  the  equation 

A 

v  =  T  --(igs) 

Now,  neglecting  losses,  the  alternating  current  power  supplied  must  be 

equal  to  the  direct-current  output.   Let 

V  =  the  number  of  armature  sections  per  pair  of  poles;  thus,  i'  =  2  for 

single-phase,  3  for  three-phase,  and  so  on, 

z'  =  the  number  of  wires  per  armature  section, 
/^ 

I-  =  —^  =  the  alternating  current  in  the  armature  conductors, 
V2 

E  =  the  R.M.s.  value  of  the  alternating  e.m.f.  in  each  armature  section, 

^  =  the  phase  difference  between  E  and  /„.  1  : 
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If  P  be  the  total  alternating  current  power,  we  have 

P  =  p.V.E.la-COS(f). 

By  putting  E=k  .^fz'jo-«  and  /^  =  -^  =  ^ ,  and  substituting  Z,  the 
total  number  of  wires  on  the  armature,  for  pvz',  we  get 


P=k.^fZ'^.cos<f, 


.10" 


Fig.  454 
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On  the  other  hand,  the  direct-current  power  is  given  by  the  equation 

P=^.O.M.Z.io-8.7, 
a 

where  I  is  the  external  direct  current.  If  there  are  2a  paths  through  the 
armature  between  the  negative  and  positive  terminals  on  the  direct  cur- 
rent side,  then  I  =  zal^.  By  putting  ^.«  =/  and  equating  the  two  values 
found  above  for  P,  we  obtain  the  relation 


lV2 


.(199). 


In  this  equation  the  value  of  k  is  largely  dependent  upon  the  breadth  of 
the  coil-sides  or  armature  sections.  In  the  single-phase  converter  (Fig.  454) 
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the  ratio  of  the  breadth  2y  of  the  section  to  the  pole-pitch  is  unity.  In  the 
two-  or  four-phase  converter  (Fig.  455)  the  breadth  ratio  2y  is  equal  to  J. 
In  three-phase  converters  (Fig.  456)  2y  =  f ,  while  in  the  six-phase  con- 
verter it  is  only  |  (Fig.  457).  The  connections  of  a  six-phase  converter  are 
dealt  with  in  Section  142. 

The  coefficient  k  depends  also  upon  the  distribution  of  the  magnetic 
field.  As  before,  we  shall  consider  three  cases,  firstly,  a  sinusoidal  field, 
secondly,  a  pole  breadth  equal  to  two-thirds  of  the  pitch,  and  lastly,  a  pole 
breadth  of  half  the  pitch.  For  a  sinusoidal  field  we  have  equation  (144)  on 
page  297 

«  =  2"22  . ^-—  =  -7=  . ^  . 

yTT  V2        yTT 

For  pole  breadths  of  f  or  J  the  pitch,  equations  (152)  and  (153)  on  page 
302  can  be  employed  for  single-  or  three-phase  converters,  since  the  breadth 
of  the  coil  2y  is  greater  than  the  polar  arc  ;8.  In  four-  and  six-phase  conver- 
ters the  breadth  of  the  coil  is  less  than  the  polar  arc,  and  equations  (147) 
and  (154)  on  pages  298  and  303  must  be  employed.  The  values  thus  ob- 
tained are  given  in  the  following  table: 


27 

Values  of  the  coefficient  k* 

Sinusoidal  field 

i3  =  § 

/3=4 

single-phase 
three-phase 
four-phase 
six-phase 

I 
I 

V2  =  1-414 

f  V6  =  1-84 

2 
s^/2  =  2-I2I 

f  VS    =  1-49 
i-\/i5  ^  1-94 

f  VlO  =  2-II 
VS     =  2-24 

iV6_  =  1-63 

fVlO  =  2-II 

IV3    =2-31 
1^14  =  2-49 

From  these  values  of  k,  the  value  of  t;  = 


V2 


2V2 


can  easily  be  found. 


^cos^ 

We  shall  make  use  of  these  values  in  Section  140  in  order  to  determine  the 
copper  loss  in  the  armatures  of  rotary  converters. 

This  coefficient  k  enables  us,  moreover,  to  determine  the  relation  between 
the  P.D.  between  the  brushes  on  the  d.c.  side  and  that  between  two  adjacent 
shp-rings  on  the  a.c.  side.   If  we  neglect  losses  in  the  windings,  we  have 


and 

If  we  put 

we  get 


Ejy.c.  =  - .  O . « .  Z .  10-^ 
£■=  I,    pn  =  f,     and    Z  =  z'vp, 


Ea.C. 
Ed.c. 


k 

V  ' 


*  The  last  two  columns  have  been  calculated  on  the  assumption  that  the  flux-wave 
is  rectangular.   Fringing  and  rounded  pole-tips  will  considerably  reduce  the  value  of  ft. 
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and  by  putting  v  =  2,  3,  4  or  6  as  the  case  may  be,  and  substituting  the 
values  of  k  from  the  table  above,  we  obtain  the  following  values  for  this 
ratio : 


single-phase 
three-phase  • 
four-phase 
six-phase 


Values  of 


voltage  between  adjacent  slip -rings 
voltage  between  d.c.  brushes 


Sinusoidal  field 


0-707 
0-6l 
0-5 
0-353 


/3=f 


0-745 
0-65 

0-53 
0-37 


^=* 


0-815 
0-70 
0-58 
0-415 


139.    The  Voltage  Regulation  of  Rotary  Converters. 

It  would  appear  from  the  foregoing  that  for  a  given  alternating  supply 
voltage,  the  continuous  current  p.d.  was  incapable  of  regulation  or  adjust- 
ment. The  voltage  on  the  continuous  current  side  of  a  rotary  converter 
can,  however,  be  regulated  if  a  choking  coil  be  inserted  in  series  with  the 
converter  on  the  A.c.  side.  The  alternating  voltage  applied  to  the  converter 


Fig.  458 


Fig.  459 


is  no  longer  identical  with  the  supply  voltage.  If  the  converter  is  supplied 
through  a  transformer,  as  is  usually  the  case  on  account  of  the  high  voltages 
used  for  A.c.  transmission,  a  special  choking  coil  may  not  be  necessary  if 
the  transformer  has  a  large  magnetic  leakage. 

Let  V  be  the  alternating  supply  voltage  and  x  the  reactance  of  the 
choking  coil.  If  the  converter  be  over-excited — ^by  cutting  resistance  out 
of  the  field  rheostat — we  have  seen  that  it  will  take  a  leading  current  (see 
p.  355).   If,  on  the  other  hand,  it  be  under-excited,  the  current  taken  will 
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lag  behind  the  terminal  p.d.  Assuming  that  the  power  remains  unaltered 
F./.cos^  will  be  constant,  so  that  the  locus  of  the  end  of  the  current 
vector  in  Fig.  458  will  be  a  horizontal  line.  The  current  /  will  be  a  minimum 
when  it  is  in  phase  with  V  (Fig.  458).  The  vector  V  may  be  spht  up  into 
two  components,  I .  x,  90°  ahead  of  I,  representing  the  p.d.  across  the  choking 
coil,  and  V^,  the  p.d.  between  the  slip-rings  of  the  rotary  converter.  Now 
Ix  being  always  proportional  to,  and  90°  ahead  of,  the  current,  its  locus  must 
be  a  vertical  line  as  shown  in  Fig.  459  from  which  it  is  obvious  that  V^ 
increases  rapidly  as  the  current  is  caused  to  lead  and  decreases  as  the 
current  is  caused  to  lag.  Now  V^  is  the  p.d.  between  the  slip-rings  and  every 
change  in  V^  causes  a  proportional  change  in  the  p.d.  on  the  continuous 
current  side.  Hence  to  increase  the  latter  it  is  only  necessary  to  cut  resist- 
ance out  of  the  field  rheostat  and  thus  cause  the  converter  to  take  a  heavier 
leading  current.  By  compounding  the  machine,  that  is,  by  passing  the  main 
continuous  current  through  a  few  series  turns,  wound  so  as  to  strengthen 
the  field  due  to  the  shunt  turns,  its  voltage  regulation  can  be  made  similar 
to  that  of  a  level  or  over-compounded  dynamo,  the  reasons  for  the  regulation 
being,  however,  very  different  in  the  two  cases.  In  the  compound-wound 
rotary  converter,  an  increase  in  the  load,  that  is,  in  the  continuous  current 
taken  from  the  machine,  causes  the  alternating  current  taken  by  the  con- 
verter to  lead  ahead  of  the  alternating  supply  p.d.  The  e.m.f.  induced  in 
the  choking  coil  by  this  leading  current  is  of  such  a  phase  that  the  p.d. 
between  the  slip-rings  of  the  rotary  converter  is  increased.  Since  the  p.d. 
on  the  continuous  current  side  bears  a  fixed  relation  to  that  on  the  A.c. 
side,  the  former  is  also  increased,  or,  if  not  increased,  maintained  constant 
in  spite  of  the  drop  in  the  armature. 

The  ratio  of  the  continuous  to  the  alternating  p.d. 
a  type  of  machine  known  as  the  split-pole  converter, 
practice  but  is  interesting  enough  to  merit  a  brief 
description.  The  poles  are  split  into  two  or  three 
parts  and  each  part  carries  a  winding  in  addition  to 
the  main  winding  embracing  the  whole  pole,  although 
the  latter  winding  may  also  be  subdivided  between 
the  various  parts  of  the  pole.  The  principle  will  best 
be  understood  from  Fig.  460  where,  for  the  sake  of 
clearness,  there  are  two  distinct  sets  of  poles, 
whereas,  in  practice,  a  set  of  three  auxiliary  poles 
would  constitute  the  main  pole.  The  diagram  re- 
presents a  two-pole  3-phase  converter.  The  auxiliary 
poles  are  alternately  N  and  S  and  being  six  in 
number  they  have  no  effect  on  the  3-phase  winding, 
the  three  tappings  being  symmetrical  at  every 
moment  with  regard  to  the  six  poles.  The  alter- 
nating E.M.F.  induced  in  the  3-phase  winding  is 
therefore  independent  of  the  excitation  of  the  auxiliary  poles  and  depends 
only  on  the  main  poles.  With  regard  to  the  brushes  rubbing  on  the 
commutator,  each  half  of  the  armature  has  two  auxiUary  poles  assisting 
the  main  pole  and  only  one  opposing  it,  so  that  the  p.d.  between  the 
brushes  will  depend  on  the  degree  of  excitation  of  the  auxiUary  poles. 


can  be  adjusted  in 
This  is  little  used  in 
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Hence  by  var3dng  this  excitation,  the  ratio  of  the  continuous  to  the 
alternating  voltages  can  be  adjusted  within  certain  limits.  It  is  easily  seen 
that  the  main  poles  are  unnecessary,  for  if  the  three  upper  auxiliary  poles 
are  equally  excited  in  the  same  direction,  viz.  as  N  poles,  and  the  lower 
three  as  equal  5  poles,  they  will  replace  the  main  poles.  Any  difference 
now  in  the  excitation  of  the  poles,  such  as  weakening  those  marked  S 
in  Fig.  460,  will  have  the  same  effect  as  the  assumed  superposition  of 
a  six  pole  field  on  the  bipolar  field. 

In  the  ordinary  form  of  rotary  converter,  the  p.d.  between  the  brushes 
on  the  commutator  can  be  varied  by  shifting  the  brushes.  If  the  brushes 
are  shifted  90°  (assuming  a  bipolar  machine)  the  p.d.  between  them  wiU  be 
zero,  but  owing  to  the  brushes  short-circuiting  coils  moving  in  a  strong  field, 
the  sparking  will  be  excessive.  This  can  be  obviated  by  making  a  gap  in  the 
middle  of  each  pole,  that  is,  by  splitting  the  poles  and  placing  the  brushes 
so  that,  when  short-circuited,  the  coil  is  moving  under  the  gap  between  the 
two  halves  of  the  pole.  The  p.d.  between  the  brushes  is  now  zero,  if  the  two 
halves  of  each  split  pole  are  equally  excited,  but  by  exciting  the  two  halves  to 
a  different  degree,  the  p.d.  can  be  made  to  differ  from  zero  over  a  consider- 
able range  in  either  direction.  This  is  also  applicable  to  a  continuous  current 
converter,  that  is,  a  machine  which  is  supplied  with  D.c.  at  one  voltage  and 
converts  it  into  a  D.c.  supply  at  another  voltage.  In  the  above  example, 
the  original  brushes  would  be  left  in  their  normal  position  and  supplied  with 
continuous  current;  the  machine  would  run  as  a  continuous  current  motor, 
unaffected  by  the  distribution  of  the  total  flux  between  the  two  halves  of  the 
split  poles.  The  p.d.  of  the  supply  which  could  now  be  taken  from  the  new 
brushes,  half  way  between  the  main  brushes,  would  depend  entirely  on  the 
difference  in  excitation  between  the  two  halves  of  the  split  poles.  There 
is  another  way  of  using  such  a  converter,  for,  by  suitably  exciting  the  parts 
of  the  split  poles,  the  auxiliary  brushes  can  be  made  to  have  the  same  poten- 
tial, and  may  therefore  be  connected  together,  while  the  p.d.  between  the 
auxiliary  brushes  and  either  main  brush  may  be  varied  considerably  by 
exciting  the  two  halves  of  the  split  poles  to  different  degrees*. 

140.    Armature  Copper  Loss  in  Rotary  Converters. 

As  a  general  rule  alternating  current  is  supplied  to  the  rotary  converter, 
while  direct  current  is  taken  from  its  commutator.  It  runs,  therefore,  as 
a  combination  of  A.c.  synchronous  motor  and  d.c.  genetator.  The  e.m.f. 
induced  in  the  armature  opposes  the  alternating  currept,  whereas  the  direct 
current,  being  produced  by  the  e.m.f.,  is  in  the  same  direction.^  It  follows 
from  this  that  the  direct  and  alternating  currents  within  the  arniature  must 
neutralise  each  other  to  a  large  degree,  thus  modifying  the  amount  of  heat 
developed  in  the  armature-winding. 

It  does  not  follow  that  the  heat  developed  will  be  necessarily  less'  than 
in  the  oi^dinary  dynamo.  This  question  wiU  depend  very  largely  on  the 
phase  difference  between  the  e.m.f.  and  the  alternating  current.  Moreover, 
each  coil-side  or  section  is  at  times  under  two  unlike  poles,  and  it  is  evident 

*  For  details  of  such  split-pole  continuous  current  converters  see  The  Electrician, 
vol.  LXiii.  1909,  pp.  498,  506. 
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that,  at  such  moments,  the  alternating  and  direct  currents  in  some  wires 
must  be  added  together,  while  in  other  wires  they  must  be  subtracted. 
The  ideal  arrangement  would  have  an  infinite  number  of  commutator 
segments  and  of  phases,  so  that  each  coil-side  or  section  would  be  infinitely 
narrow. 

To  make  the  problem  as  clear  and  as  simple  as  possible,  we  shall  assume 
that  the  number  of  commutator  segments  is  very  large,  and  we  shall  trace 
the  variations  of  current  in  a  single. armature  conductor  during  a  complete 
period.  We  shall  choose,  in  the  first  place,  a  conductor  in  the  middle  of  a 
section,  i.e.  midway  between  two  adjacent  slip-ring  connections,  and  we 
shall  assume  that  the  phase  difference  between  e.m.f.  and  current  is  zero, 
which  is  a  condition  easily  obtained  by  suitable  excitation. 

At  the  moment  when  the  conductor  under  consideration  passes  the 
neutral  zone  (Fig.  461)  both  the  direct  and  alternating  currents  in  it  are 
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Fig.  466 


reversed.  If  we  assume  that  the  direct  current  taken  from  the  machine  is 
constant,  the  curve  I^  in  Fig.  462  will  represent  the  direct  current  in  the 
conductor,  plotted  to  a  time  base.  Similarly,  curve  i  will  represent  the 
alternating  current.  The  resultant  current  curve  is  given  in  Fig.  463.  To 
obtain  the  power  lost  in  the  given  conductor  at  any  moment,  the  corre- 
sponding ordinate  in  Fig.  463  must  be  squared  and  multiplied  by  the  resist- 
ance R  of  the  conductor. 

The  conditions  are  not  so  favourable  for  a  conductor  separated  by  an 
angle  ctt  from  the  centre  of  the  armature  section.  As  this  conductor  passes 
the  neutral  zone  at  A  (Fig.  464)  the  direct  current  in  it  is  reversed.  The 
alternating  current,  however,  being  in  phase  with  the  e.m.f.,  does  not 
reverse  until  the  middle  point  of  the  section  passes  through  the  neutral 
zone,  i.e.  an  angle  en  later.  The  alternating  current  curve  in  Fig.  465  is 
displaced,  therefore,  to  the  right,  and  by  combining  the  ordinates.  Fig.  466 
is  obtained  as  the  curve  of  resultant  current  in  the  given  conductor. 
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(n +<^ 


Fig.  467 


If,  now,  the  current  lags  behind  the  e.m.f.  by  the  angle  0,  the  current 
curve  will  be  displaced  still  further  to  the  right  (Fig.  467).  For  the  sake  of 

simplicity  the  angle  a  has  been  plotted  as  ab- 
scissae instead  of  the  time  t.  The  instantaneous 
value  of  the  current  in  the  given  conductor  is 

/,,  -  i  sin  (a  —  e  -  ^)  =  /c  {i  -  ■'7  sin  (a  -  e  -^)}. 

We  square  the  instantaneous  value  of  the 
current  and  take  the  mean  of  all  such  values 
between  o  and  tt.  If  R  be  the  resistance  of 
the  given  conductor,  the  mean  power  lost  in 
it  will  be 

^  r  {I  -  7? .  sin  (a  -  e  -  .^)P .  <^a  =  /c^i?  {i  +  ^  -  ^  .  cos  (e  +  ^)}  . 

In  carrying  out  the  above  integration  we  must  square  out  the  bracket, 
and  integrate  separately  the  three  terms  thus  obtained,  remembering  that 
(e  +  (j>)  is  constant.  On  examining  the  right-hand  side  of  this  equation,  we 
see  that  the  mean  loss  of  power  in  any  conductor  contains  two  constant 
terms,  independent  of  the  position  of  the  conductor,  and  a  third  term  which 
varies  with  the  position  of  the  conductor  in  the  coil-side.  The  average  value 
of  this  third  term,  taken  over  the  whole  coil-side,  is 

I    l+f"  p]         /    ,  j\    J       4V   sinvTT-  , 

—  /        ^^ .  cos  (e -I- 0) .  ^e  =  i-i . — ^— .cos<i, 
2y]—^    7T  '       ^'  TT       yn  ^ 

The  mean  loss  of  power  per  conductor,  taken  over  the  whole  armature,  is 
therefore 
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If  we  substitute  for  tn  its  value  v r ,  we  have 

'  k  cos  (p 

^■='.'«(-P^,-¥-"^) (-)• 

We  shall  use  this  equation  in  the  next  section,  in  order  to  compare  the 
converter  with  the  direct-current  generator,  in  respect  of  the  copper  loss 
in  the  armature. 


141.    Comparison  between  Rotary  Converters  and  Direct- 
current  Generators  with  regard  to  Armature  Copper  Loss. 

The  product  I^^R  in  equation  (200)  is  the  loss  of  power  per  armature 
conductor  when  the  machine  is  working  as  a  direct-current  generator  with 
a  current  7„  in  the  armature-winding.   The  expression  in  the  brackets. 
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gives  us  the  relation  between  the  armature  copper  loss  in  the  converter, 
and  that  in  the  same  machine  when  driven  as  a  d.c.  dynamo  with  the  same 
output.  The  greater  the  phase  difference  <^,  that  is,  the  smaller  the  value  of 
cos  (f),  the  larger  wiU  be  the  second  term  in  the  above  expression  for  P,  and 
the  greater  the  loss.  The  influence  of  the  width  of  coil-side  or  section  is  also 
plainly  seen  in  the  above  equation.  If,  for  example,  the  field  be  sinusoidal, 

the  coefficient  k  is  proportional  to  — ^ ,  and  the  last  term  in  the  equation 

yv 

becomes  a  constant.  The  width  of  coil-side  can  then  affect  the  second  term 

only.  The  coefficient  k  increases  as  the  width  of  coil-side  is  decreased.   With 

narrow  sections  the  second  term  is  therefore  small,  and  consequently  the 

loss  is  small.   The  superiority  of  the  six-phase  converter,  with  its  narrow 

sections,  is  plainly  evident.   Any  practical  deviation  of  the  field  from  the 

sine  form  will  not  materially  alter  these  relations. 

The  following  table  contains  the  values  of  V,  i.e.  the  ratio  of  the  losses 
in  the  converter  to  those  in  the  equally  loaded  dynamo,  under  various 
conditions. 

The  table  shows  how  considerably  the  losses  can  be  reduced  by  so 
adjusting  the  field  current  that  the  power-factor  is  unity.  It  shows,  further, 
the  enormous  superiority  of  the  polyphase  converter,  as  compared  with  the 
single-phase  type.  The  influence  of  pole-form  is  seen  to  be  very  small,  and 
is,  in  reality,  still  smaller,  owing  to  the  rounding  off  of  the  pole-shoes  and 
the  fringing  of  the  magnetic  field. 
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A  more  important  question  from  the  practical  point  of  view  is-:  How 
great  a  load  can  be  put  on  the  converter  without  overheating  its  armature? 

Assuming  equal  losses  in  both  cases,  let 
7c  =  the  direct  current  in  each  conductor  of  the  converter  armature,  and 
1^  =  the  current  in  each  armature  conductor  when  driven  as  a  dynamo. 
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The  loss  per  armature  conductor  in  the  dynamo  is  //-R,  whereas  in  the 
converter  it  is  Tl/i?  (equation  200).  The  loss  being  the  same  in  each  case, 
we  have  I/R=TI,^R, 

la    Vr- 

On  the  assumption  of  equal  losses  in  the  armature,  the  relation  between 
the  D.c.  load  on  the  converter  and  that  on  the  dynamo  is  therefore  equal 
to  i/vT.  The  following  table  gives  the  value  of  i/Vr  for  the  various  cases 
considered : 
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Hence,  with  unity  power-factor  the  output  of  a  single-phase  converter 
is  85  per  cent,  of  the  output  of  the  same  machine,  used  as  a  dynamo,  and 
allowing  the  same  armature  heating.  Under  the  same  condition,  however, 
the  six-phase  converter  has  almost  double  the  dynamo  output. 


142.    Six-phase  Rotary  Converters. 

In  the  preceding  sections  we  have  dealt  with  rotary  converters,  not  only 
for  single-phase,  two-phase  and  three-phase,  but  also  for  six-phase  working. 
This  is  the  first  time  we  have  mentioned  more  than  three  phases,  and  it  wUl 
be  advisable  to  consider  exactly  what  we  understand  by  a  six-phase  con- 
verter. 

Every  phase  winding  has  of  course  two  ends,  or,  if  we  prefer  it,  a  begin- 
ning and  an  end.  Hence,  a  single-phase  machine  has  two  terminals  or  slip- 
rings,  and  a  two-phase  machine  four.  In  the  same  way  a  three-phase 
machine  should  have  six  terminals,  and  would  have,  were  it  not  that  the 
windings  are  usually  interconnected  in  either  the  star  or  mesh  arrangement, 
thus  reducing  the  number  of  terminals  to  three.  In  a  two-phase  converter 
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each  phase  of  the  supply  is  connected  across  diametrically  opposite  points 
of  the  armature,  the  axes  of  the  two  phases  being  at  right  angles  as  in  Fig. 
455.  The  two  phases  are  thus  superposed  on  the  same  armature  winding. 
If  each  of  the  three  phases  in  a  three-phase  system  be  kept  quite  distinct 
and  connected  across  diametrically  opposite  points  on  the  armature  winding, 
the  three  axes  being  at  120°,  we  obtain  Fig.  457,  which,  after  all,  is  only 
six-phase  in  the  same  sense  that  Fig.  455  is  four-phase. 

At  first  it  would  appear  that  a  so-caUed  six-phase  converter  would 
require  the  three-phases  of  the  supply  mains  to  be  kept  quite  distinct,  thus 
necessitating  the  use  of  six  conductors,  but  this  is  not  so,  for  by  means  of 
transformers  we  can  split  up  the  ordinary  three-phase  supply  with  three 
conductors  into  three  separate  phases  with  six  conductors.  Such  an  arrange- 
ment is  shown  in  Figs.  468  and  469.   In  the  former  the  primaries  are  star 


3-Phase     Svupphi 


Fig.  468 


Fig.  469 


connected,  while  in  the  latter  they  are  mesh  connected.  In  Fig.  468  three 
separate  single-phase  transformers  are  shown,  whereas  in  Fig.  469  a  three- 
phase  transformer  is  employed,  in  which  each  iron  Umb  acts,  in  turn,  as 
the  magnetic  return  path  for  the  flux  in  the  other  two  limbs. 

There  is  another  way,  however,  of  looking  at  these  six-phase  converters. 
In  the  method  just  considered  we  had  three  separate  single-phase  supply 
circuits,  120°  out  of  phase  with  each  other.  Now,  Fig.  456  represents  the 
ordinary  three-phase  converter  with  three  supply  conductors;  if  we  can 
obtain  another  similar  three-phase  supply  180°  out  of  phase  with  the  one 
shown  in  Fig.  456  then  by  superposing  the  two  supply  systems  we  obtain 
Fig.  457.  Fig.  470  shows  how  this  is  accompUshed  in  practice.  Each  of  the 
three  single-phase  transformers,  or  each  Umb  of  the  three-phase  transformer, 
has  two  distinct  but  similar  secondary  windings.  The  primary  windings 
may  be  mesh  or  star  connected,  and  the  same  is  true  of  the  secondary  wind- 
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ings.  In  the  figure  we  have  shown  mesh  connection  on  the  primary  and 
star  connection  on  the  secondary  side.  Fig.  471  shows  the  same  arrangement 
as  Fig.  470  but  is  more  diagrammatic,  and  by  separating  the  two  sets  of 
secondary  windings  the  principle  of  the  arrangement  is  more  easily  under- 
stood. 

The  figures  have  been  similarly  numbered  and  lettered  to  assist  the 
student  in  tracing  out  the  connections. 


3  Phase 
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Fig.  470 


Fig.  471 


143.    La  Cour's  Motor  Converter. 

The  disadvantages  of  the  rotary  converter  with  regard  both  to  starting 
and  regulation  of  the  terminal  pressure  on  the  D.c.  side  are  obvious.  Further 
disadvantages  are  the  necessity  of  static  transformers  for  reducing  the 
alternating  supply  pressure,  and  the  difficulty  of  commutation  for  any  but 
low  frequencies.  These  difficulties  are  overcome  to  a  certain  extent  by  using 
motor-generators,  in  which  the  two  machines  are  quite  distinct  but  coupled 
mechanically  together.  We  then  have  a  free  hand  in  the  design  of  each 
machine,  and  the  number  of  poles  in  the  dynamo  is  not  affected  by  the 
frequency  of  the  a.c.  supply.  The  motor  can  be  designed  to  take  the  full 
supply  pressure,  thus  dispensing  with  transformers,  and  the  d.c.  terminal 
pressure  can  be  regulated  in  the  usual  way.  On  the  other  hand,  we  have  two 
machines  each  of  the  same  output,  which  is  also  the  full  output  of  the  set. 
This  increases  the  capital  cost,  requires  more  floor  space,  and  decreases  the 
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efficiency.  The  motor  can  be  synchronous  or  asynchronous.  With  the  in- 
duction motor  the  question  of  starting  is  quite  simple,  but  we  then  have  the 
disadvantage  of  a  low  and  non-adjustable  power-factor,  whereas  the  syn- 
chronous motor  has  all  the  advantages  and  disadvantages  of  the  converter 
with  regard  to  starting  and  power-factor. 

A  type  of  converter  which  has  been  used  to  some  extent  during  the  last 
few  years  is  the  so-called  motor  converter  of  La  Cour.  It  combines  more 
or  less  all  the  advantages  of  the  rotary  converter,  the  synchronous  motor- 
generator,  and  the  induction  motor-generator.  It  consists  essentially  of  an 
induction  motor  and  d.c.  dynamo  side  by  side  on  the  same  shaft.  In  addi- 
tion to  being  keyed  on  the  same  shaft,  the  rotor  and  armature  are  connected 
electrically,  and  the  power  is  transmitted  partly  mechanically  along  the 
shaft,  as  in  a  motor-generator,  and  partly  electrically  from  rotor  to  arma- 
ture, so  that  they  are  together  equivalent  to  the  armature  of  a  rotary  con- 
verter. The  three-phase  current  is  supplied  to  the  stator  at  any  pressure 
up  to  about  10,000  volts,  and  the  rotor  revolves  at  a  speed  much  below 
synchronism.  Currents  are  induced  in  the  rotor  with  a  frequency  equal  to 
the  slip,  which,  if  both  machines  have  the  same  number  of  poles,  will  be 
50  per  cent.  These  rotor  currents  pass  across  into  the  armature  of  the 
dynamo,  and  are  of  just  the  correct  frequency  to  drive  it  as  a  synchronous 
motor  at  the  speed  corresponding  to  50  per  cent,  slip  in  the  induction  motor. 
Hence,  half  the  total  power  passes  mechanically  along  the  shaft,  while  the 
other  half  passes  electrically  across  from  the  rotor  to  the  armature.  The 
power-factor  can  be  adjusted  by  varying  the  field  current  of  the  dynamo. 

The  machine  is  started  from  the  A.c.  side  as  an  induction  motor.  To 
enable  this  to  be  done  the  rotor  phases  are  disconnected  at  the  neutral  point, 
and  a  three-phase  starting  resistance  introduced  into  three  of  the  phases. 
When  the  correct  speed  is  attained  the  rotor  phases  are  all  joined  at  the 
neutral  point.  The  rotor  and  armature  can  be  nine  or  twelve-phase,  since 
the  connections  are  short  and  direct  without  the  intervention  of  slip-rings. 
This  large  number  of  phases  improves  the  synchronising  power  and  the 
efficiency.  This  latter  is  sUghtly  lower  than  that  of  the  ordinary  converter, 
but  much  better  than  that  of  a  motor-generator.  Since  only  a  part  of  the 
power  is  converted  into  mechanical  energy  each  machine  is  smaller  than 
the  corresponding  machine  of  a  motor-generator  of  the  same  output.  A 
motor-converter  with  nine-phase  connection  between  rotor  and  armature 
is  represented  diagrammatically  in  Fig.  472. 

If  the  motor  has  p^  pairs  of  poles  and  the  dynamo  p^^,  the  field  of  the 
f 
motor  will  make  -r^  revs,  per  second.     The  rotor  will,  in  this  case,  run  at 

Pm 

r-^ —  revs,  per  second.    The  currents  induced  in  the  rotor,  and  supplied 

Pm  +  Pd 

Vrt 

by  it  to  the  armature  of  the  dynamo,  will  have  a  frequency  f^  .         ,    . 

Vm  "T  Pd 
t 

Since  the  dynamo  has  pa  pairs  of  poles,  and  rotates  at   .     ]_.    revs,  per 

Pm  "r  Vd 

second,  its  frequency  is  also  A      ^      ,  and  the  current  supplied  to  it  from 

Pm  ~r  Pd 

the  rotor  has  the  correct  frequency. 
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Equation  (179)  on  p.  390,  which  is  the  equation  for  the  slip  of  an  in- 
duction motor,  may  be  put  into  the  following  form : 

fi  —  sUp  _  energy  converted  into  mechanical  form 
/i  total  energy  supplied  to  rotor 

It  is  immaterial  whether  the  difference  between  the  total  supply  of 
energy  and  that  part  of  it  which  is  converted  into  mechanical  energy  is 

3  pha^B'Suf^^ 


Rotor 


D.  C.  Armature 

Fig.  472 


dissipated  as  heat,  as  in  the  induction  motor,  or  used  to  drive  a  synchronous 
motor  or  rotary  converter,  as  in  the  present  case.   If  we  substitute  for  the 

frequency  of  slip  its  value /^  ^   ^  ^  ,  we  get 


k-k- 


Pm  +  Pa 


Pm+Pd' 

pm         energy  supplied  mechanically 


k 


Pm  +  Pd 


Hence,  of  the  total  output,  a  fraction 
along  the  shaft,  while  the  remainder 


total  energy 

is  transmitted  mechanically 


Pm  +  Pd 


Pm+Pd 


is  transmitted  electrically*. 


*  For  further  information  on  motor-converters,  see  H.  S.  Hallo,  Trans,  of  the  Inst, 
of  Elec.  Eng.,  igog. 


APPENDIX 

THE  SYMBOLIC  METHOD 
OF  SOLVING  ALTERNATING-CURRENT  PROBLEMS 

I.    The  Polar  Diagram. 

In  considering  alternating  currents  we  have  used  rotating  vectors,  the 
lengths  of  which  were  equal  to  the  maximum  values  of  the  current  or  poten- 
tial difference.  The  direction  of  the  vector  corresponded  to  the  plane  of  an 
imaginary  coil  which  rotated  in  a  uniform  vertical  field,  and  the  projection 
of  the  vector  on  a  vertical  line  represented  the  momentary  value  of  the  e.m.f. 
induced  in  the  rotating  coil. 


Fig-  473 


Fig.  474 


We  shall  now  look  at  the  matter  from  another  point  of  view.  We  shall 
imagine  the  armature  coil  to  be  at  rest  and  the  poles  to  rotate,  as  shown  in 
Fig.  473.  As  the  initial  position  of  the  polar  axis  we  arbitrarily  choose  the 
horizontal.  In  the  polar  diagram  (Fig.  474)  we  shall  also  take  the  horizontal 
OA  as  the  initial  line  or  hne  of  reference.  The  vector  OE  =  e  is  set  out  at 
the  angle  </>  which  the  fixed  armature  coil  makes  with  the  horizontal.  A 
circle  is  drawn  on  OE  as  diameter.  Contrary  to  our  previous  method,  we 
keep  everything  stationary  except  the  line  OX  which  rotates  in  the  clock- 
wise direction.   At  the  moment  when  this  rotating  line  makes  an  angle  a 


T.  E. 
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with  the  initial  line  OA,  it  will  cut  the  circle  at  the  point  B.  The  value  of  the 
E.M.F.  at  this  moment  will  be 

A 

e  .  cos  (^  —  a)  =  OB. 

A  A 

OB  is  the  projection  of  e  on  the  rotating  line  OX.  e  is  called  the  ampli- 
tude of  the  sine  wave,  and  </}  is  called  its  phase.  In  polar  co-ordinates  the 
instantaneous  value  is  expressed  as  a  function  of  the  variable  angle  a.  It 
reaches  its  maximum  value  at  the  moment  when  OX  coincides  with  OE. 

In  Fig.  475,  for  example,  the  electromotive  forces  Ei  and  £'2  are  of 
different  phase,  because  their  maximum  values  OE^  and  OE.^  make  different 
angles  ^^  and  ^2  with  the  horizontal.  The  electromotive  force  E^  is  behind 
£1  because  the  rotating  line  OX  passes  through  OE^  before  passing  through 
OE2.  It  is  evident  that  rotating  OX  in  a  clockwise  direction  round  the 
stationary  vector  diagram  gives  exactly  the  same  result  as  our  former  pro- 
cedure of  giving  the  whole  vector  diagram  an  anti-clockwise  rotation,  and 
projecting  on  to  a  fixed  vertical  line. 

2.    Geometrical  Addition. 

We  have  seen  in  Fig.  474  that  the  momentary  value  is  represented  by 
the  length  OB,  that  is,  by  the  projection  of  the  diameter  OE  on  the  rotating 
line  OX.  As  in  Section  74  (page  240),  it  can  be  shown  that  the  two  electro- 
motive forces  OEi  and  OE^  in  Fig.  475  can  be  replaced  by  a  resultant  with 
an  amplitude  OR  and  with  a  phase  angle  0. 

R 


Fig-  475 

In  the  following  considerations  we  shall  not  trouble  about  momentary 
values,  but  shall  consider  simply  the  maximum  value,  or  amplitude,  and 
the  phase  of  the  wave.  We  can,  naturally,  use  effective  values  instead  of 
maximum  values,  since  this  simply  alters  the  scale.  The  wave  is  completely 
determined  by  its  amplitude  and  phase.  Instead  of  giving  the  length  OE 
and  the  angle  (/>,  we  can  give  the  rectangular  co-ordinates  of  the  point  E. 
In  Fig.  476,  for  example,  the  wave  represented  by  the  diameter  OE  is 
completely  determined  by  the  abscissa  a  =  3  and  the  ordinate  b  =  4.   We 

have  further  ^  „        , 

OE  =  Va^  +  62 


and 


tan  d)  =  - . 

^      a 
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We  shall  follow  the  usual  plan  of  calling  those  abscissae  positive  which 
lie  to  the  right  of  0,  while  those  to  the  left  we  shall  call  negative.  Ordinates 
which  are  above  0  we  shall  caU  positive,  and  those  below,  negative.  We 
shall  multiply  all  ordinates  (not  abscissae)  by  the  imaginary  quantity  V  —  i, 
which,  for  the  sake  of  shortness  we  shall  represent  by^.  On  this  assumption 
+  3  represents  a  right-hand"  abscissa,  while  +  ^ .  4  represents  an  upward 
ordinate,  and  the  wave  represented  by  Fig.  476,  which  has  an  amplitude  of 
E,  is  represented  completely  by  the  equation 

£  =  3  +  y  .  4- 

We  shall  follow  the  plan  adopted  by  Steinmetz  and  use  capital  letters 
to  denote  amplitudes,  and  small  letters  to  denote  the  projections  on  the 
co-ordinate  axes. 

We  saw  on  page  241  that  the  projection  of  the  resultant  was  equal  to  the 
sum  of  the  projections  of  the  components.    If  we  are  given  two  waves  of 
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Fig-  477 


different  phase,  we  are  now  in  a  position  to  carry  out  the  geometrical  addi- 
tion to  find  their  resultant  by  simple  calculation  instead  of  the  graphical 
method  previously  employed.  The  two  electromotive  forces  E-^  and  E^, 
the  phases  of  which  are  ^1  and  ^2  (Fig.  477),  have  a  resultant  E  of  phase  j>. 
The  trigonometrical  calculation  of  this  resultant  would  be  very  laborious, 
and  the  graphical  solution  is  not  very  easy  when  we  have  to  set  out  the 
angles  <^i  and  ^2.  The  symboUc  method  enables  us  to  solve  the  problem  in 
the  following  manner:  „        -;       ,    . 

£^2  =  -4+y-3 


£  =  £:i  +  £:2  =  -  i-F;.5 


We  see  that  geometric.£tl  addition  is  no  longer  a  mere  name  but  an  actual 
operation  of  addition.  The  H-  sign  between  ^^  and  E^  signifies  their  geo- 
metrical addition,  and  a  glance  at  Fig.  477  shows  us  that  the  geometrical 
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resultant  has  the  co-ordinates  -  i  and  +  j.5.  Passing  now  from  imaginary 
or  complex  quantities  to  the  calculation  of  real  quantities,  we  have 


and 


E  =  Vl  -  i)^  +  5'  =  V26, 
tan  0  =  i-^  =  -  5. 


3.    Rotation  of  a  Vector. 

Fig.  478  represents  two  electromotive  forces  of  equal  amplitude,  one 
of  which,  viz.  Ei,  lags  90°  behind  the  other.  These  are  evidently  represented 

by  the  equations 

Ei  =  +  4+J-3, 

and  £2  =  -  3+J-4- 

Since  (j)^  is  equal  to  —  i,  it 
follows  that  the  wave  E^  can  be 
obtained  from  E^  by  multiplying 
hy  j,  thus 

E2=j.Ei=j.4-  3. 

Fig.  478  Hence,   multiplication   by  j 

simply  rotates  the  diameter  of 

the  circle  in  Fig.  474  in  the  opposite  direction  to  that  in  which  the  line 

OX  is  rotating,  and  gives  a  wave  leading  90°  ahead  of  the  original  wave. 

In  a  similar  manner  we  can  obtain  the  wave  E^  by  multiplying  the  wave 

^'^^~^'-  £1  =  -;.£.  =  -;•(- 3 +;.4), 

or,  since  (- f)  {+ j)  =  +  1,         E-^  =  4+j.3. 

Hence,  multiplication  by  —  j  denotes  a  rotation  of  the  diameter  in 
the  direction  in  which  the  line  OX  is  rotating,  and  gives  a  wave  lagging 
90°  behind  the  original  wave. 

If  two  waves  have  a  phase  difference  of  180°,  it  is  evident  that  the  co- 
ordinates of  the  one  are  the  same  as  those  of  the  other,  except  that  they 
have  the  opposite  sign.  Multiplication  by  -  i  will  therefore  rotate  a 
wave  through  180°. 

If  we  are  given  the  amplitude  and  phase  of  the  current,  we  are  now  in 
a  position  to  express  the  ohmic  pressure  and  the  e.m.f.  of  self-induction  in 
the  symbolic  method.  Let  the  current  be  expressed  by  the  equation 

I  =  3-j-2, 

let  the  resistance  r  be  2  ohms  and  the  reactance  zirfL,  which  for  the  sake  of 
simplicity  we  shall  denote  by  x,  i'5  ohms.  The  pressure  required  to  over- 
come the  simple  ohmic  resistance  is  found  by  multiplying  /  by  r,  so  that 

I.r  =  2.(3  -j.2)  =6  -y.4. 

Since  the  e.m.f.  induced  owing  to  the  self-induction  lags  90°  behind  the 
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current,  its  equation  is  found  by  multiplying  the  current  equation,  first  by 
X  to  get  the  magnitude,  and  then  by  —  j  to  put  it  back  90°.  Hence 

E^=  -j.x.I, 
or,  in  the  present  example, 

Es=  -y-i-5-(3-y-2)  =  -3-;-4-5- 


Fig.  479 

This  is  confirmed  by  Fig.  479.  If,  instead  of  the  self-induced  e.m.f.,  we 
require  the  component  of  the  terminal  pressure  which  has  to  counterbalance 
the  induced  e.m.f.,  we  must  multiply  the  equation  for  Eg  by  —  i.  This  gives 
us  „ 

4,    Inductance  and  Resistance  in  Series. 

The  component  of  the  applied  terminal  pressure  which  is  equal  and 
opposite  to  the  self-induced  e.m.f.,  which  it  counterbalances,  leads  90° 
ahead  of  the  current.  It  is  obtained  by  multiplying  the  current  I  by  the 
reactance  x,  and  also  by  j.  This  gives  j.x.I.  The  apphed  terminal  pressure 
is  the  resultant  of  this  and  the  component  which  overcomes  the  resistance. 
We  obtain  by  geometrical  addition 

V  =  I.r  +  j.x.I  =  I.{r  +  j.x). 

The  apparent  total  resistance  r  +  j.x  is  called  the  impedance  and  is 
denoted  by  Z,  so  that  _  ,    . 

The  impedance  is  therefore  made  up  of  the  two  sides  of  a  right-angled 
triangle,  the  hypotenuse  of  which  gives  its  real  value,  thus 

z  =  Vr^  +  x^. 
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Ohm's  law  for  the  alternating  current  circuit  may'  be  expressed  as 
follows: 

In  the  symbolic  method  In  the  usual  method 


Z'    r  +  j.x'  z      Vr^  +  x^' 

We  shall  now  determine  the  terminal  pressure  of  a  generator,  the  resist- 
ance of  which  is  r^  and  the  reactance  Xq.  The  external  circuit  has  a  resistance 
r  and  a  reactance  x.  The  internal  impedance  Z^  is  equal  to  r^  +  j.x^,  and 
the  external  Z  to  r  +  j.x  (compare  Fig.  249  on  page  254).  If  we  call  the 
constant  e.m.f.  induced  in  the  generator  E^  and  the  terminal  pressure  V, 
both  expressed  in  the  symbolic  method,  we  have 

T^     ^0 ^0 

Zo  +  Z     rt,  +  r  +  j.{xo  +  x)' 

and  V=I.Z=     ^    f'.-f    ^    ■■ 

ro  +  r  +  j  .{xo  +  x) 

If  we  proceed  now  to  find  the  real  values,  we  have 

Eo.z 


V  = 


V{ro  +  rf  +  (^0  +  ^Y     ^^0^  +  2  V  +r^  +  x^  +  2X^  +  x^ ' 


Now,  r^  +  x^  =  z^, 

and  r'^  ■\-  x^  =  z^. 

Hence,  F=  ^°'^ 


Vzo^  +  Z^+2  { V  +  XgX)  ' 

The  same  result  could  have  been  derived  directly  from  Fig.  249. 

.  5.    Capacity  and  Resistance  in  Series. 

We  saw  in  Section  80  that  the  back  e.m.f.  of  a  condenser  led  90°  ahead 
of  the  current.  From  equation  (126)  on  page  263  it  is  evident  that  this  back 
pressure  E^  is  to  be  obtained  from  the  current  /  by  dividing  by  2iTfC  and 
multiplying  by  j.   Hence  j 

The  component  of  the  terminal  pressure  which  exactly  counterbalances 
this  back  pressure  is  therefore  -  j .  —j^ .  If  capacity  be  connected  in  series 
with  resistance,  the  terminal  pressure  will  be  given  by  the  equation 

I    \ 


E  =  I .r  —  j .  -— jp;  =  7  ( r -  ■ 

3  circuit  w 

Z  —  r  —  j , 

lave 


ZirfC  V       ^-27rfC) 

For  the  impedance  of  the  circuit  we  have  therefore 

I 

For  the  actual  values  we  have 
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If  we  compare  the  two  equations 

Z  =  r  +  j.2TrfL 

and  z  =r~i  .     ^ 

^      277/C  ' 

we  see  that  — ^^  may  be  looked  upon  as  a  negative  reactance.    If  we  let  the 

reactance  x  represent  the  component  of  the  impedance  which  is  at  right 
angles  to  the  current,  whether  due  to  self-induction  or  to  capacity,  the 
formula 

Z  =  r  +  j.x 

will  be  quite  general.    For  inductance  we  have  x  =  zirfL,  and  for  capacity 

i ;  Steinmetz  calls  — 77^  the  condensance. 


6.    Resistance,  Inductance  and  Capacity  in  Series. 

The  equation  r/ 

1= — — 

r  +  j  .X 

can  now  be  used  when  the  circuit  contains  both  inductance  and  capacity, 
if  X  be  taken  to  represent  ztt/L ^^ .    The  equation  then  becomes 


Passing  from  complex  to  real  quantities,  we  have 

V 


The  equation  which  we  established  for  the  terminal  pressure  of  a  gene- 
rator was 

V=  ^-^ 


Vzo^  +  z^+z  (rgr  +  x^x) ' 

It  can  be  seen  from  this  equation  that  there  is  a  certain  value  of  the 
external  impedance  z,  for  which  the  terminal  pressure  is  equal  to  the  e.m.f. 
The  exact  value  of  this  impedance  depends  on  the  internal  impedance  of  the 
generator.  For  V  to  equal  £'0  in  the  above  equation,  it  is  necessary  that  the 
denominator  becomes  z,  that  is,  that 

^0^  +  2  (rgr  +  x^x)  =  0. 

If  we  neglect  the  small  internal  resistance  r^  we  can  put  x^  =  ^q,  and  we  get 

Xf^^  +  ZXf^X  =  o, 

Xn 

or  x=  — - . 

2 
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The  negative  sign  shows  that  the  condensance  of  the  external  circuit 
must  exceed  its  reactance  by  an  amount  equal  to  half  the  internal  reactance. 
When  this  condition  is  fulfilled  the  terminal  pressure  of  the  generator  will 
be  the  same  as  its  e.m.f.  If  the  capacity  of  the  external  circuit  is  still 
further  increased,  the  terminal  pressure  will  exceed  the  e.m.f.  induced  in 
the  armature.   (Compare  Fig.  314.) 

7.    Inductance  and  Capacity  in  Parallel. 

Fig.  480  represents  an  inductive  resistance  shunted  by  means  of  a  con- 
denser. For  the  upper  branch  we  have 

^     r  +  j.x 

The  current  I2  in  the  condenser  branch  leads  90°  ahead  of  the  terminal 
pressure  V,  and  is  therefore  given  by  the  equation 

I^=j.27TfC.V. 

For  the  total  current  /  we  have,  therefore, 
I  =  h  +  h-y^^  +  J.2.fC.V. 

By  putting  V  outside,  and  multiplying  top  and 
bottom  by  r—j.x,  in  order  to  remove  the  complex 
quantities  from  the  denominator,  we  get 

-^  /=F.{!^%y..c}. 

Fig.  480  We  have  put  w  for  27r/,  the  angular  velocity  of  the 

vector.   The  equation  may  be  altered  so  as  to  separate 
horizontal  from  vertical  components,  thus 

J^=^-{^.-i-(;^.--c)} (a). 

To  obtain  real  values  we  must  add  the  squares  of  the  two  components 
and  extract  the  root.  We  thus  obtain 


J, 


-W^m- 


coll 


A 


'~^-  \ly^^ + (?^  -  '"^)' 


By  suitably  choosing  the  capacity  it  is  possible  to  bring  the  external 
or  total  current  /  into  phase  with  the  terminal  pressure  F,  so  that  the  whole 
arrangement  appears  non-inductive.  The  condition  for  equaUty  of  phase 
between  I  and  V  is  evidently  the  disappearance  of  the  imaginary  com- 
ponent in  equation  (a).  This  can  only  occur  if 


2,7/C=        "^ 


We  notice  that  the  necessary  capacity  depends  on  the  frequency,  on  the 
inductance,  and  also  on  the  resistance.  Wattless  current  in  the  external 
circuit  can  therefore  be  eUminated  by  the  use  of  suitable  capacity,  but  a 
change  in  either  the  frequency  or  the  resistance  upsets  the  compensation 
and  causes  a  phase  difference  between  current  and  pressure. 


8.  Admittance,  Conductance  and  Susceptance  473 


8.    Admittance,  Conductance  and  Susceptance. 

As  we  pointed  out  on  page  10,  it  is  often  more  convenient  to  consider 
conductance  than  its  reciprocal,  resistance.  In  calculating  the  combined 
resistance  of  several  parallel  paths,  we  obtained  the  equation 

1=1^  +  ^  +  1. 

R      i?i      i?2      i?3 

This  equation  expresses  the  result  directly  and  simply  in  terms  of  the 
conductances  of  the  various  paths.  Steinmetz  introduced  this  and  other 
reciprocals  into  the  symbolic  system.  The  reciprocal  of  impedance  he 
termed  admittance,  and  represented  it  by  the  letter  Y.   We  have  then 

Z     r  +  j.x      r^+  x^      r^  +  x^     r^  +  x^' 

We  see  then  that  the  admittance  consists  of  two  components,  the  one 
real,  the  other  imaginary.  The  real  component  is  called  the  conductance 
and  is  denoted  by  g,  while  the  imaginary  component  is  called  the  suscept- 
ance and  is  denoted  by  b.  Hence 

^  =  ^:2:^=ia    ^^^' 

""  ~- (b). 


r^+x^       Z;    

Y  =g  +  j.b. 
Ohm's  law  may  now  be  written  thus : 

or  I  =  E.{g+  j.b). 

The  actual  value  of  the  admittance  is  given  by  the  equation 

or,  since  r^  +  x''=z\       y  =  J '^^=  ^^j^=. 

To  illustrate  the  use  of  these  equations,  we  shall  again  consider  the 
problem  of  making  the  external  current  in  Fig.  480  in  phase  with  the  terminal 
pressure  by  suitably  choosing  the  capacity  of  the  condenser.  To  do  this 
we  must  make  the  imaginary  component  in  the  equation 

I  =  E.{g+j.b)    (c) 

vanish.  That  is,  the  susceptance  b  must  vanish. 

If  the  upper  branch  in  Fig.  480  has  a  reactance  x^,  its  susceptance  is 
given  by  equation  (&)  as  _^^  _     -  a;i 

^~~^~xi'  +  r^'  ■ 

30—5 
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In  the  lower  branch,  x= ^^  and  /  =  o,  so  that  equation  (6)  gives 

62  =  +  u)C. 
For  the  combined  susceptance  we  have 

&=6i  +  62  =  -^^-2-^+wC. 

If  there  is  to  be  no  phase  displacement  between  E  and  I,  the  second 
term  in  equation  (c)  must  vanish,  since  it  is  this  component  which  causes 
the  displacement.  Hence 

or  (x)C  = 


Xi  +  y^ ' 


It  is  noteworthy — 

(i)  that  the  conductance  and  susceptance  of  the  individual  branches 
are  not  the  reciprocals  of  their  resistance  and  reactance  respectively, 
but  are  given  by  the  equations 

g=^and&  =  ^2-'' 

(2)  that  neither  the  resistance  nor  the  reactance  of  the  combined 
circuit  is  equal  to  the  sum  of  the  resistances  or  reactances  of  the 
separate  parallel  branches. 
In  order  to  find  b  in  the  above  example,  it  was  necessary  to  find  b^  and 
&g  for  each  branch  separately,  and  then  to  add  them  together. 


LIST  OF  SYMBOLS  USED 

CAPITAL  LETTERS 

A  area  of  cross-section  in  sq.  cms. 

B  flux  density  per  sq.  cm. 

C  capacity  in  farads ;  a  constant,  see  p.  403 

D  diameter  of  armature  in  cms. 

E  electromotive  force  in  volts  (occasionally  in  c.g.s.  units) 

£i2  E.M.F.  induced  in  winding  2  by  current  in  winding  i 

F  force  in  kilogrammes 

H  strength  of  magnetic  field 

/  current  in  amperes 

/'  current  in  absolute  units 

L  axial  length  of  armature;  self-induction  in  henries 

M  mass  in  grammes;  coefficient  of  mutual  induction 

Mi  moment  of  inertia 

Mt  turning  moment  or  torque 

Mu  useful  or  nett  turning  moment 

P  power  in  watts;  power  output  from  rotor 

Pj  total  power  supplied  to  stator 

Pj  power  transmitted  to  rotor 

Q  quantity  of  electricity  in  coulombs 

Qu  quantity  of  heat  in  calories 

R  resistance  in  ohms;  reluctance 

S  speed  of  car  in  kms.  per  hour;  number  of  slots  in  armature 

T  temperature  Centigrade;  duration  of  short  circuit;  number  of  turns  in  coil 

U  number  of  coU-sides  on  armature 

V  volume  in  cubic  cms. ;  potential  difference  in  volts 

W  weight  in  kilogrammes;  work  or  energy 

X  ampere-turns 

y  admittance 

Z  impedance;  total  number  of  wires  on  periphery 

SMALL  LETTERS 

a  acceleration;  atomic  weight;  pairs  of  parallel  paths 

b  breadth  of  slot;  susceptance 

c  current  density;  various  coefficients 

d  depth  of  slot 

e  instantaneous  value  of  electromotive  force 

/  force  in  dynes;  tractive  force  in  kgs.  per  1000  kgs. ;  frequency  in  cycles 

per  second;  frequency  of  slip 

/j  frequency  of  supply  in  induction  motors 
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g  acceleration  due  to  gravity;  conductance;  slots  per  coil-side 

h  horizontal  component  of  earth's  magnetism 

i  instantaneous  value  of  current  in  amperes 

_;"  V  -  I  in  symboUc  treatment 

k  valency;  various  coefficients 

I  length 

m  strength  of  pole 

n  revolutions  per  second 

p  pairs  of  poles 

q  instantaneous  value  of  quantity  of  electricity 

g'  wires  per  coil-side,  i.e.  per  pole  per  phase 

r  resistance  in  ohms;  radius  in  metres;  distance  in  cms. 

s  slope  in  parts  per  thousand;  distance  in  cms.;  specific  heat 

t  time  in  seconds;  natural  period  of  oscillating  alternator 

<i  forced  period  of  oscUlating  alternator 

u  ratio  of  primary  to  secondary  turns  of  transformer 

V  velocity;  instantaneous  value  of  terminal  pressure  in  volts 
w  weight  of  deposit 

X  reactance 

y  admittance;  winding  step 

z  impedance 

a'  wires  in  series  or  wires  per  phase 

GREEK  LETTERS 

a  twice  the  angular  brush  displacement;  variable  angle;  temp.  coeflE. 

/3  ratio  of  pole-arc  to  pole-pitch 

y  ratio  of  half  width  of  coil-side  to  pole-pitch;  phase  angle  between  pole  and 

terminal  pressure  of  alternator 

r  output  of  converter  -r  output  of  dynamo 

8  27  -I-  /3  -  I 

€  phase  displacement  due  to  engine  and  alternator;  2'7i828;  emissivity 

fj  phase  displacement  due  to  engine  only  (see  p.  341) 

r)  efficiency;  hysteresis  coefficient 

fi  permeabihty 

V  number  of  tappings  per  pole  pair  in  rotary  converter;  leakage  coefficient; 

ratio  of  speed  to  synchronous  speed 

p  specific  resistance  (see  p.  8) 

7-j  air-gap  reluctance  -^  primary  leakage  reluctance 

T2  air-gap  reluctance  --  secondary  leakage  reluctance 

*  magnetic  flux;  flux  per  pole 

(fi  angular  phase  displacement 

(^1  angle  between  current  and  e.m.f.  of  alternator 

<B  angular  velocity;  27r/ 
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Absolute  system  of  units,  95 

—  unit  of  current,  54,  100 

electromotive  force,  99 

resistance,  loi 

self-induction,  103 

capacity,  104 

Acceleration,  96 
Accumulators,  capacity,  36 

—  charging  and  discharging,  35,  37 

—  chemical  action,  35 

—  construction,  34 

—  efi&ciency,  36,  37 

—  in  parallel  with  dynamo,  178 

—  terminal  p.d.,  37 
Acids,  27 

Active  material  in  accumulators,  36 

Admittance,  473 

Alternating  current,  effective  value,  238 

average  value,  236 

instantaneous  value,  235 

Alternators,  291 

Ammeter,  calibration,  7 

—  for  alternating  currents,  239 

—  principle  and  connections,  2,  7 
Amortisseur,  344 

Ampere  (unit  of  current),  2,  54,  100 
Ampere-hours,  2,  100 
Ampere-turns,  see  also  Excitation,  66 
AmpSre's  swimming  rule,  52,  81 
Angle  of  lag,  243,  247,  466 
Angular  velocity,  202,  233 
Anions,  26 
Anode,  26 

Armature  current  in  rotary  converters,  451 
-:—  alternator,  310,  315 

—  reaction  of  dynamo,  124,  149 
alternators,  306,  311 

—  resistance  of  bipolar  machine,  in 

with  parallel  winding,  Ii6 

with  series  winding,  124 

Asynchronous  motor,  see  Induction  motor 

Atomic  weight,  29 

Automatic  voltage  regulator,  345 

Auto-transformer,  282 

Auxiliary  poles,  152 

Average  current,  236 

Avogadro's  law,  31 

Back  ampere-turns,  149,  314 
Ballistic  galvanometer,  63 
Bases,  26 
Battery,  see  Accumulator 

—  switch,  182 
Bichromate  cell,  40 
Bifilar  winding,  90 
Biot-Savart's  law,  54 
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Booster,  180 

Brake,  electrical,  198 

Brush  position,  108,  147 

Buffer  battery,  178 

Building  up  of  field  of  dynamo,  140,  142 

Bunsen  cell,  39 


Cadmium  cell,  4,  40 

Calibration  of  ammeters  and  voltmeters,  7 

A.c.  instruments,  239 

Calorie,  19,  103 
Capacity  of  battery,  36 

•  condensers,  104,  262 

—  and  resistance  in  series,  264,  470 

—  and  inductance  in  parallel,  268,  472 

—  resistance  and  inductance  in  series,  265, 

471 

—  its  influence  on  power  factor,  269,  472, 

473 
Cascade  arrangement  of  induction  motors, 

391 
Cascade  converter,  462 
Cast  steel  for  dynamos,  63 
Cathode,  26 
Cations,  26 
Cells,  34,  39 

—  connections  for  maximum  current,  15 
Centimetre,  93 

—  dyne,  72,  102 

Characteristic  of  separately  excited  dy- 
namo on  no  load,  165 

on  load,  171 

alternator,  317 

induction  motor,  420 

series  dynamo,  173 

series  motor,  218 

shunt  dynamo,  1 75 

Charging  curve,  38 

—  with  single  battery-switch,  183 

double  battery-switch,  184 

booster,  180 

Chemical  action  in  accumulators,  34 
in  primary  cells,  39 

—  energy,  32 
Choking  coil,  245 

Circle-diagram  for  polyphase  motor,  398- 
427 

single-phase  motor,  431-434 

Coil-side,  width  and  e.m.f.,  296,  376,  453 

and     excitation     of     induction 

motor,  381 
and  torque  of  induction  motor, 

389 
Commutating  field,  161 

—  poles,  153 
Commutation,  154 
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Commutator,  io8 

—  motor,  single  phase,  434 
polyphase,  405  (footnote) 

Compensating  for  lag,  269,  472 

Compensation  of  cross-magnetisation,  152 

single-phase  motors,  439,  449 

polyphase  motors,  405  (footnote) 

Complex  quantities,  467 

Compound  dynamp,  142,  177 

Condensance,  471 

Condenser,  104,  262 

—  pressure,  263,  470 

—  current,  263 
Conductance,  10,  473 
Conductivity,  electric,  10 

—  magnetic,  50,  62 
Connection  of  cells,  15 
Conservation  of  energy,  33,  276 
Converter,  see  Rotary  converter 
Copper,  specific  resistance,  8 

—  temperature  coefficient,  9 

—  voltameter,  30,  235 
Coulomb  (unit  of  quantity),  2,  100 
Coulomb's  law  for  electricity,  loi 

magnetism,  43,  98 

Critical  frequency,  267 

Cross  ampere-turns,  150 

Cross  magnetisation  in  alternators,  314 

commutator  motors,  439 

dynamos,  150 

Current,  definition  and  unit,  2,  54,  100 

—  efiective,  237 

—  mean,  235,  239 

—  measurement,  2,  56 

Current  density  under  brush,  156,  158 
in  dynamos,  117 

Damping  of  galvanometers,  94 

—  by  eddy  currents,  94,  344 

—  in  alternators,  344 
Dangerous  voltage,  86 
Daniell  cell,  4,  39 
Declination,  51 
Delta  connection,  360 

Diagram  of  currents  in  induction  motors, 
398-427 

transformers,  278,  284 

ampere-turns  in  alternators,  310 

pressures  in  alternators,  315 

in  synchronous  motors,  350 

in  transformers,  290 

Dielectric,  104 

Dimensions,  95,  252 

Direction  of  current,  84,  108 

induced  e.m.f.,  81,  85 

lines  of  force,  46 

rotation  of  D.c.  motor,  196 

polyphase  motor,  358,  372 

single-phase  motor,  372,  428 

Discharge  curve,  38 

Double  battery  switch,  184 

Double  bridge  (Kelvin's),  17 

Drop,  see  Pressure  drop 

Drum,  two  pole,  iii 

—  parallel  wound,  119 


Drum,  series  wound,  128 

—  series  parallel  wound,  135 
Dynamometer,  79,  239 
Dyne,  44,  98 

Eddy  currents,  92,  189,  344 

brake,  94 

Edison  accumulator,  38 
Effective  b.m.f.    and   current,  see  Root- 
mean-square 
Efficiency  of  accumulators,  37 

A.c.  generators,  329,  337 

■ D.c.  generators,  189 

D.c.  motors,  204 

induction  motors,  419 

transformers,  279 

Eichberg-Latour  motor,  445 
Electrical  degrees,  234 
Electro-chemical  equivalent,  31 
Electro-dynamometer,  79,  239 
Electrodes,  26 
Electrolysis,  26 
Electrolyte,  26 
Electrolytic  cell,  26 
Electrolytic  mean  value,  236 
Electromotive  force,  2,  79,  99 

its  measurement,  18 

of  alternators,  295 

of  A.c.  motors,  392 

cells,  3,  36,  39 

—  —  —  choking  coil,  244 

converter,  303,  453 

dynamo,  no,  118,  124 

mutual  induction,  84 

:  polarisation,  31 

self-induction,  87,  244 

■ transformer,  270 

End  cell  switches,  183 

End  cells,  183 

Energy,  definition  and  units,  20,  80,  102 

—  conservation  of,  33,  276 

—  stored  in  magnetic  field,  72,  90 

—  lost  in  hysteresis,  51,  75 
Equalising  connections,  119,  138   . 
Equivalent  weights,  electro-chemical,  31 
Erg,  72,  102 

Excitation  of  A.c.  generators,  318 

D.c.  generators,  165 

induction  motors,  378 

synchronous  motors,  353 

Farad,  104,  262 

Faraday's  law  of  electrolysis,  28 

—  swimming  rule,  52,  81 
Faure's  process  of  pasting  plates,  34 
Ferranti  alternator,  293 

Field  due  to  straight  conductor,  52 

—  —  —  coil,  55 

—  —  —  solenoid,  59 

—  magnets  of  dynamo,  142 
• —  alternator,  291 

■ —  strength  and  its  unit,  45,  61,  99 
Flank  leakage  in  alternators,  310 

induction  motors,  427 

Flux  density,  61,  99 
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Force,  definition  and  unit,  44,  98 

—  between  two  poles,  43 

two  conductors,  78 

conductor  and  pole,  54 

■ field  and  conductor,  54 

'  pole,  45 

Form  factor,  296 
Forming  accumulator  plates,  34 
Foucault  currents,  see  Eddy  currents 
Frequency,  76,  234 

—  its  effect  on  leakage,  425' 
Friction  losses  in  machines,  189 
Frictional  electricity,  i 

Galvanometer,  2 
Galvanometer  shunts,  14 
Geometrical  addition,  241,  466 
German  silver,  resistance,  9 

temperature  coefficient,  10 

Gradient  of  track,  220 
Gramme-calorie,  19,  103 
Gramme  ring,  109 

H-armature,  106 

Heat,  unit,  19,  102 

Heating  due  to  hysteresis,  51,  76 

Heating  of  dynamos,  etc.,  227 

Hectowatt,  21 

Henry,  88,  104 

Heyland  diagram,  398 

Hoisting  motor,  212 

Hopkinson's  yoke  for  testing  iron,  62 

—  method  of  testing  dynamos,  194 
Horizontal  component    of    Earth's  field, 

51 
Horse-power,  21,  103 
Hot-wire  instruments,  239 
Hunting  of  a.c.  generators,  340 
Hysteresis,  51,  76,  239 

—  coefiicient,  77 

—  current,  272 

—  loss,  75,  274 

Ilgner  system,  213 
Imaginary  quantities,  467 
Impedance,  235,  469 
Inclination,  51 

Inductance,  see  also  Self-induction,   244, 
469 

—  and  resistance  in  series,  252,  469 
in  parallel,  255 

■ —  and  capacity  in  parallel,  268,  472 
—  and  resistance  in  series,  265, 

471 
Induction  coil,  85 

—  of  E.M.F.,  79,  84,  106,  231 

—  magnetic,  see  Flux  density 

—  motor,  diagrams,  398-427 
E.M.r.,  392 

elementary  principles,  358 

field,  356,  377 

output,  395.  401 

slip,  371,  390,  401 

torque,  371,  387,  395,  401 

windings,  373 


Inductive  load  on  alternator,  308,  317,  318 

—  resistance,  see  Inductance 
Inductor  alternators,  294 
Intermittent  heating,  227 

Internal  resistance  of  batteries,  15,  178 

Interpoles,  see  Auxiliary  poles 

Ions,  26 

Iron  in  magnetic  field,  50 

—  loss  coefficient,  78 

Joule,  unit  of  energy,  20,  102 
Joule's  equivalent,  20 

—  law  of  heating,  20,  103 

Kapp's  transformer  diagram,  290 
Kilogramme,  44,  98,  102 
Kilowatt,  21 
Kilowatt-hour,  21 
Kirchhoff's  rules,  10 

La  Cour,  462 

Lag,  250 

Lag  of  synchronous  motor,  350 

Lap  winding,  119 

Lead  (phase  advance),  264,  335,  355 

Leads,  loss  in,  23,  366 

Leakage,  its  calculation,  145 

Leakage  between  poles  of  alternator,  320 

—  in  induction  motor,  400,  421 

—  in  inductor  alternator,  294 

—  in  transformers,  286 

—  coefficient  of  dynamo,  70,  145 

of  induction  motor,  400,  421 

experimental     determina- 
tion, 421 

variation  with  air  gap,  425 

Leblanc's  amortisseur,  344 
Leclanche  cell,  4,  40 
Left-hand  rule,  196 
Length,  unit,  95 

Lenz's  law,  80,  81,  82,  187,  330,  342,  354 
Lifting  power  of  a  magnet,  71 
Lines  of  force,  definition  and  unit,  46 
Liquid  starter,  391 

Load  characteristic  of  separately  excited 
dynamo,  172 

series  dynamo,  173 

shunt  dynamo,  175 

—  normal  of  induction  motor,  404 
Loading  alternators,  323,  330 

—  synchronous  motors,  349 
Loss  coefficient  of  iron,  78 
Losses  in  d.c.  machines,  189 

leads,  23,  366 

converters,  456 

transformers,  272,  280 

Magnet,  43 
Magnetic  axis,  43 

—  circuit,  65,  i66 

—  conductivity,  50,  62 

—  induction,  see  Flux  density 

—  line  of  force,  46 

—  moment,  45 

—  pole,  43 
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Magnetic  potential  difierence,  48,  70 

—  resistance,  66 
Magnetisation  curves,  61 

of  dynamos,  166,  217 

of  alternators,  318 

of  induction  motors,  387 

Magnetising  current  of  induction  motors, 

387 
transformers,  246,  271 

—  force,  61 
Magneto  machine,  139 
Magneto-niotive  force,  66 
Manchester  dynamo,  143 
Manganin,  10 

Mass,  95 

Maximum  power-factor  of  induction  motor, 
404 

single-phase  motor,  434 

Maximum  value  of  alternating  current, 

233 

Mean  current,  236 

Mesh  connection,  360 

Metallic  oxides,  27 

Metals,  26 

Metre,  95 

Metre-kilogramme,  20,  102 

Microcoulomb,  100 

Microfarad,  105,  267 

Mirror  galvanometer,  56 

Molecular  magnetism,  50 

Moment  of  inertia  (alternators  in  parallel), 

340 
Mordey  connections,  119,  138 
Motor,  196 

Motor-converter,  see  Cascade  converter 
Multiple  circuit  ring  winding,  116 

drum  winding,  119 

Mutual  induction,  84,  435 

Natural  frequency  of  alternator,  340 
Neutral  wire,  25 

—  zone,  no,  147 

No  load,  see  Open-circuit 

current  of  induction  motor,  382,  387 

single-phase  motor,  432 

transformer,  271,  274 

losses,  189 

of  induction  motors,  416,  419 

separation,  191 

Non-inductive  load  on  alternator,  309 

transformer,  275 

winding,  90 

Non-metals,  27 

Normal  load  of  induction  motor,  404 

North  pole,  43 

Ohm,  unit,  5,  loi 

Ohmic  drop  and  its  phase,  249,  469 

Ohm's  law,  5 

for  alternating  currents,  248,  267 

Open-circuit  characteristic  of  alternator, 

317 

dynamo,  165 

Osnos,  188 

Ossanna's  circle-diagram,  407 


Output  of  D.c.  motor,  shunt,  199 

series,  219 

induction  motor,  395,  401 

synchronous  motor,  350 

Over-excitation,  269,  355 

Overload  capacity  of  alternators,  329 

D.c.  motors,  152 

—  ■ induction  motors,  405,  427 

single-phase  motors,  434 

synchronous  motors,  352 

Pacinotti  armature,  109 
Parallel  conductors,  78 

—  connection  of  cells,  15 

of  D.c.  generators,  333 

of  alternators,  262,  323,  340 

of  inductance  and   capacity,  268, 

472 

of  resistance  and  inductance,  255 

Parallel  running  of  alternators,  323,  340 

—  working  with  battery,  178 

—  winding,  ring,  116 
drum,  119 

Periodicity,  see  Frequency 
Permanent  magnet,  43,  gi 
Phase,  466 

—  of  condenser  p.d.,  262,  470 
- —  —  ohmic  drop,  251,  469 

rotor  current,  370,  381,  387,  399 

self-induced  e.m.f.,  251,  469 

—  regulation,  355 

Plants  accumulator  plates,  34 
Polar  diagram,  465 
Polarisation,  31,  39 
Pole,  43 

—  strength,  43,  98 

—  width,  its  effect  on  e.m.f.,  297,  301,  453 

—  number,  its  effect  on  leakage,  426 
Polyphase  machines,  291 
Potential  difference,  6,  21 

—  magnetic,  48,  70 
Potentiometer,  18 
Potier,  316 
Power,  21,  103 

—  in,  A.c.  circuits,  236,  366 

—  with  phase  displacement,  256 
Power-factor,  258 

effect  on  terminal  p.d.,  308 

—  . • —  armature  reaction,  311,  315 

maximum,  of  induction  motor,  404 

variation  with  e:fcitation  of  genera- 
tor, 335 

sjmchronous  motor,  353 

rotary  converter,  454 

Predetermination  of  excitation,  see  Excita- 
tion 
Pressure  drop  of  alternator,  253,  308 

■ — •  —  due  to  polar  leakage,  320 

dynamo,  172,  175 

transformer,  290 

Quadrant,  104 

Quantity  of  electricity,  2,  100,  263 

Reactance,  252,  470 
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Reactance  voltage  (in  commutation),  154 
Regulation  of  alternators,  253,  308 

p.D.  of  shunt  dynamo,  175 

motor  speed  by  varying  excitation, 

208 

—  —  by  series  parallel  control,  225 

by  Sprague's  method,  224 

—  ■ by  series  resistance,  208,  222 

rotary  converters,  454 

speed  of  induction  motor,  391 

commutator  motor,  444,  449 

Reluctance,  66 

—  of  iron  in  induction  motor,  385 
Remanent  magnetism,  51,  75,  140 
Repulsion  motor,  441 
Resistance,  electric,  5,  loi 

its  measurement,  8,  16 

—  magnetic,  66 

—  and  inductance  in  parallel,  255 
in  series,  252,  469 

and  capacity  in  series,  265,  471 

—  ■ —  capacity  in  series,  264,  470 
Resonance,  267,  343 

Resultant  current  and  pressure  vectors, 
241 

—  excitation  of  alternators,  311 

■ polyphase  motors,  379,  395,  400 

transformers,  278 

Retardation  method,  192 
Reversal  of  magnetisation,  51,  75 
Reversal  of  d.c.  motors,  196 

■ induction  motors,  372 

. repulsion  motors,  441 

Right-hand  rule,  83 
Ring  armature,  106 

parallel  wound,  116 

■ series  wound,  124 

series-parallel  wound,  132 

Root-mean-square  current,  237 

—  pressure,  237 

Rosenberg,  186 

Rotary  field  in  single-phase  motor,  434 

two-phase  motor,  356 

three-phase  motor,  359 

Rotary  converter,  303,  451 

■ armature  currents,  451,  458 

E.M.F.,  453 

losses,  456 

—  • —  output,  458 
Rotor,  370 

—  current,  370,  387,  395,  411,  415 

Saturation,  64,  174 

—  its  effect  on  leakage,  146,  321,  422 
Scott  system,  365 

Second,  95 

Self-excitation  of  dynamos,  140 
Self-induction,  87,  244 
of  armature  coil,  159 

—  —  of  alternator,  253,  307,  315 
of  transformer,  286 

effect  on  commutation,  149,  156 

parallel  running,  343 

V-curve,  338 

and  resistance  in  parallel,  255 


Self-induction  and  resistance  in  series,  252, 
469 

and  capacity  in  parallel,  268,  472 

and  resistance  in  series,  265, 

471 
Separately  excited  dynamo,  139,  165 
Separation  of  losses  in  D.c.  machines,  189 
Series  dynamo,  141,  173 

characteristic,  1 73 

for  arc  lighting;  174 

used  as  a  motor,  197 

—  motor,  215,  438 

torque,  219 

speed,  216 

—  parallel  control  of  motors,  225 

—  winding,  124,  128 

—  parallel  winding,  132,  135 

—  transformer,  277 
Short-chord  winding,  122,  129 
Short-circuit  characteristic,  316 

test  of  alternator,  316 

induction  motor,  422 

transformer,  290 

Short-circuited  rotor,  370 
Shunt  dynamo,  141,  174 

■ as  motor,  198 

—  motor,  203,  208 
Shunt  for  galvanometer,  14 
Shuttle  armature,  106 
Silver  voltameter,  2,  41,  100 
Single-phase  commutator  motors,  434 

generators,  291 

induction  motor,  428 

circle-diagram,  432 

■ •  —  no  load  current,  432 

resolution  of  excitation  into 

rotating  components,  428 

Six-phase  converter,  460 

Slip,  371,  390,  397.  401,  413.  416 

Slope,  see  Gradient 

Slot  pitch,  121,  138 

—  shape  and  leakage,  425 

—  windings,  120 

Slotted  armature,  120,  131,  138 
Smooth  core  winding,  108,  301 
Spark  coil,  85 

—  on  breaking  circuit,  89,  210 
Sparkless  commutation,  149,  154 
Specific  resistance,  8 

Speed,  96 

—  of  D.c.  motor,  199,  203,  209,  216,  226 
induction  motor,  see  Slip 

synchronous  motor,  349 

Split-pole  converter,  455 

Sprague's  method  of  series  motor  control, 

224 
Squirrel  cage  rotor,  370 
Star  connection,  363 
Starter,  210,  398 

■ —  non-sparking,  211 

■ —  regulating,  206,  222 
Starting  booster,  214 

—  current  of  induction  motor,  391,  406 

—  D.c.  motors,  208 

—  induction  motors,  391 
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starting  resistance,  208 

—  single-phase  motors,  372,  434 

—  synchronous  motors,  349 

—  torque  of  induction  motor,  404 
Static  electricity,  1,101 

—  characteristic  of  dynamo,  174 
— alternator,  307,  317 

Stator  of  two-phase  motor,  356 

—  : —  three-phase  motor,  359 

—  losses,  407,  413 
Steinmetz  coefficient,  77 
Susceptance,  473 
Swimming  rule,  52,  81 
Swinburne's  short-cord  winding,  122 
Symbolic  method,  466 
Synchronising  alternators,  329,  331,  349 

—  force  and  moment,  329,  340 

—  lamps,  332 

—  power,  329 
Synchronous  motor,  348 

with  constant  excitation,  350 

variable  excitation,  353 

Tangent  galvanometer,  56 
Teeth,  saturation  and  leakage  in  induction 
motor,  423 

—  leakage  in  alternators,  310 
Temperature  coefficient,  9 

—  rise  of  field  coils,  10 
machines,  227 

Terminal  pressure  of  an  alternator,  308, 

317 

a  battery,  37 

a  compound  dynamo,  177 

a  separately  excited  dynamo,  1 72 

a  resistance,  6  • 

a  series  dynamo,  173 

a  shunt  dynamo,  175 

a  transformer,  270,  282,  290 

Thomson's  double  bridge  (Kelvin),  17 

—  Elihu,  repulsion  motor,  441 
Three-phase  power,  366 

transmission,  350 

Three  slots  per  pole  per  phase,  297 
Three-wire  dynamo,  161 

system,  24 

Time,  unit^  95 

Tooth,  see  Teeth 

Torque  of  D.c.  motor,  55,  199 


Torque  of  series  motor,  218 
— -  —  shunt  motor,  203 

single-phase  motor,  434,  444,  449 

three-phase  motor,  371,  387,  395, 

401 

Traction  problems,  219 

Tractive  coefficient,  220 

Train  lighting  dynamos,  186,  188 

Transformer^  86,  270 

—  efficiency,  279 

—  losses,  275,  279 

—  on  open  circuit,  270,  274 

—  on  non-inductive  load,  275 

—  on  inductive  load,  282 

—  ratio,  271,  276 
Turning  moment,  see  Torque 
Two-part  commutator,  108 
Two-phase  motor,  356 

Two  slots  per  pole  per  phase,  297 
Two  wattmeter  method,  367 

Units,  95 

V-curve,  338,  355 
Valency,  29 
Vector  diagram,  240 
Velocity,  96 
Volt,  i!,  81,  100 
Voltameter,  41,  235,  239 
Voltmeter,  calibration,  7 

—  construction  and  connections,  7 
Volumetric  relations  in  electrolysis,  31 

Ward-Leonard  motor  control,  213 
Watt,  21,  103 

—  component,  259 
Watt-hour,  21 
Wattless  current,  259 
Wattmeter,  78 

—  three-phase,  370 
Wave  winding,  128,  135 
Weber,  unit  of  pole  strength,  98 
Weston  cell,  4,  40 
Wheatstone  bridge,  16 

with  A.C.,  go 

WUde,  Dr,  139 
Winding  step,  113 
Work,  20,  76,  102 
Wound  rotor,  372,  373,  391 
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